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Previous Section 


To the Teacher 


About Addison-Wesley 
Functions and Relations 11: Ontario 


Addison-Wesley Functions and Relations 11: Ontario is 
organized according to our authors’ best interpretation of the 
Ontario curriculum. Several sequences of topics would have 
been possible — and teachers might decide to modify the 
sequences — but the authors had several goals in mind when 
they established the final chapter sequence: 


e We wanted to make the Functions course a clean subset 
of the Functions and Relations text. 
Chapters 8 and 9 are for Functions and Relations students 


only. This means that the Functions course is contained in all 


but the last two chapters of the book. 


e Students should have a fresh start after grade 10, by 
opening with new, but accessible, material. 


This is why Chapter 1 is on Sequences and Series, which are 


number patterns with some algebraic analysis. Although this 


content was in a higher grade level in a previous curriculum, 


Curriculum Quote 
Process and content, 
together, are important 
aspects of learning 
mathematics. An emphasis 
on one over the other tends 
to reduce the usefulness 
and the effectiveness of 
the learning. It is the 
integration of various 
aspects of mathematical 
knowledge that provides a 
powerful tool for reasoning 
and problem solving. This 
curriculum reflects a 
meaningful blend of both 
process and content. 


The Ontario Curriculum 
Grades 11 and 12 


the numerical approach we emphasize makes it accessible for younger 
students. Some teachers may decide to teach this chapter later in the course. 


Students should have the algebraic tools they need, when they need them. 


This is why Chapter 2, Rational Expressions, appears between Chapter 1 and 
Chapter 3, Financial Mathematics. While Chapters 1 and 3 have many 
conceptual connections, students benefit from seeing some algebraic 


principles first. 


Many students will thrive on the finance work. 


Chapter 3, Financial Mathematics, appears early in the book since students 
should be ready for it. Teachers may delay this unit without affecting the 


logical flow of the course. 


familiar material, before generalizing results. 


It’s important to allow students to examine specific cases, and work with 


This is the thinking behind the sequencing of Chapters 4, 5, 6, and 7. Chapter 4 
builds on grade 10 work with the parabola; trigonometric functions involve 
similar ideas but the quadratic work is more familiar. Chapter 5, Trigonometric 
Functions, also extends grade 10 work, and sets up concepts for working with 


graphs of trigonometric functions in Chapter 6. 
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Chapter 7 serves as a strong culminating unit for the Functions course, while 
it also wraps up important concepts for the Functions and Relations students 
before they proceed to the last two chapters. 


e For the conic sections, students need time for visual work before they 
proceed to the algebra. 
This explains why two chapters cover the single strand on conics. Chapter 8 
highlights a geometric approach, introducing the concept of a locus. Students 
trace a locus and build equations from geometric definitions. In Chapter 9, 
students use algebraic approaches to examine properties of conics, while 
examining practical applications in which conic sections arise. 


The title of the book is Functions and Relations; the idea of connecting 
algebraic and geometry or graphing approaches should underlie the 
thinking of the content development. 

Even though some curriculum expectations do not explicitly mention 
functions or relations, there are possible links in all the content. In topics 
such as Sequences and Series, or Financial Mathematics, the authors have 
used graphical representations whenever relevant to help support 
understanding. With some of the algebraic work, the functions connection 
will come into play when students proceed to the Advanced Functions and 
Introductory Calculus course in grade 12. 


The overriding purpose of the course is to engage students with meaningful 
mathematical activities and problems that challenge, stretch, and reward them. 
For grade 11 students, the authors wanted to take the inquiry 
process to a new level, in which the organizing problem 

for each chapter opens up more room for thoughtful 
investigation of concepts, not just context. This vision 
contributed to the overall structure of each chapter in the 
student book. 


The idea of problems that take the inquiry process to a 
new level is also the driving force behind Addison-Wesley 
Functions and Relations 11 Ontario, Mathematical 
Inquiries. This short collection of problems offers 
springboards for meaningful mathematical investigations Ingen atatica 
into a variety of contextual applications. 


Peter Taylor 
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To the Student 


About Addison-Wesley Functions and Relations 11... 


If you’re an Ontario student using this book, you’re probably registered in 
Functions 11 or Functions and Relations 11. Both courses are outlined in the 
Ontario Ministry of Education curriculum document for Grades 11 and 12, 
released in 2000. This curriculum grew out of a discussion that included 
mathematics teachers, university professors, business representatives, and 
secondary school students. Many of the people behind this curriculum had a 
vision of mathematics as an engaging, vibrant discipline that is best learned 
through investigative problem solving and a process of mathematical inquiry. 


Still, the curriculum also had to address the content requirements related to 
your future destination. What academic opportunities might you pursue? What 
field will you follow? What mathematical knowledge would you need to bring 
to it? These questions take on a new, serious tone in grade 11. 


The result of the vision (the big picture) and the need to prepare for future 
destinations (the content detail) are represented in the two courses 


e Functions (University and College bound), and 
e Functions and Relations (University bound) 


Both courses qualify you to study grade 12 courses in 
e Advanced Functions and Introductory Calculus, 
e The Mathematics of Data Management, or 

e Mathematics for College Technology 


The Functions and Relations course also leads to Geometry and Discrete 
Mathematics in grade 12. The path from Functions and Relations to Geometry 
and Discrete Mathematics was designed for students who intend to pursue 
university studies in engineering, mathematics, or the physical sciences. 


The Inquiry Process: An Organizing Influence for Each Chapter 


The destinations described above highlight the importance of the inquiry 
process: mathematical inquiry extends in scope at this level. In previous grades, 
you may have completed activities that were designed to bring you to a 
particular mathematical concept. In this book, Insights into a Rich Problem 
in each chapter presents an open-ended problem that intrigues mathematicians, 
and can lead to many different directions. 
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The authors share their insights, and solutions, to that problem. Then, they pose 
new and related problems for you to solve. We think you’ll find many of these 
problems, and the thinking you bring to them, exciting and rewarding. 


Other Chapter Elements 


Each Insights into a Rich Problem ties closely to the curriculum content the 
chapter covers. Other chapter elements build from there. 


Necessary Skills 


In mathematics, new concepts build on what has gone before. Necessary Skills 
gives a quick refresher in the prerequisite skills you need for the chapter. Your 
teacher may use these as a diagnostic tool before starting a chapter, or leave 
them to you for independent study. 


Occasionally, a “New” skill comes up in Necessary Skills. You didn’t learn this 
skill in previous grades, usually because it wasn’t included in the curriculum. 
We teach it in Necessary Skills because it’s relatively straightforward, and you 
have all the related concepts you need to develop an understanding quickly. 


Numbered Sections 


These develop the new content of the course. Investigative activities are 
included whenever the curriculum requires them. 


Exercises are organized into A, B, and C categories according to their level of 
difficulty. Each exercise set contains many exercises; don’t feel you must 
complete every one. Their quantity provides choice. 


You'll see that some exercises have a check mark beside them; try these 
exercises to be sure you have covered all core curriculum requirements. 


Each exercise set identifies one exercise for each of the four categories of the 
provincial Achievement Chart. These show you what to expect when you are 
assessed on any of the four categories. We have highlighted exactly four 
exercises as examples only. Each exercise set has several exercises that relate to 
one, or more, of the categories of achievement. Exercises that are labelled are 
not limited to one category only, but the focus helps to simplify assessment. 
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To the Student 


Review 


Self-Checks are one-page reviews that occur mid-chapter. They let you check 
your knowledge and understanding of the previous sections. 


The Mathematics Toolkit in each chapter review summarizes important chapter 
results. Use the toolkit and the Review Exercises to study each chapter. 


Self-Test at the end of each chapter helps you prepare for a class test. Each 
Self-Test includes several Assessment Tasks: these exercises consolidate chapter 
concepts, and allow for a full range of responses, up to a level 4 performance. 


Cumulative Review after Chapter 7 provides additional support when you’re 
preparing for examinations at the end of the course. 


Communication 


Communication is a key part of all learning. Discuss questions in this book 
prompt you to reflect on solutions or the implications of new concepts. Exercises 
ask you to explain your reasoning, or describe your findings. Each numbered 
section contains an exercise highlighted with a “Communication” emphasis. 


Technology 


When technology arises in this book, the authors have assumed that you have 
some familiarity with graphing calculator technology and The Geometer’s 
Sketchpad, based on your work in grades 9 and 10. When new uses of the 
technology arise, we provide explicit instructions in the book. 


Assessment 

Several features of this book relate to a balanced assessment approach. 

e Achievement Chart Categories highlighted in each exercise set 

¢ Communication opportunities in Examples and exercises 

e Self-Checks to support your knowledge and understanding 

e Insights into a Rich Problem with intriguing problems for you to solve 


e Self-Tests, including Assessment Tasks with opportunities for a 
level-4 performance 
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Sequences and Series 


INSIGHTS 
INTO A You may have noticed that when you drop a ball onto a hard surface, 


Se the ball bounces to a lower height. If the ball continues to bounce, the 
4 height to which it bounces decreases with each subsequent bounce. 


At thelend of this chapter, you will investigate the relationship between the distance 


travelled by a bouncing ball and time. You will use sequences and series. 


Curriculum Expectations 
By the end of this chapter, you will: 


e Write terms of a sequence, given the e Determine the sum of the terms of an 
formula for the nth term (or given a arithmetic or a geometric series, using 
recursion formula). appropriate formulas and techniques. 

e Determine a formula for the nth term of e Demonstrate an understanding of the 
a given sequence. relationship between ..., arithmetic 

e Identify sequences as arithmetic or sequences, and linear growth. 
geometric, or neither. e Demonstrate an understanding of the 

¢ Determine the value of any term in an relationship between ..., geometric 
arithmetic or a geometric sequence, sequences, and exponential growth. 
using the formula for the nth term of e Simplify and evaluate expressions 
the sequence. containing integer and rational 


exponents, using the laws of exponents. 


e Solve exponential equations. 


Necessary Skills 


1. Review: Percent 


Calculations that involve percent are used in many applications. 


Express each percent as a decimal. 


a) 68% b) 6.8% 
Solution 
— 68 — 68 
a) 68% = 00 b) 6.8% = io 
= 0.68 = 0.068 


Express each decimal as a percent. 


a) 0.37 b) 1.27 

Solution 

a) 0.37 = 4 b) 1.27 = Ta 
= 37% = 127% 

Determine 35% of $245. 

Solution 


Change the percent to a decimal, then multiply. 


35% of $245 = 0.35 x $245 
= $85.75 


Example 4 


Express 38 as a percent of 70. 


Solution 

38 

a 0.542 857 1 
= 54% 


2 CHAPTER 1 SEQUENCES AND SERIES 


Exercises 
1. Express each percent as a decimal. 
a) 20% b) 4% c) 15% d) 75% e) 110% 
f) 8.75% g) 15% h) 34% i) 0.5% i) 0.1% 
2. Express each decimal as a percent. 
a) 0.25 b) 0.472 c) 0.08 d) 0.003 e) 1.37 
3. Calculate: 
a) 73% of $129.66 b) 8.2% of $120 000 
c) 173% of $129.66 d) 0.82% of $120 000 
4. Express: 
a) 44 as a percent of 79 b) 5.43 as a percent of 11.82 
c) 79 as a percent of 44 d) 11.82 as a percent of 5.43 
5. A mountain bike has a “For Sale” sign, and a price of $399. The dealer 


wants a quick sale, so she adds a “15% off this price” sticker to the sign. 
a) What is the new price for the mountain bike? 


b) The purchaser will have to pay the PST of 8% and the GST of 7%. 
What is the total price of the mountain bike? 


. Economists predict that heating fuel costs will increase by 22% over the 
next year. This year, a family spent $1175 on heating fuel. How much might 
that family expect to pay next year? 


2. New: Exponent Laws for Integer Exponents 
Recall the definition of a power: a” =axaxXaxX... Xa, n factors 


This definition yields a set of rules for working with exponents. 


Take Note 


Law of Multiplication Dee arene ans 


Law of Division “ = ee (Ge Es Oy 
Power of a Power (Cee pee 

Zero Exponent x°=1(x #0) 

Negative Exponent ea sr 56h + (x # 0) 


The base x represents any real numbers for which the expressions are defined. 
The exponents m and n are any integers. 
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Necessary Skills 


Two more rules can be added to those studied in earlier grades. 


Power of a Product Law Power of a Quotient Law 
; 4 
Since (xy)* means (xy) x (xy) x (xy) x (ay), Since (2) means (2) - (*) x (=) x (2), 
then (xy)* = (xy) x (ay) x (@y) x (ay) wl J (eh. (oN 
FHRYRAXYRAXKXYRAXY (5) = (5) x (5) «(3)«@) 
=XXXXxXXXXyYXyXyxXy = PARKERS 
= x‘y4 yxyxXyxy 
Each factor is raised to the power 4. = x 
y 
We would get similar results for other The numerator and denominator are raised to 
numbers inside the brackets or a the power 4. 


different exponent. 


We would get similar results for other numbers 
So, (xy)" =x" x y” 


inside the brackets or a different exponent. 


Take Note 


Power of a Product Gy ex" 
* x\"? o a 
Power of a Quotient (2) on (y #0) 


Evaluate each expression. 

a\7 a) a) 3 
a) (2) b) (2) e) (3) d) (3.x 2) 
Solution 


a) Use the power of a quotient law. __b) Use the negative exponent law. 


(3) = @)°-@) 


=F = 25 
~ 25 ~ 9 
c) Use the zero exponent law. d) Use the power of a product law. 
0 
(3) = 3x2 =33x23 
=27x8 
= 216 
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Evaluate each expression. 


a) (-3)° b) -32 c) (-3)* d) -3-? 
Solution 
a) (—3)? = (-3)(-3) b) —32 = -(3)(3) Discuss 
=9 229 How do the brackets 
in each expression 
3 2. 1 d 32 eet affect the answers? 
c) ( ) -_ (3)? ) ~ "32 
_l = 
~ 9 9 
Exercises 
1. Evaluate. 
-1 4 
3 -l 2 1 2 
a) 2 b) 3 c) 5 d) (+) e) (3) 
f) 0.5 g) 10° h) 12 i) 0.17 i) = 
2. Evaluate. 
a) 24 b) 2+ c) (—2)4 d) —24 e) (-2)+ 
4 -4 4 4 
na (HG) 9G) 8) 
3. Evaluate. 
a) (2-°)(2°)_ sb) (2-?)(2°)—e) (27)(2°)—) (2902) 
2? 2? 2? 2? 
e) ae f) —o 9) a h) a 
i) (2) pery 2 ea 
4. Write each expression as a single power. 
105 x 10! (64) 35 x 3-9 
a) 1073 x 10° ) 68 x 63 o 3-10 
5. Simplify, then evaluate. 
2x 27225 eaae ( 2x32 \4 
a) (23 x 2-46 H) (5 ) ¢) 2x =) 


6. When you multiply 2* x 23 to obtain 2’, you add the exponents. There are 
other examples like this in the exponent laws where you carry out a certain 
operation on powers by performing a different operation on the exponents. 
Create numerical examples to illustrate each of these laws. 
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3. New: Numerical Roots 

Since /9 = V3? = 3, the positive square root of 9 is 3. 
Since /8 = 23 = 2, the cube root of 8 is 2. 

Since V/16 = 24 = 2, the positive fourth root of 16 is 2. 
Since s/—32 = ,/(-2)5 = -2, the fifth root of —32 is -2. 
Higher roots are defined in the same way. 


For even roots, the radical sign, ./ , denotes only the positive root. So, the 
square roots of 9 are 3 and -3, but J/9 = 3. 


To determine the root of a number, we use mental math if we can write the 
number as a power. Otherwise, we use a calculator. 


Determine each value without using a calculator. 


a) /36 b) 27 c) /81 d) /—82 
Solution 


a) Since 36 = 62, /36 = V@ =6 
b) Since -27 = (-3)3, s/—27 = \/(-3)3 = -3 
c) Since 81 = 34, /81 = 734 =3 


d) Since we cannot determine the square root of a negative number, 
»/—82 is not defined for real numbers. 


Use a calculator to determine each value to 2 decimal places. 


a) 283.4 b) /30 c) /—-356 
Solution 


The key sequences are for a Texas Instruments TI-30X HS scientific 
calculator. If you have a different calculator, check the manual. 


a) For 283.4, key in: (24) (2? ) 283.4 @2") to display 16.83448841 


/283.4 = 16.83 
b) For ./30, key in: 3 @#) @_) 30 @®) to display 3.107232506 
/30 = 3.11 
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c) For /—356, key in: 5 J) ) 4) 356 @®) to display —3.238098083 
/-356 = -3.24 


Exercises 
1. Determine each value without using a calculator. 
a) /49 b) 27 c) V81 d) /-128 
e) 1000000 =f) /—-64 g) V81 h) 10 000 
2 


. Use a calculator to determine each value to 2 decimal places. 


a) V6.2 b) 17.8 c) /60 d) /-83.4 ee) 2.85 


. A 1-L can of paint covers an area of 12 m’. 


oo 


a) Suppose one can of paint is used to cover a square panel with one coat. 
What are the dimensions of the panel? 


b) Suppose one can is used to cover a different square panel with two coats. 
Assume each coat uses the same amount. How long is one side of the panel? 


= 


. a) The ancient Egyptians could pound gold into very thin sheets. A volume 
of 1 cm? of gold could produce a square sheet 0.0005 cm thick with an 
area of 2000 cm?. How long is one side of this square sheet? 


b) Modern methods produce much thinner sheets. A volume of 1 cm? of 


gold can produce a square sheet with an area 100 times as great as the 
sheet in part a. How long is one side of this square? 


oa 


. The Ladner Creek Gold Mine in British Columbia estimates that its gold 
reserves are 395 700 cm?. Suppose all this gold is cast into a cube. What 
would be the dimensions of the cube? 


4. New: Patterns and Sequences 


IQ tests sometimes contain problems in which a sequence of letters, numbers, 


or geometric figures is given. The problem is to discover a pattern that relates 
the items, and to predict the next item. 


1. What is the next number? Describe the pattern you used. 


a) 5, 10, 15, | b) 5, 10, 20, 40, 
c) 18, 27, 36, d) 100, 10, 1, 
e) 400, 100, 25, | f) 1,3, 6, 10, 15, 


NECESSARY SKILLS 


Necessary Skills 


2. Each sequence begins with 1, 2, 3. What is the next number? 
Describe each pattern. 


a) 1, 2, 3, 4, 5, 6, b) 1, 2,3, 1, 2,3, @ 
c) 1, 2; 3; 2; 5, 2. J d) 1, 2, 3, 5, 8, 13, j 
e) 1, 2, 3, 6, 12, 24, 


~ 


Each sequence begins with 2, 3, 5. What is the next number? 
Describe each pattern. 


a) 2, 3,5, 8, 12, 17, I b) 2, 3, 5, 8, 13, 21, @ 

c) 2, 3, 5, 10, 20, 40, & d) 2, 3, 5, 6, 8,9, 

e) 2, 3, 5, 3, 8, 3, Hf f) 2, 3, 5, 9, 17, 33, & 
4. Describe each pattern, then predict the next two numbers. 

a) 1,3,5,7, 8, b) 10, 20, 40, 80, 9, 

c) 15, 30, 45, @, & d) 100, 90, 80, 70, , 

e) 1, 3,9, 27, 9, © {) 2, -2, 2, -2, 8, @ 

g) 1, -10, 100, -1000, ), h) 8, 3, -2,-7, 8, & 

i242, )9,3,1,4,0,0 

2? 4? 6’ ) ki ° ) 3° Ef 
k) 1,5, 9, 13, &, @ I) 1,4,9, 16, 00, 


The numbers in a sequence are called terms. 

In some sequences, each term is obtained from the one before it by adding the 
same number. These kinds of sequences are called arithmetic sequences. 

For example, 3, 7, 11, 15, ... is an arithmetic sequence because each term is 
calculated by adding 4 to the preceding term. 


In other sequences, each term is obtained from the one before it by multiplying 
by the same number. These kinds of sequences are called geometric sequences. 
For example, 3, 6, 12, 24, ... is a geometric sequence because each term is 
calculated by multiplying the preceding term by 2. 
5. In exercise 4 

a) Which sequences are arithmetic? 

b) Which sequences are geometric? 

c) Which sequences are neither arithmetic nor geometric? 


6. Create at least two different patterns that start with 2, 4, 8, ... . Describe 
each pattern. 
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Previous Section 


1.1 | Linear Growth and Arithmetic Sequences 


Suppose you have a part-time job. You earn $30 per day. You start with $100 
in your savings. Each evening you add the $30 you earned that day to your 
savings. So, after the first day you have $130 saved, and after the second day 
you have $160, and so on. 


How much will you have saved after 12 days? 


To answer this question, we tabulate the amount at the end of each of the first 
few days. In the last column, we “analyse” the amount, to try to obtain a simple 
mathematical expression. 


There is a pattern in the growth of the amount. At the end of the 5th day, $30 
have been added 5 times. So, at the end of the 12th day, $30 have been added 
12 times. The amount after 12 days is: 
100 + 12 x 30 = 100 + 360 
= 460 
At the end of the 12th day, you will have $460 saved. 


This kind of growth is called additive growth because we add the same amount 
each day. The graph shows how the amount changes at the end of each day. 
The points lie on a straight line with slope 30, because the amount grows by 
$30 each day. For this reason, additive growth is often called linear growth. 


The Amount at the End of Each Day 


slope = ae 
run 


_ $30 
= Tay? $30/day 


{| jo] | 2 | 41] 6 | 8 | 
| ___ Time (days) 
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A local music store has a guitar on sale for $900. The dealer will reduce the 
price by $25 at the end of each week until it is sold. Thus, for the first week, 
the price is $900, for the second week it is $875, and so on. Assume the 
guitar has not been sold. 

a) What is the price of the guitar during the 10th week? 


b) Draw a graph to illustrate the price of the guitar at the beginning of each 
week, for 6 weeks. 


Solution 


a) During the 10th week, the price of the guitar has been reduced nine times 
by $25. Therefore, the price that week is: 


$900 — 9 x $25 = $900 — $225 


= $675 
b) Make a table of values, then use the data to draw a graph. 
| Week | 1 [| 2 [| 3 [ 4] 5 | 6 | 
“Price($) | —-900,-«|s 875 «| «850 | «825 | «800:«| «775 


Price of the Guitar 
at the Beginning of a Week Discuss 
Why do the points lie on a 
straight line? 
Should the points be joined? 
Explain. 
What is the slope of the line? 
Suppose the initial price was 


different. How would the 
graph change? 


Price ($) 


Suppose the weekly reduction 
was different. How would the 
graph change? 


lol (id 1213141516 
Time (weeks) 


Look at the successive numbers in the two sequences above: 


100, 130, 160, 190, 220, 250, ... 
900, 875, 850, 825, 800, 775, ... 


These are examples of arithmetic sequences. In an arithmetic sequence, each 
term after the first is found by adding the same number to the preceding term. 
In the first sequence, that number is 30 and the terms increase. In the second 
sequence, —25 is added, and the terms decrease. 
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Take Note 


Arithmetic Sequence 


In an arithmetic sequence, the number obtained by subtracting any 
term from the next term is a constant. This constant is the 
common difference. 


These are arithmetic sequences. 


4,9, 14, 19, ... common difference: 9 — 4 = 5 Discuss 

17, 17.5, 18, 18.5,.... common difference: 17.5 — 17 = 0.5 als ariunisnesle 
sequence, you always 

10, 9.5, 9, 8.5, ... common difference: 9.5 — 10 = —0.5 add the same number 

eee en common difference: 2 — 12 = -10 serene a 


next term. Why is the 
number you add 
called a difference? 


The arithmetic sequence 2, 9, 16, ... is given. 
a) Determine the 20th term. 


b) Suppose you know the term number. How can you calculate the term? 


Solution 

2,9, 16, ... 

Each term is 7 more than the preceding term, so the common difference is 7. 
The first term is 2. We get the second term by adding 7 once, the third term 
by adding 7 twice, and so on. So, we get the 20th term by adding 7 nineteen 
times to the first term. 


a) The common difference is 9 — 2 = 7. 


The 20th term is 2+ 19x 7=2+4 133 
= 135 


b) Analyse the method in part a. To get the 20th term: subtract 1 from 20, 
multiply by 7, then add 2. In general, subtract 1 from the term number, 
multiply by the common difference, then add the first term. 
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Insert two numbers between 17 and 59, so the four numbers form an 
arithmetic sequence. 


Solution 
Let d represent the common difference. Visualize the numbers in the sequence: 


17 59 


NU NL \ ___ 
+d +d +d 


To go from the Ist term to the 4th term, add d three times. Write an equation 
to represent this. 


17 + 3d = 59 
3d = 42 
d= 14 


The arithmetic sequence is 17, 17 + 114), 17 + 2(14), 59; or 17, 31, 45, 59. 


Al 


1. Which sequences are arithmetic? If a sequence is arithmetic, state its 
common difference. 


a) 6, 10, 14, 18, ... b) 9, 7,5, 3, ... 
c) 5, 10, 20, 40, ... NLS pp 
e) -11, -4, 3, 10, ... f) 4, -6, 8, -10, ... 
g) 2, -3, 4, -5, ... h) —3, -5, -7, -9, ... 
i) -8, -7, -6, -5, ... j) 1,1, 2,3,5,... 
2. State the common difference, then list the next three terms of each 
arithmetic sequence. 
a) 12, 15, 18, ... b) 25, 21,17, ... 
c) 27, 37, 47, ... d) 31, 21, 11,... 
e) -8, -5, -2, ... f) 1.8, 2.3, 2.8, ... 
g) -3, -8, -13, ... h) 200, 250, 300, ... 
i) 66, 55, 44, ... j) 1.23, 1.87, 2.51, ... 


~ 


Eight dollars were put in an empty piggy bank on January 1. Three dollars 
are put in the piggy bank on the Ist day of each month after that. How much 
will be in the piggy bank on July 2? 
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4. From a computer manufacturer’s web site, customers can order their own 
computer. Customers must choose the processor speed, the amount of 
memory, and the hard drive capacity. Each choice involves a sequence. 
Determine if the sequence is an arithmetic sequence. Explain. 


a) processor speeds in megahertz: 733, 800, 866, 933, 1000, 1133 
b) random access memory in megabytes: 128, 256, 384,512 
c) hard drive capacity in gigabytes: 10, 20, 30, 45, 75 


8) 


5. Knowledge/Understanding 


a) Determine the indicated term of each arithmetic sequence. 


i) 6, 11, 16, ... 7th term ii) 18, 15, 12, ... 8th term 
iii) 23, 34, 45, ... 10th term iv) 45, 37, 29, ... 9th term 
v) 5, 10, 15, ... 12th term vi) -10, -4, 2, ... 10th term 


b) Choose one sequence from part a. Explain how you could calculate any 
term in the sequence if you know the term number. 


6. Thinking/Inquiry/Problem Solving Here is a pattern of natural numbers in 
three rows. Assume the pattern continues. 
Row 1 1 4 7 10 13 
Row 2 2 5 8 11 14 
Row 3 3 6 9 12 15 


a) What are the next five numbers in row 2? 
b) In which row will the number 100 appear? Explain. 
c) Describe a procedure you could use to determine in which row any given 
natural number appears. Test your procedure with some examples. 
7. A month from a calendar is shown. 
a) Explain why the numbers in each row form an arithmetic sequence. 
b) Explain why the numbers in each column form an arithmetic sequence. 


c) Find some numbers that form a diagonal line. Do these numbers form an 
arithmetic sequence? Explain. 


Sunday Monday Tuesday Wednesday Thursday Friday Saturday 
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8. The Chinese calendar associates years with animals. There are 12 animals. 
They are always used in the order shown below. After 2011, the pattern 
repeats with 2012 as the year of the dragon. 


dragon snake horse ram monkey rooster 
2000 2001 2002 2003 2004 2005 
dog pig rat Ox tiger rabbit 
2006 2007 2008 2009 2010 2011 


a) The year 2000 was the year of the dragon. List the next three years that 
will be the year of the dragon. 

b) On July 1, 2067, Canada will be 200 years old. Which animal will be 
associated with 2067? 


c) After 2011, list the next three years each animal will appear. 
i) the tiger ii) the rooster iii) the rat 


so 


The disappearance of the dinosaurs about 65 million years ago is one of the 
great mysteries of science. Scientists have recently found that mass extinctions 
of Earth’s creatures are separated by periods of roughly 26 million years. 


a) About when did other mass extinctions occur? 


b) Suppose the scientific theory is correct. Estimate when the next mass 
extinction might occur. 


10. Suppose the first term and the common difference of an arithmetic sequence 
are equal. How are all the terms related to the first term? Explain. 


11. After the start-up year, the 
annual production of 
a northern gold mine has 
remained constant at 
22 000 ounces per year. 
At the end of last year, the 
total output of the mine, 
since it was opened, was 
90 000 ounces of gold. 


a) What will the total output 
be at the end of this year? 
At the end of next year? 


b) Draw a graph to show the total output of the mine for the next five years. 


c) Suppose the annual output is more than 22 000 ounces per year. 
How would the graph change? 
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12. 


13. 


14. 


15. 
16. 


17. 


ic) 


18. 


Application The Olympic Winter Games are held every four years. The first 
Winter Olympics were held in 1924. 


a) Begin with 1924. List the years that should have been the first six 
Winter Olympics. 


b) In two of those years, the Winter Olympics were cancelled. What years 
do you think they were? Explain your answer. 


c) The Winter Olympics followed the pattern of being held every four years 
until 1992. Beginning in 1994, another pattern of holding the Winter 
Olympics every four years was begun. How many Winter Olympics 
followed the first pattern? 


d) Why do you think the first pattern was broken in 1994? 


Communication Give examples to illustrate your answers to these questions. 
a) Is it possible to have an arithmetic sequence in which all terms are the same? 
bh) Is it possible to have an arithmetic sequence in which some, but not all, 


terms are the same? 


a) Copy, then complete each arithmetic sequence. 


i) @, 7, 12, BF, ii) —, >, 29, 25, 
iii) 5,0, 21, 0, iv) 50, 9, , 35, 
vy) |, -8, 5,1, 6, 32 vi) 43, 50,55, 0,77 


b) Choose one sequence from part a. Explain how you determined the 
missing terms. 


Insert two numbers between 8 and 30, so the four numbers form an 
arithmetic sequence. 


Insert three numbers between 10 and 55, so the five numbers form an 
arithmetic sequence. 


Determine the first five terms of each arithmetic sequence. 
a) The 2nd term is 14 and the Sth term is 23. 

b) The 3rd term is 35 and the 7th term is 55. 

c) The 5th term is 4 and the 8th term is —2. 


Here is a game for two people, A and B. A begins by mentioning a single- 
digit number. B may add any single-digit number to the number mentioned 
by A. A may add any single-digit number to the result. Players alternate in 
this manner, always adding any single-digit number to the previous result. 
The winner is the first person to reach 50. Play this game with a friend, and 
determine a winning strategy. 
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1.2 Exponential Growth and Geometric Sequences 


An antique apple peeler is now worth $100. 
Its value increases by 9% every year. 

How much will the antique apple peeler 

be worth after 8 years? 


We will solve this problem in two 
different ways. 


Method 1: Calculating the annual 
increases in value 


Start with $100 the first year. 

After one year, the antique apple peeler’s 
value will be 9% greater. 

9% of $100 is 0.09 x $100 = $9. 

After one year, its value is $100 + $9 = $109. 


After two years, its value will be 9% greater than its value after the first year. 
9% of $109 is 0.09 x $109 = $9.81. 
After two years, its value is $109.00 + $9.81 = $118.81. 


This pattern continues. Look at the calculation of the value after two years. The 
increase after the second year was 81¢ more than the increase after the first 
year. The extra 81¢ is 9% of the $9 increase from the first year. The process by 
which we get this extra increase is called compounding. In situations that 
involve percent growth, these extra increases are always accumulating. The 
table shows the results for the first 8 years. 


Year| Method =| Value 8) | iscuss 

0 | 10000 = 100.00 | 100.00 | —_How can you use your 
calculator efficiently 

to determine 

eae? 

6 | 153.86 +0009 x 153.86 = 167.71 | 167-71 

8 | 182.80 +009 182:80= 199.26 | 199.26 


After 8 years, the antique apple peeler is worth $199.26. 
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Method 2: Using a multiplier 


Look at the method in the second row of the table on page 16. There is a 
common factor of 100 in the expression 100 + 0.09 x 100. We can use this 
common factor to calculate the value after the second year in a different way: 


100 + 0.09 x 100 = 100(1 + 0.09) 
= 100(1.09) 
= 109 


Instead of calculating 9% of 100, then adding the result to 100, we multiply 100 
by 1.09. We could multiply by 1.09 in each of the other rows as well. 


Take Note 


Multiplier Principle for Growth 


Increasing a quantity by 9% is the same as multiplying by 
(1 + 0.09), or 1.09. 


We could use the multiplier principle to complete the calculations. 


Yea | Method | Value 8) 
po fot 100.00 
100 x 1.09 = 100 x 1.09! 


100 x 1.09 x 1.09 x 1.09 =100x 1.0% | 129.50 
100 x 1.09 x 1.09 x 1.09 x 1.09 = 100% 1.094 | 141.16 
100 x 1.09 x 1.09 x 1.09 x 1.09 x 1.09 = 100 x 1.095 | 153.86 


There is a pattern in the calculations. After 5 years, we have multiplied Discuss 
by 1.09 five times. So, after 8 years, we will have multiplied by Describe why we 


. . Ive the 
beans cannot so 
09 eight times problem this way: The 


value of the antique 


The value of the apple peeler can be determined: : 
apple peeler increases 


100(1.09)® = 100 x 1.992 562 6 by 9% each year; so, 
= 199.26 after 8 years, it will 
: . have increased by 9% 
After 8 years, the antique apple peeler is worth $199.26. eight times, for an 
ae . overall increase of 
This kind of growth is called multiplicative growth because we 72%. After 8 years, 
multiply by the same factor each year. The graph on page 18 shows the apple peeler will 


how the value of the apple peeler changes over time. pe werk 2172, 
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Since repeated multiplication is represented by a power, multiplicative growth is 
called exponential growth. The points lie on a curve. 


Value of an Antique Apple Peeler against Time 


A mountain bike is worth $1000. Each year it loses 8% of its value. 
a) What will the bike be worth after 6 years? 
b) Draw a graph to show how the value of the bike changes during the 6 years. 


Solution 


a) Solution 1 
Calculate the annual decreases in value. 
Start with $1000 the first year. 
After one year, the mountain bike’s value will be 8% less. 
8% of $1000 is 0.08 x $1000 = $80. 
After one year, its value is $1000 — $80 = $920. 
These calculations are continued in the table. 


The mountain bike is worth $606.35 after 6 years. 


18 CHAPTER 1 SEQUENCES AND SERIES 


Solution 2 

Use a multiplier. 

Each year, the mountain bike loses 8% of its value. 

Therefore, at the end of each year, the bike is worth 100% — 8% = 92% of 
its value for the preceding year. 

So, each year, multiply the previous year’s value by 0.92. 


From the table, the value after 6 years is $606.35. 


b) Draw a graph using either table of values from part a. 


Value of a Mountain Bike against Time Discuss 
What are the 
1000 advantages and 
° disadvantages of the 
900} * ibe 
pike i two solutions in 
e part a? 
e 
& How can you tell 
> 70 ? from the graph that 
the decreases in value 
60 ‘ are not constant? 
Oe 8 5 
Time rs) 


In Solution 2 of Example I, we used the following principle: 


Take Note 


Multiplier Principle for Decay 


Decreasing a quantity by 8% is the same as multiplying by 
(1 — 0.08), or 0.92. 
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We can use the pattern in the table in Solution 2 to write an expression for the 
value of the mountain bike after any number of years. For example: 


After 10 years, the mountain bike would be worth $1000(0.92)!9. 
After 12 years, the mountain bike would be worth $1000(0.92)!?. 


Look at the successive values of the antique apple peeler and the mountain bike. 


100.00, 109.00, 118.81, 129.50, 141.16, 153.86, 167.71, ... 
1000.00, 920.00, 846.40, 778.69, 716.39, 659.08, 606.35, ... 


These are examples of geometric sequences. In a geometric sequence, each 
term after the first is found by multiplying the preceding term by the same 
number. In the first sequence, that number is 1.09 and the numbers increase. In 
the second sequence, each term is multiplied by 0.92 and the numbers decrease. 


Take Note 


Geometric Sequence 


In a geometric sequence, the number obtained by dividing any term 
by the preceding term is a constant. This constant is the multiplier or 
the common ratio. 


These are geometric sequences: Discuss 
1, 3, 9, 27, 81, ... common ratio: 2 = 2 = 24 =3 inte Geometric 
1 3 9 sequence, you always 
2, 10, 50, 250, ... common ratio: 12 = 5 multiply a term by 
2 the same number to 
- 6 _ get the next term. 
12, 6, 3, 1.5, 0.75, .... common ratio: p= 0.5 Whiy isthe numiser 


you multiply by 


2 Wd... 
3, -12, 48, -192, ... common ratio: 3 = 4 Sid pave? 


The geometric sequence 2, 6, 18, ... is given. 
a) Determine the 10th term. 


b) Suppose you know the term number. How can you calculate the term? 
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Solution 
2, 6, 18, ... 


Each term is 3 times the preceding term, so the common ratio is 3. The first 
term is 2. We get the second term by multiplying by 3 once, the third term by 
multiplying by 3 twice, and so on. So, we get the 10th term by multiplying 


the first term, 2, by 3 nine times. 


a) The common ratio is = 3. 
The 10th term is 2 x 3° = 2 x 19 683 


= 39 366 


b) Analyse the method in part a. To get the 10th term, subtract 1 from 10 to 


determine the exponent, calculate 3°, then multiply by 2. In general: 


subtract 1 from the term number to determine the exponent, calculate the 


common ratio raised to that exponent, then multiply by the first term. 


Insert two numbers between 5 and 320, so the four numbers form a geometric 


sequence. 


Solution 


Let r represent the common ratio. Visualize the numbers 
in the sequence: 


ty to t3 ta 


To go from the Ist term to the 4th term, multiply by 7 three times. 


Write an equation to represent this. 


5xr = 320 
r= 64 
Since 4 x 4 x 4 = 64, 
r=4 


The geometric sequence is 5, 5(4), 5(4)?, 320; 
or 5, 20, 80, 320. 


Discuss 

Suppose only one 
number is inserted 
between 5 and 320 
so the three numbers 
are in a geometric 
sequence. What 
numbers are possible? 
Explain. 


How can you test 

a sequence to 
determine whether 

it is geometric, 
arithmetic, or neither? 
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1. Which sequences are geometric? If a sequence is geometric, state its 
common ratio. 


a) 1, 2,4, 8, 16, ... b) 2, 4, 6, 10, 16, ... 
0) 4,-2, 1,-3.5 6 #) 1-2, 5.-sa 
e) —3, 2, 7, 12, 17, ... f) 6, 0.6, 0.06, 0.006, ... 
g) 3, 7, 15, 31, ... h) 10, 100, 1000, 10 000, ... 
i) 2x 103,2x10°,2x10-7,... __j) 1.087, 1.083, 1.08%, ... 
2. State the common ratio, then list the next three terms of each geometric 
sequence. 
a) 2, 20, 200, ... b) 48, 24, 12, ... 
c) 5, -10, 20, ... d) 3, 9, 27, ... 
e) 4,-2,1,... f) 1,-I,1,... 
g) 2, 4, 8,... h) —1, -3, -9, ... 
ee ee ae 
2’ 6’ 18 81° 27° 9 
3. Determine whether each sequence is arithmetic, geometric, or neither. 
Explain your choice. 
a) 1, 100, 10 000, ... b) 1, 3, 6, 10, 15, ... 
c) 1,5, 9, 13, ... d) 1,4, 9, 16, 25, ... 
e) 22, 15, 8, 1,... f) 2, 0.2, 0.02, 0.002, ... 
g) 1,-1,1,-1,... h) 2, 2, 2, 2, ... 
ee a 
4° 64’ 256 2° 4° 6 


LB) 


4. A colony of 100 insects doubles every week. How many insects are there 
after each time? 


a) 2 weeks b) 4 weeks c) 6 weeks 
5. Sequences of numbers are involved in photography. Determine if each 


sequence is geometric. Explain. 
111 1 1éidi 


a) shutter speeds in seconds: 1, 3° A? 8? 15? 30’ 60 
b) film speeds: 100, 200, 400, 800 
c) lens aperture markings: 1.4, 2, 2.8, 4, 5.6, 8, 11, 16, 22 
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I have a metre stick. I break off 6 of it and throw the piece away. I then 
break off 0 of what remains and throw that piece away. I repeat this 
process many times, each time breaking off a of what remains and 
throwing the piece away. 


a) What is the length of the piece I have after the first break? The second 
break? The third break? 


b) Explain why the sequence of lengths of the pieces I have is geometric. 


c) How long is the piece I have after the 10th break? 


. Knowledge/Understanding 


a) Determine the indicated term of each geometric sequence. 


i) 3, 6, 12, ... 6th term ii) 3, -6, 12, ... 6th term 
iii) 200, 20, 2, ... 5th term iv) 5, 20, 80, ... 7th term 
v) 100, 20,4, .... 5th term vi) 6, -2, > es 6th term 


b) Choose one sequence from part a. Explain how you could calculate any 
term in the sequence if you know the term number. 

Communication Give examples to illustrate your answers to these questions. 

a) Is it possible to have a geometric sequence in which all terms are the same? 


bh) Is it possible to have a geometric sequence in which some, but not all, 
terms are the same? 


c) Is it possible for a sequence to be both arithmetic and geometric? Explain. 


. An oil painting is worth $400. Its value increases by 7% each year. 


a) What is the value of the painting after 6 years? 
b) Draw a graph to show how the value changes during the 6 years. 


c) How would the graph change if the initial value of the oil painting was 
more than $400? Less than $400? 


d) How would the graph change if the value increased each year by more 
than 7%? Less than 7%? 


A hockey card is worth $250. Its value increases by 9% each year. What is 
the card worth after 10 years? 


A $1000 investment increases in value by 6% each year, for 8 years. What is 
the investment worth after 8 years? 


. A new vehicle is worth $30 000. It decreases in value by 20% each year. 


a) What will the vehicle be worth after 5 years? 
b) Draw a graph to show how the value changes during the 5 years. 


c) How would the graph change if the initial value of the vehicle was more 
than $30 000? Less than $30 000? 
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d) How would the graph change if the value decreased each year by more 
than 20%? Less than 20%? 


13. A store has a sale in which 10% is taken off the cost of an item at the end of 
each day. Suppose an item originally cost $250. Determine its cost for each 
of the next five days. 


14. A sailboat was bought for $2000. Its value decreases by 9% each year. What 
will the sailboat be worth in 5 years? 


15. Application A rectangular piece of paper measures 30 cm by 20 cm. It is cut 
into four smaller congruent rectangular pieces. These pieces are arranged one 
on top of another to form a pile of 4 sheets that measures 15 cm by 10 cm. 


This pile of 4 sheets is cut into smaller congruent pieces. These smaller pieces 
are arranged to form a pile of 16 sheets that measures 7.5 cm by 5.0 cm. 


Suppose the above steps are repeated many times. 


a) Copy and complete this table to the 4th step. 


Length of Width of Area of 
Number of one piece one piece one piece 
Step pieces (cm) (cm) (cm*) 
Start 1 30 20 


1 
2 
3 
4 


b) Explain why the numbers in each column (except the first) form a 
geometric sequence. 


16. Suppose the first term and the common ratio of a geometric sequence are 
equal. How are all the terms related to the first term? 


17. Strep throat is an infection caused by the bacteria streptococci. After you 
have been infected, these bacteria could double in number every 20 min. 
a) Suppose a single bacterium began reproducing at noon. About how many 
bacteria would be present at each time? 
12:20 pM.; 12:40 p.M.; 1 PM.; 1:20 PM.; 1:40 PM.; 2 PM.; 2:20 PM.; 2:40 PM. 
b) Show the results of part a on a graph. Should the points on the graph be 
joined? Explain. 
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In exercise 17, the way you calculated the number of bacteria every 20 min 
and the graph of the results are called models of the growth of the bacteria. 


a) Give some reasons why the actual number of bacteria present every 
20 min might be different from the numbers predicted by the model. 


b) Do you think the growth could continue indefinitely? Explain. 


. Thinking/Inquiry/Problem Solving Suppose you know the first term and 


the common ratio of a geometric sequence. How can you tell from these 
numbers whether the terms of the sequence become greater or smaller as 
you extend the sequence? What other possibilities are there for what 
happens to the terms as you extend the sequence? How can you tell when 
these will happen? Support your explanations with examples. 


. Copy and complete each geometric sequence. 


a) ? 8, 16, > b) t3 % 12, 4, 
c) 1,)0, 19, -27, d)1,'°, 16,0), 
e)  ,160,',5°,' 9,10 f) 10, 9,15, 9, 6250 


. Insert two numbers between 2 and 54, so the four numbers form a 


geometric sequence. 


. Insert three numbers between 4 and 2500, so the five numbers form a 


geometric sequence. 


Choose either exercise 21 or exercise 22. Explain how you determined 
the numbers. 


a) Use the or key on a calculator to express the first five terms of 
this sequence in decimal form. 


92.0 92.1 92.2 92.3 924 
b) Determine whether this is a geometric sequence. Explain. 
Determine whether it is possible for 3 numbers to form both an arithmetic 
sequence and a geometric sequence. 
Determine the geometric sequence with each property. 


a) The sum of the 3rd and 4th terms is 36. The sum of the 4th and 5th terms 
is 108. 


h) The sum of the first 2 terms is 3. The sum of the next 2 terms is <. 
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1.3. The General Term of a Sequence 


General Term of an Arithmetic Sequence 


Consider the arithmetic sequence 4, 7, 10, .... 
Each term is 3 more than the preceding term. 
We can write the terms as follows. 

t) =4 

tp =44+1(B3)=7 

t3 = 4+ 2(3) = 10 

t4=4+3() = 13 


To determine any term, we add a certain number of 3s to the first term. 
The number of 3s to add is 1 less than the term number. 
For example, foo = 4 + 19(3) 


= 61 
Similarly, t, = 4+ (n — 1)(3) 
=4+4+3n-3 
=3n+1 


The term, t, = 3n + 1, is the general term of the sequence. The general term is 
a formula that can be used to calculate any term in this sequence. 


For example, to determine the 80th term, fg9, substitute n = 80 int, = 3n + 1. 
tg9 = 3(80) + 1 
= 241 
The 80th term of the sequence above is 241. 
The general arithmetic sequence has first term a and common difference d. 
a,a+d,a+2d, a+ 3d, ... 


To determine ¢,, add (n — 1) common differences to the first term. 
th =at(n-—1)d 


Take Note 


General Term of the General Arithmetic Sequence 


The general term of the arithmetic sequence 
a,a+d,a+2d,a+ 3d, ... is 


th =a+(n-—1)d 
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Determine the 35th term of the arithmetic sequence 4, 7, 10, ... . 


Solution 


Use the formula for the general term, t, = a + (n — 1)d. 
The first term is 4. The common difference is 7 — 4 = 3. 
Substitute nm = 35,a = 4, andd=3 int, =a+(n-1)d. 


35 = 44+ 348) Discuss 
=4+4102 The common 
= difference is 3. 
= 106 . Describe how the 
The 35th term of the sequence is 106. terms grow. 


The formula for the nth term of a sequence is t, = 12 — 5n. 
a) Write the first four terms of the sequence. 


b) Use the results of part a to explain how the formula for ¢,, was derived. 


Solution 


a) Use the formula t, = 12 — 5n. Substitute n = 1, 2, 3, then 4. 
ty = 12-51) =7 
to = 12 -—5(@) =2 
tz = 12—-5(3) =-3 
tg = 12 -—5(4) = -8 


The first four terms of the sequence are 7, 2, —3, —8. 


b) The sequence 7, 2, —3, —8, ... is an arithmetic sequence with Ist term 7 
and common difference —5. 


Use the general term of an arithmetic sequence, t, = a+ (n — 1)d. 
Substitute a = 7 and d = —5. 
ty = 7+ (n— 1)(S) 

=7-5n+5 

= 12-5n 


General Term of a Geometric Sequence 


The development of the general term of a geometric sequence is similar to that 
of an arithmetic sequence. 
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Consider the geometric sequence 2, 6, 18, ... . 
Each term is 3 times the preceding term. We can write the terms as follows. 


iS 2 
tp = 2(3) =6 
t3 = 2(3)° = 18 


t4 = 2(3)° = 54 


To determine any term, we multiply the first term by a certain number of 3s. 
The number of 3s to multiply by is 1 less than the term number. 


For example, tio = 2(3)? = 39 366 
Similarly, tf, = 2(3)"~! 
The term, t, = 2(3)"~!, is the general term of the sequence. 


We can use this general term to calculate any term in this sequence. 

For example, to determine the 8th term, fg, substitute n = 8 in ¢, = 2(3)"~!. 
tg = 2(3)8-! = 2(3)' = 4374 

The 8th term of the sequence above is 4374. 

The general geometric sequence has first term a and common ratio r. 


a, ar, ar’, ar, ... 


To determine ¢,, multiply a by (n — 1) common ratios. 


,ea* 


Take Note 


General Term of the General Geometric Sequence 


The general term of the geometric sequence a, ar, ar’, ar, ... is 
(=a 


Determine the 11th term of the geometric sequence 3, 6, 12, 24, ... . 


Solution 


Use the formula for the general term, f, = ar’~!. 
The first term is 3 and the common ratio is 2. 
Substitute n = 11, a = 3, andr =2 int, =ar""!. 


tb = 3(2)!'° Discuss 
= 3(1024) The common ratio 
= 3072 is 2. Describe how the 


terms grow. 


The 11th term of the sequence is 3072. 
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Some sequences are neither arithmetic nor geometric. 


Example 4 


ae 
vague? 


col 


Determine a formula for the nth term of the sequence > =, 
Solution 

The numerators form an arithmetic sequence 1, 3, 5, 7, .... 
Use the expression for the general term of an arithmetic sequence: a + (n — 1)d 


Substitute a = 1 and d = 2. 
The nth term of the sequence of numerators is 
1l+@m-1)x2=1+2n-2 


=2n-1 
The denominators form a geometric sequence 2, 4, 8, 16, ... . Discuss 
Use the expression for the general term of a geometric What other way is 
=] there to determine 
nce: ar" 
bic sas oui the nth term of 
Substitute a = 2 and r = 2. the sequence of 
The nth term of the sequence of denominators is denominators? 
2x 2"-lagly gnr-l Is the sequence 
1.3: S&F 
=?" 2 4' 8 16" 
arithmetic, geometric, 
The formula for the nth term of the sequence or neither? Explain. 
: 2n-1 
iS tf) = a : 
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1. The formula for the nth term of a sequence is given. Write the first four 
terms of each sequence. 


a) t, =2+5n b) t, = 18 — 2n 
¢) t= 2" d) t, =2 x3” 
e) t, =n +1 f) tp =n(n +1) 


2. Identify each sequence in exercise 1 as arithmetic, geometric, or neither. 


3. The formula for the nth term of a sequence is given. Determine the 10th term. 


a) t, = 7+2n b) t, = —20 + 3n 
c)t,=6-—n d) t, =n?-1 
e) t, = + f) tf) =n(n—1) 


n 
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4. For the arithmetic sequence 4, 10, 16, 20, ..., determine each term. 
a) ty b) tio C) t20 
5. For the arithmetic sequence 11, 8, 5, 2, ..., determine each term. 
a). fa b) fg c) tas 
6. For the geometric sequence 3, 6, 12, ..., determine each term. 
a) ty b) t7 c) ti2 
7. For the geometric sequence 3, —6, 12, ..., determine each term. 
a) th b) t7 c) t12 
8. Compare the results in exercises 6 and 7. In what ways are they similar? In 


what ways are they different? 


CB) 


9. Write the general term for each arithmetic sequence. 
a) 5, 8, 11, 14,... b) 5,3, 1,-I,... 
c) —4, -2, 0, 2, ... d) 3,9, 15, 21, ... 


10. Each sequence is an arithmetic sequence. Write a formula for f,, then use it 
to determine the indicated term. 


a) 2,5, 8,... too b) 10, 12, 14, ... t50 

c) 20, 17, 14, ... tgo d) 45, 43,41, ... — thoo 
11. Write the general term for each geometric sequence. 

a) 1,2,4,8,... b) 1, -2, 4, -8, ... 

c) 8,4, 2, 1,... d) 8, -4, 2, -1, ... 


12. Each sequence is geometric. Write a formula for ¢,,, then use it to determine 
the indicated term. 


a) 2,6, 18, ... t6 b) 3, 15, 75, ... to 
c) 10, 5, 2.5, ... tg d) 4, -12, 36,... to 

13. Knowledge/Understanding Four sequences have the general terms 
listed below. 


Sequence 1: t,=n+1 

Sequence 2: ft, = 2n+1 
Sequence 3: t, = 3n+1 
Sequence 4: ft, =4n +1 


a) List the first four terms of each sequence. 
b) How are the Ist terms of these sequences related? Explain. 


c) How are the 2nd terms of these sequences related? Explain. 
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d) How are the 3rd terms of these sequences related? Explain. 


e) How are the 4th terms of these sequences related? Explain. 


A pile of bricks is arranged in rows. The number of bricks in each row 
forms the arithmetic sequence 65, 59, 53, ... . 


a) One row contains 17 bricks. Which row is this? 


b) How many rows of bricks are there? Explain your assumptions and answer. 
An arithmetic sequence is 8, 14, 20, 26, ... . Which term is 92? 


For each arithmetic sequence, a later term in the sequence is given. Which 
term is it? 


a) 1,4, 7, 10, ... 94 b) 3,5, 7,9, ... 119 
c) 2,7, 12,17, ... 187 d) —7,-5,-3,-1,.... 57 
e) 30, 26, 22, 18,... -50 f) 2,3.5,5,6.5,... 152 


Thinking/Inquiry/Problem Solving In an arithmetic sequence, the 3rd term 
is 25 and the 9th term is 43. How many terms of the sequence are less than 100? 


Application You have 2 parents | generation ago, 4 grandparents 
2 generations ago, 8 great-grandparents 3 generations ago, and so on. 
Determine how many ancestors you had each number of generations ago. 


a) 5 b) 10 c) 20 d) 40 


Assume one generation lasts about 25 years. Then 40 generations ago was 
about 1000 years ago. Historians estimate the world population was about 
300 000 000 at that time. Your answer to exercise 18d is approximately 

1 000 000 000 000. Explain why the calculated number of ancestors 

40 generations ago is much greater than the entire world population. 


. Each year, the value of a car depreciates to 70% of its value the previous 


year. A car was bought new for $25 000. 
a) Determine its approximate value at the end of every year, for 5 years. 
b) Draw a graph to show how its value drops during the 5 years. 


c) Write an expression to represent its value after n years. 


Communication Suppose you know the first term and the common 
difference of an arithmetic sequence. How can you tell from these numbers 
whether the terms of the sequence become greater or smaller as you extend 
the sequence? What other possibilities are there for what happens to the 
terms as you extend the sequence? How can you tell when these will 
happen? Support your explanations with examples. 
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22. Determine a formula for the nth term of each sequence. 


Hitt wishes 9 Sea 
23. Determine a formula for the nth term of each sequence. 
a) 1x2,2x3,3x4,4x5,... b)1x2,3x5,5x8,7x11,... 
c) 1x2,2x4,3x8,4~x 16,... d)2x3,6x5,10x7,14x9,... 


24. This advertisement appeared in 
a local newspaper. 


boat's 
; taken off each 
go" a aan for the next 


First come, first served: 
= -_s e l — 
Retail Week 1 | Week2 | Week3 | Week 4 | 
price price price price price 
| Boat ($) ($) ($) ($) ($) 
| 15’ Chrysler Tri Hull | 2000 1800 | 1620 1458 1312 
| 14’ Starcraft, 20 Yamaha | 7000 6300 5670 5103 4593 
16’ Wilker, 100 Javelin | 9000 


_ 19’ Steury, 105 Chrysler | 5699 


a) In the first two rows, check that the prices for each week are correct. 
b) Calculate the prices in the other two rows. 
c) Let x dollars represent the retail price of a boat. Write an expression to 
represent the price of the boat in each of the next four weeks. 
25. Suppose a cottage is bought for $120 000. Assume its value increases by 
about 8% each year. What is its approximate value after each time? 
a) 5 years b) 10 years c) n years 
Cc) 
26. The general term of a certain sequence is given by this formula. 
ty = 2n+ 0.1(n — 1)(n — 2)(n — 3)(n — 4)(n — 5) 
a) Determine the first 6 terms of the sequence. 
bh) Describe the pattern in the first 5 terms. Explain why the pattern does not 
apply to the terms after the 5th term. 


27. The arithmetic sequence 200, 185, 170, ... is given. What is the first 
negative term of this sequence? Explain. 
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1. A $1000 investment certificate increases in value by 5% each year. 
How much will it be worth after 2 years? 


2. Determine the 10th term of the sequence with each general term. 
a) t, = 12-—2n 
b) tr = 5(2)""! 
3. Write the first 3 terms of the sequence with each general term. 
a) t, = n= 1 
b) t, = 10(1.5)” 


= 


. State which sequences in exercises 2 and 3 are: 
a) arithmetic 
b) geometric 


c) neither arithmetic nor geometric 


5. Write the general term for each arithmetic sequence. 
a) 3. 85 11, LA ase 
pb)... 3, yy xc, 


6. Write the general term for each geometric sequence. 
a) 1, 2,4, 8,... 
b) 8, -4, 2, -1,... 


7. Write a formula for the nth term of each sequence. 


a) 2, 10, 30, 250)... 
13 5 7 


b) Se {" 
8. Determine a formula for the nth term of each sequence. 


a)1x1,3x4,5x7,7x10,... 


by 13 3x5 5x7 7x9 
2x4’ 4x6’ 6x8’ 8x10’ 
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1.4 Recursion Formulas (Functions and Relations) 


In Section 1.3} we developed formulas for the general term of an arithmetic or 
geometric sequence. For some sequences, the general term can be expressed in 
a different way. For example, consider the following arithmetic sequence. 


25 12,.22, 32). 9 
The first term is 2, and each term is 10 more than the preceding term. Hence, 
the nth term is 10 more than the (n — 1)th term. We write: 

t) =2,t,=t-1+10,n>1 
This is a recursion formula. A recursion formula is a “recipe” for generating the 


terms, starting with the first term. A recursion formula has two parts. The first part 
begins the sequence. The second part is used to write the terms, one after the other. 


Write the first 5 terms of the sequence defined by each recursion formula. 
a) tf) =—7,t,=t-1+4,n>1 b) tf) = 2,t, =3t,-1,n>1 


Solution 


The first part of the formula is the first term. Substitute n = 2, 3, 4, ... in turn 
in the second part of the formula to determine the other terms. 


a) t;) =-7 
fp =t, +4 t3=t2+4 ta= 13 +4 th=t4t+4 
=-74+4 =-34+4 =1+4 =5+4 
=-3 =1 =5 =9 
The first 5 terms of the sequence are —7, —3, 1, 5, 9. 
b) 4} =2 
to = 3fy t3 = 3to ta = 3f3 ts = 34 
= 3(2) = 3(6) = 3(18) = 3(54) 
=6 = 18 = 54 = 162 


The first 5 terms of the sequence are 2, 6, 18, 54, 162. 


The recursion formula f; = 1; fo = 13 t) = ty-1 + ty-2, n > 2 defines the 
Fibonacci sequence. 


Write the first 6 terms of the Fibonacci sequence. Is this sequence arithmetic, 
geometric, or neither? 
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Solution 
t) = 1 Discuss 
to = | Why does the 
ion formula 
h=bth= 1 f 1 = 2 recursion 
’ - : include the condition 
te=t3t+h=24+1=3 thatns2? 


tt=t4t+R=34+2=5 
te=ts+te=5+3=8 
The Fibonacci sequence is neither arithmetic nor geometric. 


The sequence in Example 2 is named for Leonardo Fibonacci, an Italian 
mathematician. His publication, Liber abaci in 1202, introduced the Arabic 
number system to Europe. 


A] 


1. Write the first 5 terms of the sequence defined by each recursion formula. 


a) ft} =1,t,=t)-1+2,n>1 b) ft) =2,t,=t)-1+3,n>1 
ec) =5,t=t-1+5,n>1 d) tf} =—4,t =t-1+2,n>1 
e) ft} = 8,t,=t-1-5,n>1 f) t; = 10,t, =t,-1+ 100,n> 1 


2. Write the first 5 terms of the sequence defined by each recursion formula. 


a) tf} = 1,t, = 2t,-1,n>1 b) tf} =2,¢, = 2t,_1,n> 1 
c) 4) =3,t, = 2tn-1,n>1 d) t} =3,t, = —2t,_-1,n>1 
e) tf} =1,t,=10t,-1,n>1 f) t;) = 16,t,=0.5t,-1,n > 1 


3. Communication 


a) Suppose you know the first part of a recursion formula but not the second. 
Explain why you would not be able to write the terms of the sequence. 


b) Suppose you know the second part of a recursion formula but not the first. 
Explain why you would not be able to write the terms of the sequence. 


4. a) Write the first 5 terms of each sequence. 
)t=l,a=ath-1til,n>1 ii) 4 =l,m=tm-1+1,n>1 
th=1l,t,=t-1+2,n>1 t} =2,t,=t-1+2,n>1 
th=1l,t,=t-1+3,n>1 t} =3,t,=ty-1+3,n>1 
th=l,t=t-1+4,n>1 t}=4,t,=t-1+4,n>1 


b) Describe any patterns you found in part a. 


c) Explain why these patterns occur. 
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5. a) Write the first 5 terms of each sequence. 


i) =1,t,=tp-1,n>1 ii) t} =1,%=—th-1,n>1 
th =1,t, = 2tn_-1,n> 1 t}=1,t,= -2t,-1,n>1 
th =1,t, = 3trp-1,n> 1 t}=1,t,= -3t,-1,n>1 
th=1,t,=4tp-1,n> 1 t}=1,t,=—4t,-1,n>1 


b) Describe any patterns you found in part a. 


c) Explain why these patterns occur. 


LB) 


6. Write the first 5 terms of the sequence defined by each recursion formula. 


a) t} = 100,t,=t-1+7,n>1 b) 4) =-9,t, =t-1+10,n>1 
c) tj) = 1,t, =0.5t,-1,n > 1 d) 4) = 1,t,=—0.5t,-1,n > 1 
e) tf) =2,t, =2-t,-1,n>1 f) ft) =6,t,=(1+n)t,-1,n > 1 
7. Knowledge/Understanding For each recursion formula, determine whether 
the sequence is arithmetic, geometric, or neither. Explain your choice. 
a) tf} =5,t,=—th-1,n>1 b) tf} =3,t,=1-t,-1,n>1 
0) 1) =2,t=—,n> 1 d) t) = 2, t = (tr_1)2,n>1 
n-1 
8. Thinking/Inquiry/Problem Solving A sequence is defined by the recursion 
formula t) = 3, t, = t,-1+10,n> 1. 
a) Determine the 100th term of this sequence. 
b) Explain how you determined the 100th term. 
9. The recursion formula t, = 2, t, = 5t,-1, n > 1 defines a sequence. 


a) Determine the 10th term of this sequence. 


b) Write to explain how you determined the 10th term. 


10. Write the first 5 terms of the sequence defined by each recursion formula. 
a) ft} =1,t,=tr_-1+n,n>1 b) tf; =1,t,=t,-1+2n,n>1 
ec) =1,t,=2t,-;+1,n>1 d) ft) =1,t,=2(t-1+]),n>1 
11. For some recursion formulas, the nth term depends on the two preceding terms. 
Write the first 5 terms of the sequence defined by each recursion formula. 
ee Oe oe ee a oe ed 
b) t) = 1, t2 = 3, ty =te-1+th-2,n > 2 
e) t} = 1, =2, tr = tr_-1 + 2m_2,n > 2 
d) t) = 1, to = 2, ty = ty_1 + 3tp_-2,n > 2 
12. a) Write a recursion formula for each sequence. 


i) 4, 11, 18, 25, ... ii) 32, 26, 20, 14, ... 
iii) 1, -10, 100, —1000, ... iv) 32, 16, 8, 4, ... 
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b) Choose one sequence from part a. Explain how you determined the 
recursion formula. 


13. Write a recursion formula for each sequence. 
a) the general arithmetic sequence a,a+d,a+2d,a+3d,... 
b) the general geometric sequence a, ar, ar’, ar ee 

14. A sequence is defined by the recursion formula f) = a, ty = mMt,-; + b,n > 1. 
For what values of m and b is the sequence: 


a) arithmetic? b) geometric? c) neither arithmetic nor geometric? 


15. Application Visualize drawing a sequence of rectangles by following 
these steps. 


i) Draw a square with sides ii) Draw a square beside it. 
1 unit long. 
iii) Draw a square below them. iv) Draw a square at the side. 
v) Draw a square below. vi) Draw a square at the side. 


Visualize continuing this process indefinitely. 


a) Write the sequence formed by the side lengths of the squares that are 
drawn at each step. 


b) Write a recursion formula for this sequence. 


ic) 


16. The areas of the squares in exercise 15 form a sequence. 
a) Write the first 4 terms of this sequence. 
b) Write a recursion formula for the sequence. 
17. Is it possible for a sequence to have two different recursion formulas? 


If your answer is no, give a convincing explanation. If your answer is yes, 
give an example. 


1.4 RECURSION FORMULAS (FUNCTIONS AND RELATIONS) 


Self-Check 1.1 — 1.4 (Functions and Relations) 


1. A $5000 investment certificate increases in value by 4% each year. How 
much will it be worth after 3 years? 


N 


Determine the 8th term of the sequence with each general term. 
a) tf, = 32 —3n 
b) t) = 42)" 


» 


Write the first 3 terms of the sequence with each general term. 
a) t, = | 
b) t, = 8(1.4)” 


> 


State which sequences in exercises 2 and 3 are: 
a) arithmetic 
b) geometric 


c) neither arithmetic nor geometric 


s 


Write the general term for each arithmetic sequence. 
a) 7, 11, 15, 19,.... 
b) 7, 4, 1, -2, ... 


Write the general term for each geometric sequence. 
a) 2, 8, 32, 128, ... 
b) 99, -33, 11-4, ... 


™ 


Write a formula for the nth term of each sequence. 


a) 3, 12, 48, 192, ... 


15 9 13 
Dope et 


8. Determine a formula for the nth term of each sequence. 


a)2x3,4x6,6x9,8x12,... 
rena 4x7 7x10 10x13 
2x3’3x4’ 4x5’ 5x6’°" 


Write the first 5 terms of the sequence defined by each recursion formula. 
a) tf) = 7, ty = 2ty-1 —3n,n>1 

nN yH25,4,.2=nGsi eS 1 

10. Write a recursion formula for each sequence. 

a) 32, 26, 20, 14, ... 

b) p, pq”, pa’, pa? .-. 
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1.5 Defining Rational Exponents 


A power with a positive integral exponent is defined using repeated 
multiplication. Powers with rational exponents, such as 32 and 372, must be 
defined in another way. Mathematicians have defined powers with rational 


exponents so the exponent laws, as summarized on[pages 3 and 4]still apply. 


Apply the law of multiplication, x” x x” = x’"*", when m and n are rational 
numbers. Then we can write: 


32x32 = 3242 5s KSI SSS ors 
= 3! gl 
=3 =5 
We also know V3 x /3 =3 We also know V5 x /5 x 5 =5 
Therefore, 32 x32 = JV3xJ/3 Therefore, 53x 53x53 =V5xVJ/5xJ5 
and thus 33 = V3 and thus 53 = V5 


These examples suggest that an exponent of means the positive square root of 
the number, and an exponent of means the cube root of the number. 


Apply the power of a power law, x" = (x")" = (x")", when m and n are 
rational numbers. Then we can write: 


6? = (62)° or 6 = (6°) 
= (Y6)’ = V6 
7 = (BY o = 78 = (7) 
= (V7) =aP 


These examples suggest that rational exponents and radical signs are just 
different mathematical notation that can be used to express the same number. 


eee 43 = (/4)° 94 = (9)? 
Take Note 


Defining Powers with Rational Exponents 


m 


= xB = (gy = Lm" 


nis a natural number, x = 0 when n is even. 


L 
n 


x 


Since even roots of negative numbers are not defined for real numbers, when 
x < 0, m must be an odd number. 
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Radical signs are often used in mathematical expressions to indicate square 
roots and cube roots. Rational exponents are normally used to indicate roots for 


which n > 3. 


Apply the law for negative exponents, x” = me when m and 7 are rational 
numbers. Then we can write: 
-l 1\-1 =i 1y)-1 
3-3 = (32) 5-4 = (53) 
wl ee 
oe = — 
32 53 


Take Note 


Defining Powers with Negative Rational Exponents 
XxX 2 SS SSS Xx r= eases — 1 
Ae Se Cea 


n is a natural number, x # 0; x > 0 when n is even. 


With the definition above, and on page 39, all the exponent laws apply to 


rational exponents. 


Determine each value. 


a) 273 b) -1674 ¢) 1574 
Solution 
Write each base as a power, where possible. 
1 a1 
a) 273 = (3°)3 b) 16-4 = -(24) 3 
= 33% 5 94*(-3) 
=3 = 27! 
eS 
3 


c) We cannot calculate 1574 mentally. Use a calculator. 
Key in: 15 “JCC 4) 1-40 G2) to display 0.508132748 
1 
1574 = 0.508 
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Determine each value. 


a) 273 b) 1674 ¢) 4811 
Solution 
2 7 3 4\-3 
a) 273 = (3°): b) 16-4 = (2*) 3 
= 33% 3 _ 94x) 
= 32 = 23 
= il 
~ oe 
at 
~ 8 


c) For 48 i, we cannot calculate 1/48 mentally. Use a calculator. 
Key in: 48 4) C)7 CD) 11 OD G8) to display 11.74575093 
481 = 11.746 


Determine each value. 


a) (-32): b) (-32)5 &) (-40)5 

Solution 

a) (-32)5 = [(-2)°]3 b) (-32)5 = [(-2)]5 
= (-2)5%5 = (-2)5*5 
= (-2)! = (-2) 
=-2 =4 

¢) (-40)3 


When a power has a negative base, we may not be able to use 
a calculator directly. 

When we key in: (5) 40 GIGI) 3950), 
we get an error message. 

So, calculate (-40)5 first, then cube the result. 


Key in: C4) 40 DD) 1 5 OO G2) to display —2.091279105 
Do not clear the display. Key in: ~_) 3 to display —9.146101039 
(-40)3 = -9.146 


Example 3c illustrates that, to raise a negative base to a rational exponent, use 
the power of a power rule. Take the root of the base first, then raise the result 
to a power. 
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Example 4 


In studies of mammals, scientists have discovered an approximate formula 
that relates the brain mass to the body mass. The formula is b = 0.01m°”, 


Calculate the brain mass of each animal. 
a) a 900-kg steer b) a 120-g hamster 


Solution 


a) Use the formula b = 0.01m°’. b) 120 g = 0.12 kg 


where b is the brain mass in kilograms and m is the body mass in kilograms. 


Substitute m = 900. 

b = 0.01(900)°7 

Use a calculator. 

b = 0.01(116.941 795 2) 
= 1.17 

The mass of the steer’s 

brain is about 1.17 kg. 


Use the formula b = 0.01m®’. 


Substitute m = 0.12. 
b=0,01@,12)"" 
Use a calculator. 
b = 0.01(0.226 687 1) 

= 0.0023 
The mass of the hamster’s 
brain is about 0.0023 kg, 
or 2.3 g. 


Discuss 


Which animal's 
brain represents 
the greater part of 
its body? Explain. 


Al 


1. Determine each value without using a calculator. 
a) 12 b) 42 ¢) 92 d) 162 
f) 12 g) 42 h) 92 i) 162 


e) 253 
j) 252 
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2. 


3. 


.B) 


4. 


oa 


f—7) 


~ 


oo 


so 


10. 


Determine each value without using a calculator. 

a) 13 b) 83 ¢) 273 d) 643 e) 1253 
13 g) 83 h) 273 i) 643 j) 1253 
Determine each value without using a calculator. 

a)(-1) By 8)3—) (-27)3. dy (84)3——@) (125) 
HED? C83 W275 O45) 125) 


Knowledge/Understanding 
a) Determine each value without using a calculator. 
i) 83 ii) 83 iii) 83 iv) -83 
1 2 1 2 
v) (-8)3 vi) (—8)3 vii) —(—8)3 viii) —(—8)3 


b) Use the results of part a. Explain the difference between (-8)3 and —83. 


. Determine each value without using a calculator. 
a) 43 b) 43 ¢) 42 d) 43 e) 43 
f) 4° g) 4-2 h) 4-3 i) 4-3 ij) 42 

. Determine each value without using a calculator. 
a) 273 b) 273 ¢) 273 d) 273 e) 273 
f) 27° g) 2773 h) 2773 i) 2773 j) 2773 
Use a calculator to determine each value to 3 decimal places. 
a) 70.4 b) 121.35 c) 52.75 d) g 1.93 e) 94.32 
f) 7-0.4 g) 1271.35 h) 572.75 i) g- 1.93 i) 974.32 


. Use the formula in Example 4. Calculate the brain mass of each animal. 


a) a 360-kg moose b) a 30-g mouse 

The formula in Example 4 does not apply to humans. For humans, the 
formula relating brain mass to body mass is b = 0.085m, 

a) Calculate the brain mass of a person with a mass of 45 kg. 

b) Calculate the mass of your brain. 

An approximate formula for the surface area of the body in square metres is 
A = 0.096m°.’, where m is the person’s mass in kilograms. 

a) Calculate the surface area of a newborn baby with mass 3.8 kg. 

b) Calculate the surface area of a person with mass 140 kg. 


c) Calculate your surface area. 
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11. A student thought that 407 = > of 40, or 30. 
a) Explain why this is not correct. 


b) Use a calculator to determine the value of 403 to 2 decimal places. 


12. a) Determine each value without using a calculator. 
i) 163 ii) 325 iii) 492 iv) 43 v) 1002 
vi) 2572 vii) 9-2 viii) 27-3 ix) 81-7 x) 100073 

bh) Choose one power from part a. Explain how you determined the value. 
13. Use a calculator. Determine each value to 3 decimal places. 

a) 154 b) 335 ¢) 482 d) 52 e) 992 

f) 2473 g) 107 h) 2873 i) 80-8 j) 100173 
14. Communication Compare the expressions in exercise 13 with those in 


exercise 12. The only difference is that the bases in exercise 13 differ by 1 
compared with the corresponding bases in exercise 12. 


a) Explain why the results in exercise 12 were exact, but the results in 
exercise 13 were not exact. 


b) Compare the answers to the corresponding exercises. Explain any patterns 
you find. 
15. Application 


a) The area of each face of a cube is 25 cm”. Determine the length of each 
edge and the volume of the cube. 

b) Repeat part a for a cube with face area A square centimetres. 

c) Write the expressions from part b for the edge length, face area, and 


volume as a sequence. Is the sequence arithmetic, geometric, or neither? 
Explain. 


| 


25 cm? 


Acm 
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16. a) The volume of a cube is 800 cm*. Determine the length of each edge and 
the area of each face. 
b) Repeat part a for a cube with volume V cubic centimetres. 
c) Write the expressions from part b for the edge length, face area, and 
volume as a sequence. Is the sequence arithmetic, geometric, or neither? 
Explain. 


Vcm 


17. Determine each value without using a calculator. 
a) (-8)3 b) -362 c) (-64)3 —d) 4002 e) (-8000)3 
9)\z 25)3 -1)3 y8\3 yw lia 
) Ge)? 9) (fy)? h) (Sy) )-G7) > Ge) 
18. Some scientists believe that the exponent in the formula in|Example 4 
should be + instead of 0.7. 


a) Use the formula b = 0.01m3 for brain mass. Calculate the brain mass of 
each animal in this list. 


Elephant 6400 kg 
Cat 6.4 kg 
Shrew 0.0064 kg 


b) How are the masses of the three animals in part a related? How are the 
masses of their brains related? 


. Thinking/Inquiry/Problem Solving The formulas in|Example 4\and 
exercises 9 and 10 are based on actual measurements. The exact values of 


the coefficient and the exponent in the formula depend on the data that are 
used. The formulas give average brain masses, and the actual brain mass of 
any particular mammal may differ from the calculated result. 


1 


o 


a) Do you think a mammal with a larger brain might be more intelligent than 
a mammal with a smaller brain? Give a reason to support your answer. 


b) Do you think the saying “an elephant never forgets” might have some 
justification? Explain. 
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20. Scientists have determined the following approximate formulas for resting 
animals with mass m kilograms. 


Heartbeat frequency, h beats per minute: h= Ala 
Respiratory frequency, b breaths per minute: b = 53.5m~°?5 


a) Calculate the heartbeat frequency and the respiratory frequency for each 
animal in exercise 18. 


b) What happens to each frequency as the mass of the animal decreases? 


iC) 


21. In the solution of Example 4a, we determined the value of 900°’. 
a) Write to explain what 900°” means. 


b) Use your answer to part a to determine the value of 900°’ a different way. 


22. On average, animals tend to live for approximately 1.5 billion heartbeats. 


a) Use the first formula in exercise 20. Determine a formula for the average 
lifetime in years of an animal with mass m kilograms. 


b) Estimate the average lifetime of each animal in exercise 18. 


23. Check that 173 = 8.372 144 029. The result is close to 8.5, which is one- 
half of 17. This suggests the following problems. 


a) Find a number that, when raised to the exponent i becomes one-half 
the number. 


b) Find the value of x so that 17* = 8.5. 


24. Three students discussed the meaning of the statement: 2.3°-’ = 21.7968. 
Their discussion went as follows: 


Sean: “It means 2.3 multiplied by itself 3.7 times equals about 21.7968.” 


Vince: ‘That’s not right. In 23 = 2 x 2 x 2, the 2 is multiplied by itself 2 
times, not 3 times. So, it means 2.3 multiplied by itself 2.7 times 
equals about 21.7968.” 


Emily: “Neither of you is right. You can’t multiply a number by itself a 
fractional number of times.” 


Emily is correct. Explain the meaning of the statement 2.3°-7 + 21.7968. 
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1.6 Applying the Exponent Laws 


We can use the exponent laws to simplify expressions that involve powers with 


rational exponents. Recall the exponent laws from|pages 3 and 4 


Simplify each expression. 


al xa ae 
a) (x3 )(x2) b) = c) (x3)? 
x2 
Solution 
ae! aa x3 a0 Bal 
a) (x3)(x2) = x3"2 b) “=x 2 c) (x3)2 = x3"2 
443 x2 hess — ad 
= aa 7 = x66 ane 
Es =e 


Write each expression as a single power. Then evaluate the power. 


a) (9-2)(92) b) a ¢) (273)2 
Solution 
?) 
a) (9992) = 9743 b) == 85 
3 
=9° = 3-3 
= Ome _ 3! 
= (23)3 
= 37 - 24 
= a = 16 


c) (273)2 = 273%2 
= 273 


Discuss 

What other ways 
are there to 
complete 
Example 2? 
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Solve the equation 4* = 8*+3, 


Solution 
4 = gxt3 
Each side of the equation is expressed as a power. Both 4 and 8 are powers 
of 2. Write each base as a power of 2. 

= gxt3 

Ory = Og us 

Use the exponent law for the power of a power. 

92 = 23a +3) 
Since the bases of this equation are equal, the exponents Discuss 


must also be equal. How could you check 
the solution of 


2x = 3(x + 3) the equation? 
2x = 3x+9 
—4= 9 

x= 9 


Some exponential equations can be solved by factoring. 


Example 4 


Solve the equation 2% — 7(2) -8 =0. 


Solution 
2* — 7(2*) — 8 = 0 can be written as (2*)? — 7(2") — 8 = 0. 
This is a quadratic equation in 2*. 


Solve by factoring. 
(2* + 1)(2* — 8) = 0 


Either 27+ 1=0 or 2*-8 =0 Discuss 
?=-1 2 =8 Why is 2% = -1 not 
This is not possible. K=3 pasate: 


The solution is x = 3. 
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We often encounter rational exponents when we work with sequences. 


The growing number of Canada geese in southern Ontario is causing concern 
in some locations. A 1976 survey showed there were about 19 300 Canada 
geese in southern Ontario. A 1998 survey indicated that the number had 
grown to about 350 000. As the population grows, there are more adult geese 
laying eggs each year. 


Assume the growth of the goose population is exponential. 


a) Estimate the population of Canada geese in southern Ontario in 1990. 


b) Predict the population of Canada geese in southern Ontario in 2010. 


Solution 


Since the growth of the goose population is exponential, use a geometric 
sequence. Calculate the common ratio. 


Assume that the population each year is a term of a geometric sequence with 
common ratio r and first term a. 

Since the population in 1976 is 19 300, the first term is a = 19 300. 

Since 1998 — 1976 = 22, the year 1998 is the term ar’. 

The 23rd term is ar?” = 19 300r??. 


Write an equation. Discuss 
19 300r2 = 350 000 Why is 1998 to3 and 
t too? 
Divide each side by 19 300. —— 
2 _ 350 000 
r= 19 300 


= 18.134 715 03 
Take the 22nd root of each side. 
r = 18.134 715 032 
= 1.140 788 
The geometric sequence that represents the populations has a common ratio 
of approximately 1.140 788. 


a) For the population in 1990: 
1990 — 1976 = 14, so the year 1990 is the term ar'4, 


t15 = ar 
ar'* = 19 300(1.140 788)!4 
= 122 019 


The estimate for 1990 is about 122 000 Canada geese. 
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b) For the population in 2010: 
2010 — 1976 = 34, so the year 2010 is the term ar**. 


135 = ar** 
ar** = 19 300(1.140 788)*4 
= 1 700 299 


The prediction for 2010 is about 1 700 000 Canada geese. 


Discuss 

What major assumption 
are we making in this 
example? Do you think this 
assumption is reasonable? 


What would be the effect 
on the predictions if the 
growth was assumed to be 
arithmetic? Is this 
reasonable? 

What is the percent 
increase in Canada geese 
each year? 


© 


— 


~ 


> 


s 


. Write each expression as a single power. 


a) (x?)(x4) b) (x3)(x?) c) (x2) 4 a) (x3)4 
e) * = 9) “> h) “> 
x2 x4 x4 x3 


Write each expression as a single power. Then evaluate the power. 
a) (36-2)(362) —b) (2574252) e) (642) (64-4) 


v) es 2 a 
e) 2 j= 9) 2 hy) 
93 83 9-7 (-8)°3 
Simplify. 


¢) (82)(873) 
g) (82)(8) 


b) (82)(83) 
f) (82)(83) 


a) (82)(83) 
e) (8-2)(85) 


d) (164)(162) 


d) (82)(8°3) 
h) (8-2)(8"3) 


Simplify. 

a) (4?)(42) b) (42)(4- ¢) (42)2 d) (42)-2 
on oa a “2 ny 42 
Simplify. 

a) (a)(a?) b) (b3)(b) ¢) (s4)(s2) d) (k2)(k2) 
e)yty3 heres g) pi +p? h) n3 +n? 
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6. 


7. 


8. 


B) 


9. 


10. 


11. 


12. 


13. 


Write each expression as a single power. 


a) (37)(32) b) (3°)(32) e) (3°)(32) d) (3°)(32) 
Write each expression as a single power. 
a) + b) ce) | d) + 

74 74 74 74 


Knowledge/Understanding Write each expression as a single power. 
Then evaluate the power. 


a) 6°45") b) (32-75)(31-}) c) sae d) i 
Solve each equation. 

aata4 b) 2*-'=8 cs) 3X > =9 d) 5°"? = 25 
e) 4*+2 = 16 ji PtSs g) 3°"! =9 h) 9!-2* = 81 


a) Solve each equation. 
jrso ii) 4° = 9+? iii) 4° = 8**! iv) 4* = 8* 
y4*=8 1! vi) 48 = 8? vil) 4° = 873 vill) 4* = 8°-4 

bh) Choose one equation from part a. Explain how you solved the equation. 


Thinking/Inquiry/Problem Solving Consider the equation 8*~? = 64**!. 
Solve the equation in two different ways. 


Solve each equation. 


a) 2*- 9(2*)+ 8 =0 b) 3° — 12(3*) +27 =0 
c) 2 — 2(2) —-8 =0 d) 47* — 15(4*) - 16 =0 
e) 2** — 18(2*) + 32 =0 f) 3*+3*-2=0 

g) 3** — 6(3*) +9 =0 h) 47* — 17(4*) + 16 = 0 
i) 42*- 16 =0 


Application Scientists have measured many bird eggs. From these data, 
they have established approximate formulas to represent various 
measurements. In the two formulas below, m represents the mass of the 
bird in grams. The formulas give average results. The properties of a 
particular egg from a particular bird may differ from the calculated result. 


Mass of the egg, e grams: e202” 
Mass of the eggshell, s grams: s = 0.0482e!.132 


a) Use the first formula. Write an expression for the mass of the egg as a 
fraction of the mass of the bird. 


bh) Use the second formula. Write an expression for the mass of the eggshell 
as a fraction of the mass of the egg. 
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14. Refer to the formulas in exercise 13. Determine an expression for the mass 
of the eggshell as a percent of the mass of the body. 


15. A herd of caribou, known as the Qamanirjuag, ranges in the Northwest 
Territories west of Hudson Bay. After decades of decline, a census in 1980 
indicated a population of 39 000. During the next 5 years, the population 
increased dramatically, growing to 200 000 animals in 1985. By 1994, 
there were 500 000 animals. Copy the table. Calculate to complete the 
table, showing the populations to the nearest thousand. Assume the growth 
is exponential. 


Qamanirjuag Caribou Herd 


Year 1985 | 1986 | 1987 | 1988 | 1989 | 1990 | 1991 | 1992 | 1993 | 1994 
Population 
(thousands) 200 500 


16. Communication Przewalski’s Wild Horse is 
the only known species of wild horse left in the 
world. In 1956, there were only 36 of them. 
They were taken into protective captivity 
and there was an international effort toward 
registered breeding. By 1977, there were 
300 wild horses and, in 1998, there were 1510. 
Copy the table. Calculate to complete the table, 
showing the populations to the nearest whole 
number. Assume the growth is exponential. 
Explain how you completed the table. 


Przewalski’s Wild Horse 


Year 1977 | 1980 | 1983 | 1986 | 1989 | 1992 | 1995 | 1998 | 2001 
Population 300 1510 


iC) 


17. a) Solve each equation. Write the value of x to 3 decimal places. 
j)2=7 ii) 7* =2 
b) Determine whether the two values in part a are related. If they are, explain. 
18. Use a calculator to confirm that 10°? + 1.995. Then, without using a 
calculator, determine each value. 
a) 10'3 b) 1079 ce) 10° d) 10*° 
e) 10-7 f) 10-17 g) 10-27 h) 10-37 
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Self-Check 1.5, 1.6 


1. Determine each value without using a calculator. 
a) 13 b) 643 
¢) 83 d) -1253 
e) 7° f) 4-3 
9g) (2773 hy -25°3 
2. Use a calculator to determine each value. 
a) 11° b) 12!-! 
c) 132-62 d) 1472.19 
e) 158 f) -17028 
3. Write each expression as a single power. 
a) (x#)(x8) b) (x3)3 
2 1 
c) d) ~~ 
x5 x4 
4. Simplify. 
a) (8)(85) b) (43)(16%) 
5. Write each expression as a single power. Then evaluate that power. 
1.93 
a) (59-29)(51.81) b) sae 
6. Solve each equation. 


a) gx = 4x3 b) 92x43 =8 
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1.7. The Sum of an Arithmetic Series 


Each of two summer jobs is for 3 months, or 12 weeks. 


Job A pays $500 per month. 
Job B pays $100 per week with a $5 raise each week, if the person performs well. 


Which is the better-paying job? 


Job A 

Job A pays a total of 3 x $500 = $1500. 

Job B 

The weekly payments are the first 12 terms of an arithmetic sequence: 
100, 105, 110, ... 


The pay in the last week is the 12th term of this sequence. 
tia = 100 + 11(5) 
= 155 


The total pay, in dollars, is 100 + 105+ 110+---+ 155. 


This expression indicates that the terms of an arithmetic sequence are to be 
added. It is an example of an arithmetic series. An arithmetic series is the 
indicated sum of the terms of an arithmetic sequence. The sum of the series can 
be found by adding all 12 terms. Instead of adding 12 terms, here is a more 
efficient method. 


Let S represent the sum of the series: S= 100+ 105+ 110+---+ 155 
Write the sum in reverse order: S = 155+ 150+ 145 +---+100 
Add the left sides and the right sides: 25 = 255+ 255+ 255+---+255 
2S = 12 x 255 (since there are 12 terms) 
2S = 3060 
S = 1530 


The sum of the series is 1530. 
Job B pays a total of $1530. It is the better-paying job. 


We can use the above method to determine a formula for the sum of the first 
n terms of the general arithmetic series a+ (a+ d)+(a+2d)+---. 
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Let S,, represent the sum of the first terms of the series. 

The last term is: th 

Term before the last term: t,_1] = t,—d 

Term before that one: ty—2 = ty — 2d 

Hence: Sn =at(at+d)+(at2d) +--+ + (ty — 2d) + (th — d) + th 
Reversing: Sy =t,+(t,—d)+(t—-2d)+---+(a+2d)+(a+d)+a 

Adding: Sn = (a + tn) + (A+ tn) + (At ty) +++ + (at th) + (At ty) + (At th) 


2S, = (a +tn) Xn (since there are n terms) 


_ (att) xn 
n~— 2 


Take Note 


Sum of an Arithmetic Series 


For the general arithmetic series a + (a+ d) + (a+ 2d)+-+--+ty, 
the sum of the first n terms is: 


first term + last term 
= 5 


Sn (45) xn 


or  §, = (mean of first and last terms) x (number of terms) 


) xX (number of terms); that is, 


or S.= 52a i — We 


Determine the sum of the first 30 terms of the arithmetic series 
54+5.34+5.6+---. 


Solution 
5+5.34+5.6+--- 
For the series, a = 5, d = 0.3, n = 30 
Substitute these values in the formula S, = [2a +(n— 1)d]. 
S30 = =12(5) + BO = 190.3] 
= 15[10 + 8.7] 
= 280.5 
The sum of the first 30 terms of the series is 280.5. 
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Determine the sum of the arithmetic series —-4 — 10 —- 16—---— 94. 
Solution 
-4-10-16-.----—94 


To use a formula for S,, we need to know the number of terms, n. Since we 
know that t, = —94, we can use the formula for t, to determine n. 
Use th = a+ (n—1)d. 
Substitute ¢, = —94, a = -4, d = -6. 
—94 = —4 + (n — 1)(-6) 
—94 = -4-6n+6 


—94 =2-6n 
6n = 96 
n= 16 
There are 16 terms in the series and fig = —94. Discuss 


How did we know 
Use the formula S,, = (as eee + last term ) x (number of terms). which formula to use 
to find the sums in 


Substitute first term = —4, last term = —94, number of terms, n = 16. Examples 1 and 2? 
Si6 = (+**) x 16 In each case, could 
2 we have used the 
= (-49)(16) alternative formula? 
= —784 Explain. 


The sum of the series is —784. 


Al 


1. Determine the sum of each arithmetic series. 
a)2+4+6+8+410 
b) 12+10+8+6+4 
c) -2-4-6-8-10 
d)-12-—10-8-6-4 


2. Determine the sum of each arithmetic series. 
a) 34+124+21+4+ 30439 + 48 
b) 19+314+434+55+674+794+91 
c)6+134+204+ 27+34+4+ 41 +48+55 
d) 25+314+374+43+49+4+55+ 61 +67+4+ 73 
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12. 


Determine the sum of each arithmetic series. 

a) 75 + 704+ 65 + 60 + 55 + 50 b) -20 - 18- 16- 14-12-10-8 
c) 9000 + 8000 + 7000 + 6000 + 5000 

d) —47 —52 —57 —- 62-67-72 


Determine the sum of the first 8 terms of each arithmetic series. 


a) 1.244 1.284+1.324+.--- b) 7.33 4+ 7.224+ 7.114+--- 
c) 4.2-0.9-6.0---- d)-7-11-15---- 
Determine the sum of the first 20 terms of each arithmetic series. 
a) 14+34+5+7+--- b)1+4+7+4+10+--- 
c)1+6+114+16+--- dlt+1.54+24+2.5+4+.-.-- 


Determine the sum of the first 10 terms of each arithmetic series. 


a)3+7+11+15+--- b)54+114+174+23+--- 

c) -2-—8-14-20-.--- d) 45+ 394+334+27+.--- 

e) 64+ 16.24+ 264+ 36.6+.--- f) —21-15.5-10-4.5-..-- 

. Determine the sum of each arithmetic series. 

a) 1+2+3+---+10 b)1+2+3+---+100 

c) 1+24+3+4+---+ 1000 d)1+2+3+---+10000 

. a) Determine the sum of each arithmetic series. 
i)2+74+12+.---+62 ii) -4-11-—18—-.----— 88 
iii) 3+5.54+8+---+ 133 iv) 20+ 144+8+---—40 


b) Choose one series from part a. Explain how you determined the sum. 


. Determine the sum of each arithmetic series. 


a) 314+354+394+---+107 b) 134+104+7+----—62 
c) 11.5+144+16.5+.---+56.5 d) -10-95-9-8.5-—.---+ 18.5 
e)44254+14+----33.5 f)1+094+08+4+----5.3 


. For three summer months (12 weeks), Job A pays $325 per month with a 


monthly raise of $100. Job B pays $50 per week with a weekly raise of $10. 
Which is the better-paying job? What assumptions do you make? 


Communication For three summer months (12 weeks), Job A pays $400 
per month with a monthly raise of $20. Job B pays $100 per week with a 
weekly raise of $5. Do the jobs pay the same total amount over the summer, 
or does one job pay more than the other? Explain your answer. 


Determine a formula for the sum of the first n natural numbers: 
1424+3+---+n. 
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13. Knowledge/Understanding For the arithmetic series 6+9+12+15+--- 
a) Determine the 20th term. 


b) Determine the sum of the first 20 terms. 


14. In a supermarket, cans are stacked in a display arranged in layers. The 
numbers of cans in the layers form an arithmetic sequence. There are 48 
cans in the bottom layer and 20 cans in the top layer. There are 8 layers. 
How many cans are in the display? 


15. A pile of bricks is arranged in rows. The numbers of bricks in the rows form 
an arithmetic sequence. There are 35 bricks in the 4th row and 20 bricks in 
the 9th row. 

a) How many bricks are in the 1st row? 
b) How many rows of bricks are there? 
c) How many bricks are in the pile? 


Explain any assumptions you made. 


16. In Take Note,|page 55,|the formula for the sum of the first n terms of the 
arithmetic series a + (a+ d) + (a+ 2d) +--- is written as 


Sn = (45*) xn. 


Substitute the general expression for ¢, into this formula. Simplify the result 
to obtain the other formula in Jake Note, S, = 5l2a +(n— 1)d]. 


17. Application In the popular TV quiz show 
Jeopardy, a contestant gives each response 
as a question to a clue hidden behind a 
panel that shows amounts of money. 
When the contestant’s response is correct, 
the contestant wins the money. 


a) In Jeopardy (below left), what is the total 
amount of money shown? 


JEOPARDY DOUBLE JEOPARDY 
THIS ODDS 
WORLD MODERN TV QUIZ 
ORIGINS OCEANS | SCIENCE | MOVIES POETRY oe SHOWS SPORTS| MATH | DRAMA : na ; 


$100 | $100 | $100 | $100 | $100 | $100 $200 | $200 | $200 | $200 | $200 | $200 
$200 | $200 | $200 | $200 | $200 | $200 $400 | $400 | $400 | $400 | $400 | $400 
$300 | $300 | $300 | $300 | $300 | $300 $600 | $600 | $600 | $600 | $600 | $600 
$400 | $400 | $400 | $400 | $400 | $400 $800 | $800 | $800 | $800 | $800 | $800 
$500 | $500 | $500 | $500 | $500 | $500) | $1000] $1000 | $1000 | $1000} $1000 |$1000 


b) In Double Jeopardy (above right), what is the total amount shown? 
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A person’s annual salary ranges from $25 325 in the Ist year to $34 445 in 
the 7th year. The salaries in this range form an arithmetic sequence. 


a) Determine the raise the person can expect each year. 

b) What is the salary in the 4th year? 

c) In which year does the salary exceed $30 000 for the first time? 
d) What is the total amount the person will earn in the 7 years? 


The sum of the first 4 terms of an arithmetic series is —8 and the sum of the 
first 5 terms is 85. Determine the first term and the common difference. 


. The sum of the first 6 terms of an arithmetic series is 297 and the sum of the 


first 8 terms is 500. Determine the sum of the first 3 terms. 


. Thinking/Inquiry/Problem Solving A formula for the sum of the first 


n terms of an arithmetic series is S, = n? + 4n. Determine the first 4 terms 
of the series. 


This sentence is called a “snowball sentence.” 


I do not know where family doctors acquired illegibly perplexing 
handwriting; nevertheless, extraordinary pharmaceutical intellectuality, 
counterbalancing indecipherability, transcendentalizes intercommunications’ 
incomprehensibleness. 


a) What does this sentence mean? 
b) Why is the name “snowball sentence” appropriate? 


c) How many letters are in this snowball sentence? 


Write to explain how arithmetic sequences and arithmetic series are related. 
Use examples to illustrate your explanation. 


The arithmetic series 3+ 7+11+15+--- is given. 
a) How many terms are less than 500? 
b) How many terms have a sum less than 500? 


Ten equally spaced positive integers have a sum of 250. What are the 
possibilities for the integers? 


A series of consecutive positive integers has a sum of 150. What are the 
possibilities for the integers? 
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1.8 The Sum of a Geometric Series 


Some families succeed in tracing their roots back 10 generations or more. 
When you go back 10 generations, how many ancestors would there be in your 
family tree? 


Every person has 2 parents, 4 grandparents, 8 great-grandparents, and so on. 
The number of ancestors through 10 generations is: 


2+4+8+ 164+ 32+ 64 + 128 + 256 + 512 + 1024 


This expression indicates that the terms of a geometric sequence are to be 
added. It is an example of a geometric series. A geometric series is the indicated 
sum of the terms of a geometric sequence. To determine the sum of the series, 
add all 10 terms. Instead of adding 10 terms, here is a more efficient method. 


Let S represent the sum of the series: S=2+4+8+4+---+512+ 1024 ® 
Multiply by the common ratio, 2: 2S = 44+8+---+512+ 1024+ 2048 @ 
Subtract © from @: S=-2 + 2048 

S = 2046 


The sum of the series is 2046. 
Going back 10 generations, each person has 2046 ancestors. 


We can use the above method to determine a formula for the sum of the first n 
terms of the general geometric series a + ar + ar? +-+-+ar""!. 


Let S,, represent the sum of the first m terms of the series. 


Sp =atar+ar+---+ar"! ® 
Multiply by r: rS,= artar+---+ar'+ar @ 
Subtract © from @: rS, — Sy, = —a+ar" 
Factor: Sir — 1) = a(-1 +r") 
Divide by r—-1: Sx= a= 1). r#1 Discuss 


r-1l 
Why is the restriction 


r #1 necessary? 


Take Note 


Sum of a Geometric Series 
For the general geometric series a + ar + ar? +--+, 
the sum of the first 1 terms is 


a(r” — 1) 
r-1 


y= 5 9 ee Il 
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Determine the sum of the first 8 terms of the geometric series 
6+244+ 96+ 384+.---. 


Solution 
6+ 244+ 96+ 384+--- 
Use the formula S,, = ao 
Substitute a = 6, r=4,n= 8. Discuss 
Soe 6(48 — 1) How would the 
4-1 solution change for 
= 248 - 1) this series? 


= 131 070 6 — 244+ 96 —- 3844... 


Determine the sum of the first 10 terms of the geometric series 
24-12+6-3+-::-. 


Solution 
24-12+6-3+--. 
Use the formula S,, = a 
Substitute a = 24, r= —0.5,n = 10. Discuss 
Sin = ZAl0.5) = 1 How would the 
= el solution change for 
= —16[(-0.5)! — 1] this series? 
= feuga aq6 24¥ 1246 ¥ Se n2 


A) 


1. Determine the sum of each geometric series. 
a)2+44+8+ 16432 
b)2—4+8-16+4+32 
c) -2+4-8+4+ 16-32 
d)3+94+274+ 81+ 243 
e)3-9+27- 814 243 
f) -3+9-27+81 — 243 
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2. Determine the sum of each geometric series. 


a) 1+2+4+8+16+4 32 b)3+9+27+4 81 + 243 + 729 
c)2+8+32+128+512 d) 40+ 20+ 10+54+2.5 
e) 1—2+4-—8+ 16-32 f) 40 - 20+ 10-54+2.5 

3. Determine the sum of the first 5 terms of each geometric series. 
a)2+10+50+.--- b)4+12+36+--- 
c)3+6+12+--- d) 24+12+6+--- 
e)54+154+45+--- f) 80-40+ 20-.--- 


LB) 


4. Determine the sum of each geometric series. 
a) 0.1 + 0.01 + 0.001 + 0.0001 
b) 2.14+ 6.3 + 18.9 + 56.7 + 170.1 
c) -3 —-9- 27-81 — 243 
d) 100 + 25 + 6.25 + 1.5625 + 0.390 625 
e) 0.5 + 0.25 + 0.125 + 0.0625 
f) 8 — 7.2 + 6.48 — 5.832 + 5.2488 


s 


Knowledge/Understanding Consider the geometric series 
44+124+36+108+---. 


a) Determine the 10th term. 


b) Determine the sum of the first 10 terms. 


> 


Determine the sum of the first 12 terms of each geometric series. 
a) 1—2+4-8+--- 

b)6+12+24+48+.--- 

c)3+124+484+ 192+... 

d) 6561 — 2187 + 729 — 243 +--- 

e) 96 +48 + 244+ 12+--- 

f) 96-48 + 24-12+--- 


7. Determine the sum of the first 10 terms of each geometric series. 
a) 5+10+20+40+--- b)5—10+20-40+.--- 
1 1 1 1 1 1 
lit stgta te O) tate ge 
5 P) S) p) 5) 5 
rotator aoe gage 
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Application A contest winner is given a choice of two prizes: 


Prize 1 You will receive $1 today, $2 a year from now, $4 two years from 
now, and so on, for 20 years. Each year you will receive twice as 
much as the year before. 

Prize 2 You will receive $100 000 today. 

a) Predict which prize would provide the most earnings. 

b) Calculate the total amount of money a winner who chooses Prize 1 

will receive. 


c) Which prize would you choose? Explain. 


. Consider this geometric series: 


34+64+12+.---+3072 
a) Use the formula for t,, to determine the number of terms in the series. 


bh) Calculate the sum of the series. 


Use the method of exercise 9. Calculate the sum of each series. 
a) 2+4484--.4 128 b) a to tl+S+--- +3125 


c)4+124+36+---+2916 d)t+tt14+24---+1024 


In exercise 18, page 31, you calculated the numbers of ancestors for 
different numbers of generations. What is the total number of ancestors you 
have going back each number of generations? 


a) 5 b) 10 c) 20 d) 40 


Here are 3 levels in a school trip telephoning tree. The tree continues for 
many levels until all students have been contacted. 


Teacher 


Student 1 Student 2 


J 


Student 3 Student 4 Student 5 Student 6 


a) At what level are 64 students contacted? 

b) How many students are contacted at the 8th level? 

c) By the 8th level, how many students in total have been contacted? 

d) By the nth level, how many students in total have been contacted? 

e) Suppose there are 300 students in total. By what level will all the students 


have been contacted? 


Communication Explain how geometric sequences and geometric series 
are related. Use examples to illustrate your explanation. 
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14. Thinking/Inquiry/Problem Solving Sixteen players enter a tennis 
tournament. When a player loses a match, the player drops out; the winners 
go on to the next round. The “draw” is a large board on which the players’ 
names are entered, such as the one below. At the start of the tournament, the 
16 names appear in the left column. Adjacent players play their matches, 
and the winners’ names are written in the second column. The winners of 
these matches are written in the third column. The process repeats, and the 
tournament winner’s name is written in the final column. 


Anne 
} 


James Anne 

ewan Cheung 

Cheung } Cheung 

Fatima a 
Ali } Fatima 

Succ Fatima 

Thomas } Thomas 

Nicole Tatiana 
Max } Nicole 

Heidi Past 

Ernst } Ernst 

Colleen Faun 
Owen } Owen 

Tatiana a 

ivan. } Tatiana 


a) Suppose there are 16 players in the tournament. How many matches 
are needed? 


b) A larger tournament can accommodate 32 players. How many matches 
are needed? 


c) How many matches are needed when there are 64 players? Support your 
answer with a convincing explanation. 


d) How many players can participate in a tournament if no player has a bye? 
Describe how to determine the number of games that must be played. 


1 


15. Determine the sum of the series 64 + 32+ 16+---+ Too4 


iC) 
1 1 1 


1 
a) Show algebraically that S,, < 2 for all values of n. 
b) Explain why S,, becomes closer and closer to 2 as n becomes larger. 


c) Draw a diagram to illustrate why S,, < 2. 


17. Determine the sum of the factors of 3°. 
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Self-Check 1.7, 1.8 


Determine the sum of each series. Identify the type of series. 
a)4+94+144+ 194+ 244 29 + 34 

b) 200 + 190 + 180 + 170 + 160 + 150 

c) 1024+ 512 + 256 + 128 + 644+ 32+ 16 

d) 0.3 + 0.42 + 0.588 + 0.8232 + 1.152 48 


Determine the sum of the first 10 terms of each series. 
a) 104+11.54+134+14.5+--. 

b) 10+8.5+74+5.5+--- 

c)1+34+94+27+--- 

d)1—34+9-27+.-.-- 


re eee 

a) Le ees 

oan ee Th siete 
(t= 245-5 % 


. Given the series 2+4.5+7+9.5+4.---, determine fog and So. 
. Given the series + +2+4+8+432+---, determine tg and Sj. 


. a) Determine the sum of 1 +2+3+4+---+526. 


b) Determine the sum of 2+4+6+4+8+--- +526. 


Seven equally spaced positive integers have a sum of 203. 
Determine the integers. 


Determine the sum of the series 3 + 6+ 12+ 24+.---+ 3072. 


Suppose you decide to save $1 on a given day, $2 one week later, $4 a week 
later, and so on. How much will you have saved after 6 months? 
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INSIGHTS 


The Bouncing Ball 


Suppose we drop a superball from a height of 1 m. It hits the floor A ball that bounces on 


and bounces, returning to a height of 0.8 m. This height is 80% of its a hard sultace-always 
returns to the same 


starting height. The ball bounces again and returns to a height of 0.64 m, fraction of its previous 
which is 80% of its preceding height. The ball continues in this way, each height. For a lively ball, 


time returning to 80% of its preceding height. such as a superball, 
that fraction can be 
This graph shows the height of the ball as a function of time. close to 1. 

_—— i : This graph is not the 
path of the ball. The 
ball is moving straight 
up and down. 


Look at the “hoops” 
on the graph. What 
kind of curve do they 
look like? 


The tops of the hoops 
appear to lie ona 
curve. What kind of 
curve do you think it 
might be? Give two 
possibilities. 


feats! Height (h metres) 


Formulating Questions 


Here are the problems we want to investigate. 


Suppose we let the ball bounce 16 times. That is, the ball moves down, 
then up 16 times. 
Problem 1 How far does the ball travel? 


Problem 2 How long does it take to bounce 16 times? 


Representing the Distance in Mathematical Form 


On the Ist bounce, the ball travels 1 m down and 0.8 m up. kara rela 


On the 2nd bounce, it travels 0.8 m down and 0.8? m up. 
On the 3rd bounce, it travels 0.87 m down and 0.87 m up. 


On the 16th bounce, it travels 0.8! m down and 0.8!° m up. 
The total distance going down is 1 + 0.8 + 0.87 +---+0.8!. 
This is a geometric series, and its sum is: 


111 -0.8!% _ _ apie 
a = S{L = 0.8") ® 
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The total distance going up is 0.8 + 0.87 + 0.89 + --- +0.8!°. 
The sum of this geometric series is: 


0.81 — 0.81% _ _ n@l6 
apg Se Oe @ 


Add © and @: 
5(1 — 0.8'°) + 41 — 0.81%) = 9(1 — 0.81%) 
= 8.747 
The ball travels about 8.747 m in 16 bounces. 


In general, let D,, represent the total distance 12.0} 
the ball travels when it bounces n times. By cH 
repeating the above steps using n instead 
of 16, we obtain this formula: 


Dy = 91 — 0.8”) 


The graph of this function is shown at the right. 


Representing the Time in Mathematical Form 


We will add the down and up times just as we added the distances, but we 
need to determine these times. From physics, the formula that relates the 


distance, d metres, an object falls to the time t seconds is: 


d = 4972 

To determine the time to fall d metres, solve for f. 
2_ a 
es 4.9 


Take the square root of each side, then use the exponent laws. 
The result is: 


t = 0.452d2 


Now we can determine the time for the ball to fall a given distance. 


Use the distances from the Down column of the table on page 66 
and substitute into this formula. The results are shown in the table 
at the right. The total time travelling down is: 


0.452 | + 0.82 +0.82 +0.82 +--+ 0.87 | 
The sum of this geometric series is: 


0.452(1) E = (0s!)"| 


= 3.5631 @ 
1 -— 0.82 


What is another way 
to find the sum of 
this series? 


Interpreting 
Information and 
Forming Conclusions 
What happens to the 
distance as n gets 
larger? Explain, using 
both the graph of D, 
and the formula. 


Elapsed times, in seconds 


Bounce! Down | Up _ 


se a a 


Use the information in 
the table on page 66 
and the formula 

t = 0.452d? to check 
that these times 

are correct. 
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Since each bounce is symmetrical, the ball takes the same time to rise 
to its maximum height as it takes to fall from that height. Use the 
distances from the Up column of the table on page 66 and substitute 
in the formula. The results are shown in the table on page 67. The 
total time travelling up is: 


0.452] 0.82 +0.83 +0.82 +0.83--- + 0.87 | 


The sum of this geometric series is: 


0.4s2(0.8!)]1 - (08!) "] 


1-0.82 
Add ® and @. The time for 16 bounces is about 6.75 s. 


= 3.1869 ® 


In general, let T,, represent the time for 
n bounces. By repeating the above steps 
using n instead of 16, we obtain this formula: 


Tn = 8.111(1 — 0.82) 


The graph of this function is shown at the right. 


1. Substitute n = 16 in the formulas for D, and T,, to verify the 
answers to Problem | and Problem 2. 


Ld 


Are the sequences represented by D,, and T,, geometric sequences? 
Explain. 


3. Look at the formula and graph for T,,. Some people may say that 
since the ball always bounces after hitting the ground, it can never 
stop bouncing and it bounces forever. So, it bounces for an infinite 
time. What do you think of this argument? 


4. Let h, represent the height of the ball after the mth bounce. 
a) Determine a formula for hy. 
b) Graph /, against n. 
c) What happens to the height as n gets larger? 


d) Compare your graph with the graph on Describe their 
similarities and differences. 
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Interpreting 
Information and 
Forming Conclusions 
What happens to the 
time as n gets larger? 
Explain, using both 
the graph of 7, and 
the formula. 


Selecting Strategies, 

Resources, 

Technology, 

and Tools 

We can create the 

graphs of D, and T, 

in different ways. 

We can use: 

¢ acalculator and 
grid paper 

© a spreadsheet 

e a graphing 
calculator 

e graphing software 


Regardless of the 
method, the graph 
should consist of 
discrete points. 
Why is this? 


Exercises 5 to 10 refer to the graph on[page 66] You will also need the 
table on[page 67] The word “hoop” refers to the curves as they appear 
on the graph. The first hoop is only a half hoop. It corresponds to the 
ball falling to the floor for the first time. 


5. Look at the tops of the hoops. 


a) What do the horizontal coordinates of these points represent? 
Do they form a geometric sequence? Explain. 


b) What do the vertical coordinates represent? Do they form a 
geometric sequence? Explain. 


6. Visualize little right triangles whose hypotenuses join the points at the 


tops of adjacent hoops. 

a) What do the horizontal legs of these triangles represent? Do their 
lengths form a geometric sequence? Explain. 

b) What do the vertical legs represent? Do their lengths form a 
geometric sequence? Explain. 


7. The horizontal intercepts of the graph represent the times when the ball 


hits the floor. Do these times form a geometric sequence? Explain. 


8. Explain your answer to each question. 


a) Are the hoops congruent? b) Are the hoops similar? 


Challenge Problems 


9. Compare the graph on|[page 66]with the equation d = 4.977 on[page 67, 


10. 


11. 


a) What do the values of d in this equation represent? How are these 
related to the vertical coordinates of points on the first hoop? 


b) Use your answer to part a to determine the equation of the first 
hoop, and explain why it is a parabola. 
c) Determine the equation of the second hoop. 


d) The equations in parts a and b form a non-linear system of 
equations. Solve the system. What does the solution represent? 


Suppose you have drawn one hoop. What is the simplest way to draw 
the next hoop? 


On the outside of a tall building, there is a glass elevator that moves up 
at a constant speed of 5 m/s. Inside the elevator, the ball on[page 66]is 
dropped from a height of 1 m above the floor. Draw a graph to show 
the height of the ball above the ground as a function of time. Assume 
the ball is dropped at the instant the elevator starts rising. 


Reflecting on the 
Reasonableness 

of Results 

The methods used 

to solve these 
problems are called 
mathematical models. 
The accuracy of the 
results obtained from 
a mathematical model 
depends on how 
closely it represents 
the situation. 


For example, the 
graph on page 66 
has a sharp corner 

at each bounce point. 
It assumes that the 
ball is a point and 
the bounce is 
instantaneous. In 
reality, the ball has a 
diameter and stays 

in contact with the 
floor for a short time. 


During this time the 
ball deforms, then 
springs back to its 
spherical shape. 
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Review Exercises 


Mathematics Toolkit 
Algebra Tools 


Arithmetic Sequences and Series 


e Arithmetic sequences and series describe linear or additive growth when 
the common difference is positive. 


¢ General arithmetic sequence with n terms: 
a,at+d,a+t+2d,...,a+(n—1)d 

© General arithmetic series with n terms: 
at+(a+d)+(a+2d)+---+[a+(n-1)d] 
The nth term th =at+(n-—1)d 
The common difference d= t,—t,-1 


Sum of the first n terms, = (2+) xn or S,= 22a +(n- 1d] 


Geometric Sequences and Series 


¢ Geometric sequences and series describe exponential growth when the 
common ratio is greater than 1. 


¢ General geometric sequence with n terms: a, ar, ar’, ..., ar’~! 
* General geometric series with n terms: a + ar +.ar? +--+ +ar'7! 
The nth term i= ar’! 
The common ratio r= oa 
n-1 
Sum of the first n terms Sp = ae r#1 


Recursion Formulas (Functions and Relations) 
° t; =a, t, = (a function of earlier terms) 


e Sequences and series produced using recursion formulas may be 
arithmetic, geometric, or neither. 


Rational Exponents 
¢ Rational exponents are defined by ./x = xn and (2/x)” = X/x? = xn, 
e The exponent laws apply to rational exponents. 

Example: 814 = (34)! =3 

Example: 817 = (34)? = 33 = 27 
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1.1 


1.2 


1. 


2. 


3. 


Contents Previous Section 


a) Determine the indicated term of each arithmetic sequence. 
i) 6, 10, 14, ... 8th term ii) 18, 13, 8,.... 18th term 
iii) 13, 24,35, ... 11th term iv) 55, 47, 39, .... 14th term 
b) Choose one sequence from part a. Explain how you could calculate any 
term in the sequence if you know the term number. 


Copy, then complete each arithmetic sequence. 


a) 8,7, 15,0, @ b) ©, ©, 36, 25, © 
c) 5, M1, 23, 0, & d) 50, 1, @, 29, @ 
e) M,-8, 8, @, @, 28 f) 41, i, 97 


For the arithmetic sequence 7, 15, 23, 31, ..., determine each term. 


a) th b) tio C) 29 


4. Determine the first 8 terms of each arithmetic sequence. 


a) The 2nd term is 42 and the 5th term is 99. 
b) The 3rd term is —1.64 and the 7th term is 10.2. 


. Determine whether each sequence is arithmetic, geometric, or neither. 


Explain your choice. 

a) 1, 10, 1000, ... 

b) 1, 2,4, 7, 11,... 

ce) 2, 5, 8, 11,... 

d) 4, 9, 16, 25, ... 

6) 1, 8,27, 125, 5 

f) 2.3, 0.23, 0.023, 0.0023, ... 
OG) Teds dele es 

h) 3, —3, 3, -3, ... 


i)2x3,3x6,4x 12,5 x 24, ... 


1 3 5 
Daag 


. a) Determine the indicated term of each geometric sequence. 


i) 2,4, 8,... 8th term 
ii) 32, 16, 8, ... Oth term 
iii) 1,3,9,... 10th term 
iv) 2, -6, 18, ... 7th term 


b) Choose one sequence from part a. Explain how you could calculate any 
term in the sequence if you know the term number. 
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7. 


1.3 10. 


11. 


12. 


13. 


1.5 14. 


Review Exercises 


Copy, then complete each geometric sequence. 


a) B, 8, 24, 8, @ b) B, @, 12,3, 1 
c) 1, 8, @, -64, B d) 1,8, 25, 8, 
e) ,24010,',!°, 1,10 f) 6, 5, 9, (9, 7776 


For the geometric sequence 3, 6, 12, ..., determine each term. 
a) ty b) ts c) ti 


Determine the first 5 terms of each geometric sequence. 
a) The 3rd term is —50 and the 4th term is 125. 
b) The 2nd term is 8.37 and the 3rd term is 25.947. 


The formula for the nth term of a sequence is given. Write the first 4 terms 
of each sequence. Identify the type of sequence. 


a) tf) =2-—5n b) tf, = 13+ 3n 
c) tf; =n+2" d) t, =5 x 3” 
e) t, = 2n? +3 f) t, = n(n + 2) 


Each sequence is arithmetic. Write a formula for ¢,, then use it to determine 
the indicated term. 


a) 2, 6, 10, ... t20 b) 100, 120, 140, ... t50 
c) 33, 30, 27, ... tgo d) 45, 44.5, 44, ... t100 


Each sequence is geometric. Write a formula for ¢,, then use it to determine 
the indicated term. 


a) 2, 6, 18, ... t7 b) 3, 1.5, 0.75, ... t6 
c) 10, -5, 2.5, ... tg d) -4, -12, -36, ... to 
Determine a formula for the nth term of each sequence. 
12 4 1, 345 
a) 35 G5 b) > Ge 
c) 1x 32,2x 16,3 x8,4x4,... d)2x3,6x4,10x5,14x6,... 
Determine each value without using a calculator. 
a) 12 b) —42 ¢) 92 d) -162 e) 252 
f) 13 g) 83 h) (-27)3 i) 643 i) (-125)3 
k) 93 l) 93 m) 9-3 n) 93 0) -93 
p) 643 q) 643 r) (-64)3 s) 643 t) 64°3 
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15. Use a calculator. Determine each value to 3 decimal places. 


a) 182 b) 235 t) 562 d) 193 e) 9993 
f) 23-2 g) 110-2 h) 8-3 i) 180-3 j) 101-3 
k) 1794 iy 12-44 m) 4.5-2-75 n) 8.32!3 0) 1234432! 
16. Determine each value without using a calculator. 
a) (-125)3 b) 362 ¢) (-216)3 d) 4002 
a1 1 -1\2 
e) (-27000)3 (4)? g) (32)? h) (=3)° 
i) (2873 4) (8L)~3 
iMG)? ) Ge) * 
1.6 17. Simplify without using a calculator. 
a) (87-27) sb) (32(83) c) (42)(8-3) d) (52)(8"3) 
e) (2-2)(83) ) (2643) sg) (8-273 sh) (2°28) 
iy ) 182 643 ah 
i) 94 J 4-3 k) 42 I) 42 


18. A pond contains 100 insect larvae. Suppose the population triples every 
2 days. How many insect larvae are there after each time? 


a) 10 days b) 24 days c) 6 weeks 
19. Write each expression as a single power. Then evaluate the power. 
a) (6°.2)(6!) b) (82-75)(81-15) c) as d) (Tyr 
20. Solve each equation. 
a) 93x = 42 b) gx-1 = 83 c) 3x-5 = gxtl d) 5x+3 = 52x 
1.7 21. Determine the sum of the first 20 terms of each arithmetic series. 
aj2+5+8+--- b)1-—1-—3-.--. 
c) 11+164+21+--. d)14+1.74+244+-.-- 


22. A formula for the sum of the first n terms of an arithmetic series is 
S, =n? —2n. Determine the first 4 terms of the series. 


1.8 23. Determine the sum of the first 10 terms of each geometric series. 


a)5+15+45+--- b)-5 + 10-—20+--- 
7+ itit+e. d)5—2.54+1.25---- 
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Review Exercises 


24. A $1000 investment earns 9% interest each year. 


a) Suppose the investment earns simple interest. What will the investment be 
worth after 8 years? 


b) Suppose the investment earns compound interest. What will the 
investment be worth after 8 years? 
25. Determine the sum of each series. 
a)2+7+124+---+72 b)4+114+18+4+---+ 102 
c)34+124+484+---+ 12 288 d) 179.2 + 89.64 44.8+.---+1.4 
26. In a company telephone tree, each employee is to call 3 other employees. 
The tree begins with the company president. 
a) At what level are 243 employees contacted? 
b) How many employees are contacted at the 8th level? 
c) By the 8th level, how many employees in total have been contacted? 
d) Suppose there are 3500 employees in the company. By what level will all 


the employees have been contacted? 


27. Insert three numbers between 5 and 1280, so the five numbers form a 
geometric sequence. 


Functions and Relations 
1.4 28. Write the first 5 terms of the sequence defined by each recursion formula. 
a)t} =1,t,=t%-1+3,n>1 b) tf} =2,t,=t,-1-3,n>1 
6) 4) =5,t)=2t-1+1,n>1 d) t) = 4, t, = 3%-1+0.2,n> 1 
29. Write the first 5 terms of the sequence defined by each recursion formula. 
a) 4) = 100, t, =t)-1+7,n>1 b) t) =-4,t,=t-1-5,n>1 
et) t) =1,t,=0.5t,-1,n > 1 d) t) = 1, to = 3, ty = O.7ty_-2 — O.5tp_1,n > 2 


30. For each recursion formula, determine whether the sequence is arithmetic, 
geometric, or neither. Explain your choice. 


a) ft) =3,t,=tn-1+7,n>1 b) tf} = 7,t,=1-2t,_-1,n>1 
0) = 4, = n> I d) t) =5,t =(ty_1)2,n>1 
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Previous Section 


Self-Test 


1. Knowledge/Understanding Determine whether each sequence is 
arithmetic, geometric, or neither. 
a) 3,7, 11, 15, ... b) 2, 4, 8, 16, ... 
ct) 2x3,3x4,4x5,5x6,... 5.33... 
2. Determine the indicated term of each arithmetic sequence. 
a) 6, 17, 28, ... 8th term b) 13, 10, 7, ... 11th term 
3. Determine the indicated term of each geometric sequence. 
a) 2, 10, 50, ... 8th term b) 1,4, 16, ... 10th term 
4. For the arithmetic sequence 7, 13.5, 20, 26.5 ..., determine fjg. 
5. For the geometric sequence 7, 21, 63, 189, ..., determine fio. 
6. Simplify without using a calculator. 
a) (3°)(-27)? by (3°)(643) e) (3°)(8"3) a) (25)(8-9) 
9 82 643 97 
as j= a h 
° 93 ve oe - 
7. Determine the sum of the first 20 terms of each arithmetic series. 
a) 11+19+27+.-.- b)1.54+4.34+7.14--- 
8. Determine the sum of the first 10 terms of each geometric series. 
a) 14+5+15+4--- b)-10+5-2.5+.--- 
9. Use a calculator. Determine each value to 3 decimal places. 
a) 284 b) 28374 ce) 144173 
d) 4.5°-2.07 e) 7.77177 f) 434? 


10. Communication Determine the first 8 terms of the arithmetic sequence, 
when the 2nd term is 42 and the 6th term is 72. Explain how you 
determined the terms. 


11. Determine the first 5 terms of the geometric sequence, when the 3rd term is 
—200 and the 4th term is 400. 


12. Application The population of a city increases by 2% each year. On 
January 1, 2000, a city had a population of 530 000. What will the city’s 
population be on January 1, 2020? 


13. For the arithmetic series, 48 + 60 + 72 + ---, determine f33 and $33. 
14. For the geometric series, 48 + 24 + 12+---, determine fo and So. 
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15. Solve each equation. 
a) gax—3 = 4? b) 57-5 = 25*t1 
16. Thinking/Inquiry/Problem Solving In an arithmetic sequence, the 2nd 


term is 25 and the 11th term is 79. How many terms of the sequence are less 
than 200? 


Functions and Relations 
17. Write the first 6 terms of the sequence defined by each recursion formula. 


a) ft} =1,t,=t)-1+2,n>1 b) ¢) = 2.4, t, = 1.8t,-1,n > 1 


Assessment Tasks 
1. Consider this sequence: 
1012, 1012, 1013, ... 
a) Use a calculator to investigate whether the sequence is arithmetic, 
geometric, or neither. Present your findings clearly. 


b) Without using a calculator, establish the results you obtained in part a, so they 
are clear and easily verifiable by a person who does not have a calculator. 


2. An antique roadster is increasing in value at the rate of 5% per year, while 
a new car is decreasing in value at the rate of 5% per year. After a number 
of years, the roadster will have doubled in value, while the new car will have 
halved in value. 


a) Determine whether these events occur at the same time. 


bh) Investigate other situations of equal percent increase and decrease. Report 
your findings clearly. 


3. This series is an arithmetico-geometric series. 
1x2 42x27 4+3.x% 2? 45:4 10% 2! 


a) Why do you think this series is called arithmetico-geometric? Give 
examples of other arithmetico-geometric series. 


b) One strategy to calculate the sum without evaluating each term is to write 
each term vertically in a triangular array. The problem is now to add the 
row sums; explain why. 

2104 074 28 4 pg! 
27428 4...42! 
pee sh dg 


Complete the calculation to determine the sum of the series. 


c) Investigate other strategies for determining the sum of the series. Present 
your strategies clearly. 
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Rational Expressions 


INSIGHTS 
INTO A Some people always seem to be in a hurry when they drive a car. 


cal If they drive faster than the speed limit, they will arrive at their 
| destination sooner than they would by obeying the speed limit. 
But, how much sooner will they arrive? 


At thelend of this chapter] you will investigate how the amount of time saved to 


travel a given distance is related to the amount by which a driver exceeds the speed 
limit. You will use rational expressions. 


Curriculum Expectations 
By the end of this chapter, you will: 


e Add, subtract, and multiply polynomials. ¢ Communicate solutions to problems ... 

¢ Add, subtract, multiply, and divide clearly and concisely, orally and in 
rational expressions, and state the writing, using an effective integration 
restrictions on the variable values. of essay and mathematical forms. 

¢ Determine the real ... roots of quadratic ¢ Demonstrate the correct use of 
equations ... by factoring. mathematical language, symbols, 


visuals, and conventions. 


Necessary Skills 


1. Review: Operations with Fractions 


Skills with fractions are similar to the skills you will need to work 


with rational expressions. 


= 
| 
| 

x 
| 

x 


Exercises 


Simplify. 
8 3 = ee | 
alg a N= +5 
Solution 
joes oe 
9°24 9xX 

2% 

3 
ee oe) 
Ns TF HB Xs 

_ (2)x7 

~ 3x5 

_ -14 _ 14 

ES? 15 
to? to 5. Dad 
gg eg 

ae: Ss 

= 350 * 20 

_ 5+8 

20 

axle 

20 


Divide numerator and denominator 
by common factors. 


Multiply by the reciprocal of the divisor. 


Determine the lowest common 
denominator, 20. 
The denominators are the same. 


Add the numerators only. Keep the 
denominators the same. 


Determine the lowest common 
denominator, 12. 


Subtract the numerators. 


1. Reduce each fraction to simplest form. 


a) 76 b) 2 
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c) 


Contents _‘| | Previous Section 


2. Simplify each product. 


Daag 16 y, 10 6 y. 14 
ais Xs Nos XX °) G9 X-9 
16 -10 2 15 4 T7 
W) 35 X34 3a “as Na 16 


Nasty ma 35 Ta 
4. Simplify each sum and difference. 

nied ne ob+t 

ae vita nde 


2. Review: Operations with Monomials 


Remember that a monomial is a constant or the product of a constant and one 
or more variables. We can add and subtract like monomials. We can multiply 
and divide monomials. 


Simplify. 
a) 3x24 7x —5 + 4x2— 9x42 b) (4a2b3)(—Saby? c) =a 
mn 
Solution 
a) 3x° + 7x —5 + 4x7 — 9x +2 = 3x7 + 4x7 4+ 7x-9x-—5+2 Group like terms. 
= 7x? — 2x -3 Combine like terms. 


b) To multiply monomials, use the exponent laws. 
(4a*b>)(—Sab)y* = (4a*b>)(25a7b*) Apply the power of a power law to (—Sab)”. 


= 100a*b? Apply the multiplication law. 
c) To divide monomials, use the exponent laws. 
=12m'n = ~2m\n4 Apply the division | 
- = pply the division law. 
6mn 
= —2m Write all monomials with positive exponents. 


n 
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Necessary Skills 


Exercises 
1. Simplify. 
a) 3x+5+6x-1 
b) -Sa+2+a-3 
c) 6x? + 5xy + 2y? — 4x? — 11 xy + 6y* 
d) 7a? — 2a — 2a + 5a? + 6a — 9a” — 4a 


2. Simplify. 

a) (3a)(2a) b) (—3a’)(2a) c) (3a7)(2a?) 
3. Simplify. 

a) (6x)(3y) b) (8p7)(4q) e) (-9r)(5rs*) 
4. Simplify. 

a) 12x b) 54m8 ¢) =24cd3 


3x2 —6m2 —6cd 


5. Write each monomial as a product of two monomials, in three different 
ways. Which monomial(s) can be written as a product of two equal factors? 
a) 36a*b* b) —15xyz c) —4m4 

6. Write each monomial in exercise 5 as a quotient of two monomials, in three 
different ways. 


7. Simplify. 

a) (2x°)(3x7)> b) (—3a*b)(2a*)? 6) (5s*1)(354)" 
8. Simplify. 

a) 36r°s* b) (2xy")(3x°y*) c) (-7a*b*)(4a7b>) 


82s" 4x2? (-2ab*)3 


3. Review: Factoring Polynomials 


Remember that a monomial, and expressions formed by adding or subtracting 
monomials, are called polynomials. A polynomial with 2 terms is a binomial. 
A polynomial with 3 terms is a trinomial. 


These expressions are polynomials: Discuss 


18.3, 2x —5, 6x2 —7x+ 3, y Why is each expression 
: : a polynomial? 
These expressions are not polynomials: das 
Why is each expression 
3/x, Vx? +2x-7, 34 3), 
vx y not a polynomial? 


& [OO 
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When factoring a polynomial, first check whether there are any common factors. 


Factor. 


a) 4x” — 6x b) x7 — 7x + 12 c) 9m — 16n” 


Solution 

a) 4x7 — 6x 
The common factor of 4 and 6 is 2. 
The common factor of x? and x is x. 


So, the greatest common factor of 4x” and 6x is 2x. 
4x? — 6x = 2x(2x - 3) 


b) x7 -—7x +12 
There are no common factors. 
Find two numbers whose sum is —7 and whose product is 12. 
The numbers are —3 and -4. 
x*—7x +12 =(x-3)(x- 4) 


c) 9m? — 16n? 
There are no common factors. 
This is a difference of squares. 
9m? — 16n* = (3m)? — (4n)? 
= (3m + 4n)(3m — 4n) 


Factor. 


a) 2x7 + 17x + 35 b) 12x? + 26x — 10 


Solution 


a) 2x + 17x + 35 
List the possibilities for the first and last terms, then look for a 
combination that gives a middle term of 17x. 


2x x 5 7 > — One factor 
x 2x 7 5 S&B — Other factor 
10x + 7x = 17x 


2x? + 17x + 35 = (2x + 7)\(x +5) 
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Necessary Skills 


b) 12x* + 26x — 10 
Remove the common factor of 2. 
12x? + 26x — 10 = 2(6x* + 13x — 5) 


List the possibilities for the first and last terms, then look for a 
combination that gives a middle term of 13x. 


6x x 2x 3x 5 =) (2xXS) — > One factor 
x 6x 3x 2x -1 1 SA —> Other factor 


—2x+ 15x = 13x 
12x? + 26x — 10 = 2(2x + 5)(3x — 1) 


We sometimes factor a polynomial to solve a quadratic equation. 


Solve by factoring. 
a) x7-x-12=0 b) 4y°>-9 =0 


Solution 
a) x7-x-12=0 
Factor the trinomial. 
(x -—4)(x +3) =0 
Either x —-4 =0 or x+3=0 
x=4 x=-3 
The roots are x = 4 and x = -3. 


b) 4y?-9 =0 
Factor as a difference of squares. 
(2y + 3)(2y — 3) =0 


Either 2y + 3 = 0 or 2y-3=0 
y=2 y=3 
The roots are y = 3 and y = 3. 
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Exercises 
1. Factor. 
a) x2 + 2x b) 3x7 — 12 c) x7 —9 
d) 4m? — 25 e) 2k* — 72 f) 5x2 — 20 
g) 36x? — 81 h) 50x? — 2y? i) a* — bt 
2. Factor. 
a) x7-+ 7x +12 b) x7 +x-12 
jx. =2=12 d) x7 — 7x + 12 
e) m> — 11m + 30 t) a~ + 3a— 18 
g) a +4a4+3 h) y? -6y—7 
i) 3a7 + 3a-6 j) 2m? — 22m — 60 
k) 2x? + 2x — 144 1) 13x? — 26x + 13 
m) 2x? — 14x + 20 n) 3m? — 3m? — 18m 


3. Factor each polynomial, if possible. Examine the relationship between each 
polynomial and its factors. Write three different polynomials with a similar 
pattern. Factor these new polynomials, if possible. 


a) 9x — 30x + 25 b) 9x2 — 25 c) 9x2 + 25 
4. Factor. 

a) 4x2 — 12x +9 b) 2m? + 13m + 15 

c) 3a* — 13ab — 10b* d) 2p? - 5p -3 

e) 4m? + 12m +9 f) 25x? — 10x + 1 
5. Factor. 

a) 7x” — 28y* b) 5n? — 40n — 45 

c) 4a” + Tab + 3b* d) 2x7 -3x+1 

e) —8x? + 24x — 18 f) 3x2y — 9y3 


6. Explain why a — b is equal to -(b — a). 


7. Solve by factoring. 


a) m7—-2m+1=0 b) x7 - 3x -40 =0 
c) 9y7- 16 =0 d) 2x7 + 5x+2=0 
e) 4y?- 12y+9=0 f) 3x7 -7x-6=0 
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2.1 Operations with Polynomials 


To add or subtract polynomials, remove any brackets then combine like terms. 
Like terms have the same variables raised to the same exponents. 


Simplify. 
a) (2x> — Axy? + 5xy’) + (3x3 + ley - 6xy") 
b) (6y? — 5y + 3) — (2y* + 4y— 5) 


Solution 

a) (2x? — 4xy? + 5x*y”) + (3x? + 2x*y — 6x7’) 
= 2x3 — Axy* + 5x’y” + 3x7 + 2x"y — Oxy? Remove the brackets. 
= 2x? + 3x? — Axy? + 5x7y* — 6x*y2 + 2x2y Group like terms. 


= 5x3 — Any? — xy? + 2x*y Combine like terms. 
b) Remember that to subtract a polynomial, add its opposite. Discuss 
(6y? — 5y + 3) — (29 + 4y — 5) In Example 1b, why 
Ee 94,2 _ A P could we not simply 
oy Syt3 + ( 2y 4y + 5) dd the opposite. eee a 
= 6y" — Sy +3 —-2y°-4y +5 one step, as we did in 
= 6y* — 2y? - S5y—4y +345 Group like terms. Example 1a? 
= 4y?-9y +8 Combine like terms. 


To multiply a polynomial by a monomial, use the distributive law. 
3x(2x — 7) = 3x(2x) + 3x(-7) Each term of the binomial is 
= 6x" — 21x multiplied by 3x. 


Remember that multiplication using the distributive law is called expanding. 


Take Note 


The Distributive Law 
axt+yt+z)=axt+ayt+az 


Expand. 
a) 3(x +5) b) —7a(2a — 3b” + 4ab) 


Solution 


a) 3(x + 5) = 30) + 3(5) 
=3x+15 
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b) —7a(2a — 3b* + 4ab) = —Ta(2a) — 7a(—3b) — Ta(4ab) 
= -14a? + 21ab* — 28a*b 


Expand, then simplify. 
a) 3(2a — 7b) + 2(a + 5b) b) 9m(3m2 — 4mn) — 5n(m? — 6n?) 


Solution 

a) 3(2a—7b) + 2(a+5b) 
= 3(2a) + 3(-7b) + 2(a) + 2(5b) Apply the distributive law. 
= 6a — 21b+2a+ 10b 
= 8a-—11b Combine like terms. 


b) 9m(3m? — 4mn) — 5n(m — 6n7) 
= 9m(3m7) + 9m(—4mn) — 5n(m’) — 5n(-6n7) 
= 27m? — 36m?n — 5m?n + 30n? 
= 27m? — 41m?n + 30n? 


The distributive law can also be used to multiply polynomials. 
(a+ b)\xt+y)=aa+y)+baty) 


=axt+ay+bx+by 
ae a” 

Think: (a+ b)\(x+y)=ax+ay+bx+by 
we 


Similarly, (a+b)(x+y+2 =axty+D+bat+y+z) 
=axt+ay+az+bx+by+bz 


A 


Think: (a+ b\(x+yt+z)=ax+aytazt+bx+ by+bz 
bie 


Example 4 


Expand, then simplify. 
a) (2x + 3)(x — 4) b) (x — 5)? c) (a + 2b)° 


Solution pe 
a) (2x + 3)(x — 4) = (2x + 3)(x - 4) 
SS 


= 2x? —8x+3x-12 
= 2x? —5x-12 
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b) (x — 5)? = (x-5)(x—-5) Discuss 
= x2 — 5x —5x+25 In Example 4b, the 
= 7— 10x +25 expression (x — 5)? is 


called a binomial 
3 square. Why do you 
Da a ad au 2b)(a + 2b) 9 think it has this name? 
= (a+ 2b)[a* + 2ab + 2ab + 4b*] 


(a + 2b)(a* + 4ab + 4b’) 


a + 4a*b + 4ab? + 2a7b + 8ab* + 8b° 
a + 6a7b + 12ab? + 8b? 


Expand, then simplify. (x — 2)(4x + 3) — (3x — 2)? 

Solution 

Use brackets to emphasize the order of operations; that is, Discuss 

multiply before subtracting. In the third line of the 

2 solution, why do the 

(x — 2)(4x + 3) — Gx — 2) signs of the terms 

= 4x? + 3x — 8x — 6 — (9x" — 6x - 6x + 4) change when the 

= 47 —~ 5x —-6 — 9x7 4+ 12x -4 brackets are removed? 

=— 5x + Tx— 10 


Al 


1. Simplify. 
a) (3x + 4) + (2x — 5) b) (7a — 2) + (Sa — 3) 
c) (4b — 6) + (25+ 5) d) (-y+ 2)+G-4)) 
e) (-10b — 4a) + (8b + 7a) f) (m + 2n) + (3m — 5n) 
2. Simplify. 
a) (3x + 4) — (2x — 5) b) (7a — 2) — (Sa — 3) 
ct) (4b — 6) — (2b +5) d) (-y+ 2) -( - 4)y) 
e) (-10b — 4a) — (8b + 7a) f) (m + 2n) — (3m — 5n) 
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3. 


4. 


oi 


[=>] 


~ 


oo 


wo 


10. 


11. 


Simplify. 


a) (4m* — 6m + 8) + (9m? + 3m — 8) 
c) (2x* — 6x + Ty) + (5x* + 16x — 12y) 
e) (4m* — 6m + 8) — (9m? + 3m — 8) 
g) (2x2 — 6x + Ty) — (5x* + 16x — 12y) 


Expand. 
a) 4(5m — 2) 
d) 5(2x + 3y + 4) 


. Expand, then simplify. 


a) 7(5m — 3n) — 11m 
d) (4m — 8n)(-11m +n) 


. Expand. 


a) 2(5x — 10) 

d) 2(2b* — 5b +9) 
g) 12x(7x — 3) 

j) —10n7(4 — 9n) 


. Expand and simplify. 


a) (x +4) + 3) 
d) (¢- 1) -9) 
g) (vy + 7)(4y — 5) 


b) 6(2p — 3q) 
e) 7(—p + 8pq’) 


bh) (3x + 2)(x — 5) 
e) (6x — 5)(2x + 1) 


b) 4(3a — 5) 

e) —9(-8m? + 7m — 5) 
h) 4a(—Sa + 8) 

k) 6m3(4mn — 5) 


b) (2a — 4)(a + 2) 
e) (x + 3)(2x — 5) 
h) (k — 8)(k — 3) 


b) (8a? — 3a? + 6a) + (4a? + 7a? — 3a) 
d) (3x? + 4xy + Sy*) + (2x? — Sxy — 4y?) 
t) (8a? — 3a? + 6a) — (4a? + 7a? — 3a) 
h) (3x2 + Axy + Sy?) =O = 5xy — 4y’) 


c) —3(4mn + 2n — 1) 
f) 3(mn? — 11mn + n3 — 4) 


c) (2x + lly)? 
f) (3x - Ty)? 


c) —3(7k* — 8k) 

f) 11(4p? — Sp + 6) 
i) 7p(2p — 3q) 

I) —7x*(2x + 3y) 


c) (3 — 3b)(2 + Db) 
f) (44+ k)(6 —k) 
i) (m + 6)(m — 5) 


. Knowledge/Understanding 
a) Expand each binomial square, then simplify. 
i) (k +2) ii) (3m + 3)? iii) (a — 6)? 
iv) (2b + 7)° v) (y- 1)? vi) (¢ + 6)" 
vii) (8 — 4x)? viii) (a — 3b)" ix) (4m — 3n)* 


b) Look for a pattern in part a that you can use to write the square of a 
binomial in one line. Explain the pattern. 


. The sum of two polynomials is 15a + 4. One polynomial is 3a — 6. What is 


the other polynomial? Write to explain how you found it. 


Write each polynomial as the sum of two polynomials. 


a) 8a + 10 b) -6b + 15 c) —-4m — 11n d) 16 — 17x 


Write each polynomial in exercise 10 as the difference of two polynomials. 
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12. The sum of two polynomials is 4x” — 7x + 3. One polynomial is —5x* — 8x + 5. 
What is the other polynomial? Write to explain how you found it. 


13. Here is a multiplication in arithmetic and the corresponding multiplication 
in algebra: 
47 4x+7 
x19 x x+9 


a) Compare the two multiplications. In what ways are they similar? In what 
ways are they different? 

b) Complete the two multiplications. In what ways are the steps the same? 
In what ways are the steps different? 


c) How many individual multiplications do you do when you multiply 
two 2-digit numbers? How many do you do when you multiply 
two binomials? 


14. Expand the products in each list. Write to describe any patterns you see. 


a) (x + 2)(x + 3) b) (x + 1) +4) c) (x + 6)(x + 3) 
(x + 2)(x — 3) (x + 1) -4) (x + 6)(x — 3) 
(x — 2)(x + 3) (x — 1) +4) (x — 6)(x + 3) 
(x — 2)(x — 3) (x — 1) -4) (x — 6)(x — 3) 


15. Simplify. 
a) (5x* — 4y”) + (y? — 4x) — (6x? + 3) 
b) (2m? — 4n?) — (2n? — 5m?) + (3n? + 6m?) 
c) (3 + 9a? — 2a) + (3a3 — 4a? — 9) — (13 — 8a3 + 3a’) 
d) (5x7 — 8x + 4) — (3x? — x + 10) — (9x? + 5x— 12) 
e) (4x? — 2x*y + y2x — 2y) + (xy? — y — 6x? + 4yx) 
) (Sp3q* + 8q°p — 4p) + 3q - 7p°q? - 7¢°p”) 
g) (2xy + 4yx + 6xy — 8xy) — (xy + Syx’) 
h) (-a*b* — b*) — (b*a + ab) — (b? — 2b’a? — ba) 
16. The sum of three polynomials is —5x* — 8x + 5. One polynomial is 


4x? — 7x + 3. What could the other two polynomials be? Write to explain 
how you found them. 


17. Communication A person thinks that 2x + 3y = 5xy. Write to explain why 
this is not correct. 


18. Expand, then simplify. 


a) 2(x+5)+8 b) -64(2a + 7) + 21a 
c) 5(3y — 7) — 9y d) 3(7m — 5) — 13 
e) —7(2p? + 9p) + 4p* f) 2(5x — 8y) — 33x 
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19. 


2 


o 


2 


ak 


22. 


23. 


24. 


2 


ol 


g) 20x +3) + 3(x -7) h) 5(x — 9) — 2(x + 6) 
i) 83a + 10b — 5c) -4Qa-—2b+11c) — j) 24m —6n + 9) — 3(-4m + 5n — 6) 
Determine each product. 


a) (x + 2y)(4x + 9y) b) (3a — 5b)? c) (6x — y)(5x + 4y) 
d) (7x + 3y)(2x — 9y) e) (4m — 3n)(6m — n) f) (9x — 4y)(8x — Sy) 


. Expand, then simplify. 
a) 4x7(2x + y) + 3x7(3x — 8y) b) 4a°(3a — 2b) — 5a>(7a + 9b) 
c) p°(3p — 2q) — Tp*(p — 6q) d) 5a*(—2a + 6b — 3) — Ta3(a — 2b + 6) 
e) —4m?n(8mn + 2mn? — 3n?) f) 6x(2x — 3y) — Sy(Sx + y— 6) + 4y” 


g) 3b°(2b? — S5bc) — Tc(2b — c) + 4bc? h) 2x(3x? — 6y*) — Sxy — Ty(9x? + 2y?) 


. Expand each product of polynomials. 


a) (2x — 7)(3x7 + 4x — 5) b) (2n? — 5)(3n* — 9n + 14) 
c) (a — 4)(3a? — 8a +7) d) (2p + 3)(13p? — 5p + 1) 

e) (2m + 9)(3m* — 5m +7) f) (10y — z)(20y? — y — 13) 
Expand. 


a) (x + 1)3 b) (x+ yy? c) (2x + yy d) (2x + 3) e) (3x - 2y) 


Expand, then simplify. 
a) (x — 1)(x+ 2) -(«- 3)? b) (2x — 1)? — (3x + 1)(2x + 5) 
c) S(a — 2)(a+ 3) + (a—-1)° d) (2a + 3)? + 3(a — 1)(3a + 2) 
Expand, then simplify. 
a) Gx + 4)(x — 5)(2x + 8) b) (b — 7)(b + 8)(3b — 4) 
c) (2x — 5)(3x + 4)" d) (5a — 3)°(2a — 7) 
e) (5m — 2)°(3m + 2) f) (2k — 3)(2k + 3)° 
. Thinking/Inquiry/Problem Solving 
a) Expand the products in each list. 
i) (x + 3)(x+4+1) ii) «@+D@-1) iii) @+5)@—-5) 
(x + 3)(x + 2) (x + 2) - 1) (x + 5)(x - 4) 
(x + 3)(x + 3) (x + 3) - 1) (x + 5)(x — 3) 


b) Write to describe any patterns you found in part a. 
c) Predict the next three products for each list in part a. 


d) Suppose you extended the lists in part a upward. Predict the preceding 
three products in each list. 


2.1 OPERATIONS WITH POLYNOMIALS 


Application Use the following information to 
complete exercises 26 to 29. 


A packaging company makes boxes with no tops. 
One style of box is made from cardboard 20 cm 
long and 10 cm wide. Equal squares are cut from 
the corners and the sides are folded up. 


< 20 cm > 


26. Let x centimetres represent the side length of each square cut out. Write a 
polynomial to represent the surface area of the box. 


27. a) What values of x are possible in the polynomial in exercise 26? Describe 
how the size and the shape of the box change as x varies. 
b) Do you think all the boxes would have the same surface area? Describe 


how the surface area changes as x varies. 


28. Complete a table like this for at least three different values of x. 


Side length of square cut out (cm) | Total surface area (cm?) 


29. Compare your results from exercise 28 with those of other students. 
a) Are any of the areas close to 150 cm?? Explain. 
b) What value of x is needed to make a box with a surface area of 150 cm?? 


30. Determine each product. Investigate patterns in these products. Write to 
describe each pattern. Predict the next three lines in each list. 


a) (x + 1)(x + 1) b) (x + 1)(x-1) 
(x+ 1)? +x+1) (x + 1)? —x +1) 
(x+ DOP 427 4+x+41) (x + 103 —x7+x-1) 


ic) 


31. Determine each product. Investigate patterns in these products. Write to 
describe each pattern. Predict the next three lines in each list. 


a) (x + 1)? b) (x - 1)” c) (x + 1) (x- 1) 
Ge 1y G@= 1; @+1¥@=- 17 
ety G17 G@+1rG@ 17 
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Previous Section 


2.2 Evaluating Rational Expressions 


Remember that a rational number can be written as a fraction in which the 
numerator and denominator are integers, and the denominator is not 0. 


Take Note 


Rational Number 


A rational number can be written in the form a where m and n are 
integers, and n # 0. 


The numbers 2, 7+, 6, 2.83, and -3.45 are examples of Discuss 


rational numbers. How can each rational 
number be written in 


the form = 


A rational expression is a fraction in which the numerator Discuss 

and denominator are polynomials. Why is a27-8 a 
rational expression? 

These are rational expressions. 


3x +5 m — 4m +3 3 
2x+7 3mn se 8 
Take Note 
Rational Expression 


A rational expression can be written in the form = where p and q 


are polynomials, and g # 0. 


A rational expression indicates division. Thus, a rational expression is not 
defined when its denominator is 0. 


To evaluate a rational expression, substitute the given number for each 
variable. A value of a variable that makes the denominator 0 is called a 
non-permissible value. 


Evaluate each rational expression, if possible, for x = 2 and y =-1. 
2x — 3y 
Xx 


b) x-2 c) Sx 
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Solution 


Substitute x = 2 and y = —1 in each rational expression. 
2x-3y _ 2(2)-3(-1) 


) x a 2 
— 4+3 
2 
ant 
~ 2 
x-2 _ (2)-2 
b) 5 = 3 
=, 
-6 
=0 
¢) SX = 52) 
yet Cia 
= 10 
0 
10 ; 
“9 is not defined. 
The expression au cannot be evaluated when y = —1. 


A rational expression is not defined when its denominator is 0. 


5x 
ytl 


value of y for which the denominator is 0. Thus, y = —1 is a non-permissible value. 


In Example Ic, the expression is not defined when y = —1, since -1 isa 


Similarly, the expression in Example Ia, a is not defined when x = 0, 


since 0 is the value of x for which the denominator is 0. Thus, x = 0 isa 
non-permissible value. 


Also, the expression in Example Ib, a is not defined for y = 5, since 5 is the 


value of y for which the denominator is 0. Thus, y = 5 is a non-permissible value. 


State the non-permissible value(s) for each rational expression. 


6x b? — 3b a 3x 
a) = b Cc d) —————_ 
) Sy ) b+2 bere iG O18 


Solution 


A non-permissible value is the value of the variable that makes the 
denominator 0. So, equate each denominator to 0, then solve for the variable. 
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y = 0 is a non-permissible value. 


b> — 3b 

h) b+2 
b+2=0 
b=-2 


b = —2 is anon-permissible value. 


a+ 
a’+1=0 
a* = —1 
The square of any real number is never negative. Therefore, a? + 1 is 


never equal to 0. The expression # : is defined for all real values of a. 
a 


3x 
d) ———_- 
) eo eB 


x°+9x+18=0 

Solve by factoring. 

(x + 6)(x +3) =0 

Either x+6=0 or x+3=0 
x=-6 cS =35 


Thus, both x = —6 and x = —3 are non-permissible values. 


vA) 


1. Knowledge/Understanding Evaluate each rational expression for a = 1. 


7 a 2a 
a) => b) > c) 3 

a+4 3a-1 a+1 
q) 2a rs f) 3a 

Do Be 2a-1 é 1 
g) a?-a-6 hy ar, 


2.2 EVALUATING RATIONAL EXPRESSIONS 93 


Previous Section | 


2. Evaluate each rational expression for x = 4. 


x 3 x-4 
a) > b) = 0) oR 
2 e+] ~3x-2 
d)x°+5x4+1 e) f) =a 
-6 1 +) —3x-2 
h 
0) 7-2 aes i) 3 


3. Evaluate each rational expression in exercise 2 for x = —1. 


LB) 


4. In each of exercises 2 and 3, one rational expression is not defined for the 
given value of x. Explain why each expression is undefined. 


5. Explain the difference between a rational number and a rational expression. 


6. Evaluate each rational expression for x = 2 and y = -3. 


x +2y 3x — 4y x—-y 
a) —> bh); ct) — 
3x — 2y 3x + 2y x-2 
) e) Fe) f) By +1 
3 2 2 
xt x“ -9 + x7 — 2x41 
ae ————_ jj) = 
9) y-3 oar ) x-1 


7. Communication Suppose you were to evaluate each rational expression in 
exercise 6 for x = —2 and y = 3. Which expressions could not be evaluated? 
Explain. 


8. Consider the rational expression aid 
a) Evaluate this expression for x = —4. 
b) Evaluate this expression for x = 5. 
c) Explain why x = —4 is a permissible value, but x = 5 isa 
non-permissible value. 


9. For which value(s) of x is each rational expression not defined? 


3 ~2 x+2 
a) b) 0) oy 
2x +1 x 1 
d) 5 e) x7 f) ee] 
3x-4 -9 1 2 +16 
h i 
9) x2 -9 om err 


10. a) Choose one part of exercise 9. Write to explain how you determined the 
value(s) of x for which the expression is not defined. 
b) Three expressions in exercise 9 did not have any restrictions on the 
variable. Which rational expressions are they? Explain why all values 
are permissible. 
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11. a) Evaluate each rational expression for x = 0.5 and y = —1.7, to 2 decimal places. 


. 2x—-y we, 3X + 5y wey 4x—y 
i) x — 3y it) 2x+y Ml) 2x — Ty 
a. xt Ty —3x + 4y 4) x7 + 3y 
iv) x—Ty v) 6x — 8y ul) y? — 3x 
b) Determine the non-permissible values of x and y for each expression in 
part a. 
12. Thinking/Inquiry/Problem Solving Consider the rational expression a : 
a) Suppose x = 2. What value of y would make the y 
expression undefined? 
b) Suppose y = 3. What value of x would make the 3 


expression undefined? 


c) Copy and complete the table of values. List five ordered 
pairs that would make the expression undefined. 


d) Plot these ordered pairs on a graph. Write an equation to 
describe your graph. 


e) How is this equation related to the denominator of the rational expression? 


13. Application The focal length of a lens is the distance 
from the centre of the lens to the point where incoming 
parallel light rays converge on the other side of the lens. 


When an object is placed on one side of the lens, its 
image appears on the other side. The focal length, f, 
object distance, p, and image distance, q, are related 


by the Jens formula: 


_ Pq 
f= 544 


Object > 


Focal length 
a) An object is placed 120 mm in front of a lens. The image appears 60 mm 
from the other side of the lens. Calculate the focal length of the lens. 


b) An object is placed 60 mm in front of the lens in part a. Calculate the 
image distance. 

c) A camera lens has a focal length of 55 mm. The camera takes a picture of 
a flower that is 60 cm in front of the lens. Calculate the distance between 
the lens and the film. 
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2.3 Simplifying Rational Expressions 


To simplify a rational number, factor the numerator and the denominator. 
Then, divide the numerator and the denominator by their greatest common factor. 


1 
24 _ S4) 
For example, 30 7 a) 
a2 
5 


Simplifying a rational expression is similar to simplifying a rational number. 
For a rational expression, the non-permissible values of a variable are described 
as restrictions on the variable. 


Note that a simplified rational expression is defined only for the values of the 
variables for which the original expression was defined. 


Simplify each rational expression. State any restrictions on the variables. 


12x2 —6m2n? 3x 
a b SS 
) 15x ) 24mn? ) 2x2 — 10x 
Solution 


For each expression, first consider the denominator to determine restrictions 
on the variables. Then factor the numerator and denominator and divide by 
their greatest common factor. 
12x2 
15x 
Determine the restrictions on x. 
Let 15x =0 
x=0 


, 2, 
The expression ea is not defined when x = 0. 


So, providing x 4 0, 
122 _ ‘Bulan 


a) 


15x ~ | Gav) Divide by the greatest common factor 3.x. 
— 40 
5 
Therefore, 12x" = & when x # 0 
-6m-n? 
M) 24mn? 
Determine the restrictions on m and n. 
Let 24mn? = 0 
m=Oorn=0 
—6nn? 


is not defined when m = 0 orn = 0. 


The expression ' 
24mn 
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So, providing m # 0 orn # 0, 
6m? n? = ‘omen? (=m) 
24mn? jOmr*(An”) 


Divide by the greatest common factor 6mn’*, 


_ =m 
4n2 
heres = 
Therefore, ©” “ = = when m#0,n #0 
24mn 4n 
3x 
Cc ht 
) 2x? — 10x 


Determine the restrictions on x. 
Let 2x* — 10x = 0 


2x(x — 5) =0 
Either 2x =0 or x-5=0 
x=0 x=5 
The expression —3*_ is not defined when x = 0 orx =5. 
2x* — 10x 
So, providing x #0,x #5, 
3x 3p 
2x*-10x 2) — 5) 
= : 3 
~ Q(x — 5) 
Therefore, —>* 3 when x #0,x #5 


22 —10x (x - 5)’ 


For some rational expressions, the numerator and denominator may factor as 
the product of two binomials. 


Simplify each rational expression. State any restrictions on the variables. 


2) 2 2: 

x“ —5x-6 a’ —2a 2m — 18 x-7 
a) —--——— b) ———— c) d 
) x — 36 ara: eas ) 42x 
Solution 


For each expression, consider the denominator to determine the restrictions 
on the variables. Then factor the numerator and denominator. Divide by their 
greatest common factor. 


2 
x“ —5x-6 
a at 
) x? — 36 
Determine the restrictions on x. 
Let x’ —36=0 


(x — 6)(x + 6) = 0 
x=6orx=-6 


5x-6 


: 2 : 
The expression 7 is not defined when x = 6 or x = -6. 
2 
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So, providing x #6, x #-6, 


2-516 _|(v~6lx+ 1) 
7-36 | (x-6)(a + 6) 


Divide by the common factor (x — 6). 


— xt+1 
x+6 
2 
Therefore, + oa = 1+ when x # 6, x # -6 
~- 
2 
— 2a 
b) +4 
) a—a-2 


Determine the restrictions on a. 
Let a—-a-2=0 
(a-2)(a+1)=0 
a=2ora=-l 
a2 


$ {_ is not defined when a = 2 ora = —1. 
a’-—a-2 


The expression 


So, providing a#2,a#-l, 


a —2a = ala~2)! 
a-a-2 {(4~2)a + D 
_ a 


~ ati 
2 
Therefore, -—4_ = 4_whena#2,a#-1 
a*-a-2 a+l 
2 
c) 2m 18 
m —6m+9 


Determine the restrictions on m. 


Let m*-6m+9=0 
(m — 3)(m — 3) = 0 
m=3 
2m? = 18 
m — 6m + 
So, providing m + 3, 
2m? 18 _ __2(m*—9) 
m —6m+9 ie eae 
2(m + 3)(m~3) 


The expression is not defined when m = 3. 


~ “(n= 3)\m=3) 1 
2m? -18  _ 2(m+3) 2m +6 
; = Sq Ole 
m- —-6m+9 m m 
Qi 
Therefore, 2m 18_ _ 20+ 3) nen m #3 
m- —6m +9 m—3 
x-7 
q) 14 — 2x 
Determine the restrictions on x. 
Let 14-— 2x =0 
5 ae 
The expression a = - is not defined when x = 7. 
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So, providing x # 7, 


HeT aT Discuss 
14—2x  2(7 — x) Explain why x — 7 
1 
ee Ee) can be replaced 
XT) | by -(7—x). 

BET a lh 

14 - 2x 2) 
Therefore, ~—1 = -1 when x #7 

> 14-2x 2 


In general, it is assumed that a rational expression is defined for all permissible 
values of the variables. 


Al 


1. Simplify. 
15x 44x 8a2 6ab 
a) > b) xTTy aaa? 1) ae 
50m2n —9x3y? —5xyz ~12ab3 
e) 3 f) 3 g) 7 h) 5 
75mn -y 10xyz 6ab 
2. Simplify. 
2x +2 6a 2x + 6x2 4 
a) b) 0-3 ae a re 
4b? — 8b -9n2 =x + 2x? 10m? 
e) 2 — 8 f) — — a i) 
) 8b2 —3n — 3n? 9) 3x 6m + 8m? 


.B) 


3. Knowledge/Understanding Simplify each rational expression. State any 
restrictions on the variables. 


3x +6 x—-5 4x? + 6x 2x2 — 10x 
a) 710 b) 15 C) Say 4) G30 

4x2 — 12x 4a +10 —3m2 +2m -124+9n 
" x—3 " —6a — 15 9) 2m? — 2m ” An — 3n? 


4. Simplify each rational expression where possible. Explain why some 
expressions are already in simplified form. 


x+1 x-1 x+1 
a) 4 ae ty 
x-1 x+1 x+1 
d) 7 Oi are 
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5. Simplify. 
2a+2 x2 - 4x43 
a) = + bh) ——-—- 
) a*+3a+2 ) xx 
=n? = 2n 2-2b 
d) = e 
n—4 \Pab-2 
15 = 5x x= 6x49 
ae hy) <— 8x. 
' ; x2 + 6x 
6. Consider the rational expression =~———. 
x IK 3 


a) Evaluate this expression for x = 2. 


c) 3m—6 


m2 —5m+6 


2_ 4 
oe 


x+3 
x7 4+ 7x +12 


b) Determine any restrictions on x. Simplify the expression. 


c) Evaluate the new expression in part b for x = 2. 


d) Compare your answers to parts a and c. 


e) How can you check whether you simplified an expression correctly? 


7. Thinking/Inquiry/Problem Solving 
2 
a) Simplify <=". 


b) A graphing calculator was used to display the graphs of the functions 


2 
y= ae and y = x + 1. The screens are shown below. Look at the 
screens carefully. 
3.1 3.1 
4.7 47 -4.7 47 
-3.1 —3.1 


c) What is the same about each screen? What is different? 


d) Which screen represents each function? Explain. 


; 2 
e) A student said that “— ; 
correct? Explain. 
8. Simplify. 
Sn —5m c-d 
a) 3m —3n b) =e 
3xy — 18y? 10xy — 15x2y 
or aaa aa 
12y~ — 2xy 6x° — 4x 


9. Simplify each rational expression, if possible. 


a +5a—14 x= 3 
a) 2 2 
a“ —6a+8 x“ + 3x- 18 
r-9 x+4 
d) ————_ e) ———_ 
P+6r+9 Pei 
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= x + | is true for all values of x. Is the student 


c) 2a — 2b 


3b — 3a 


f) 60a2b? — 24ab 


16ab — 40a7b2 


c) m2 —7m +10 


m-2 


f) x-3 


x7 4+9 


Previous Section | 


10. Application A graphing calculator was used to display the tables of values 
for two rational expressions in exercise 9. Identify the expression from 


11. 


12. 


13. 


14. 


exercise 9 that was used for each table. Y1 represents the given expression 
and Y2 represents its simplified form. 


a) 


i 
rs 
3 
4y 
5 
6 


Simplify. 
2xy — 12y? 
18y* — 3xy 
5x2 — 15x 
d) ar eT 
5x2 — 20x + 15 
48 — 32 
g) 8 3a 
Simplify. 
2x2 —3x-2 
a 2 
2x2 + 3x41 
) 2d* ~d-3 
2d? — 5d +3 


4b? + 13b +3 


a) 4b? +5b+1 


Simplify. 
) 7x2 — 21x 
7x2 — 28x +21 
a 
d) 3x 75 
6x~ + 30x 
5g? —5¢—10 


9) 5g7-9g-2 


4a? — 44a + 112 


b) 


x + 14x + 24 
2_ 
h) 4c 100 
6x~ + 30x 


b 5x2 — 20 
le rareeers 
x2 + 14x + 24 


e 
) 18x — 2x3 


h) 4h? — 12h +8 
2 
4h? — 4 


i 
Fs 
3 
qy 
5 
6 


2x3 — 28x? — 102x 


c) 


f) 


i) 


2a* + 4a — 48 


32 — 2a? 


4a? — 44a + 112 
3b? + 3b — 60 


2b* + 4b — 48 


Gx? — 8x42 


6x2 — 2x —4 


Communication Three students were discussing how to simplify the 


rational expression 


Liz said: 2x divided by x is 2. Four divided by 2 is 2. Then, 2 + 2 equals 4. 


Chantelle said: No, you must factor the numerator as 2(x + 2). Since the 
factor x + 2 is in the numerator and denominator, divide by 
this factor. They both become 1 and we get 2, which is 2. 


Lindsay said: No, divide 2 into the 2 in the denominator and the 2 in the 


numerator to get =— 


Which student is correct? Explain how you know. 


b4 
+ ]° 
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Self-Check 2.1 — 2.3 


— 


. Simplify. 
a) (3x2 + 5x — 7) + (2x? — 4x + 3) 
b) (4m? — m+ 1) + (2m? + 3m — 4) 
c) (-10n* — 3n + 4) — (Sn? + 5n +7) 
d) (8b? + 4b + 10) — (10b? — 10b — 9) 


2. Expand, then simplify. 


a) 5x(2x — 7) + 4x(x + 9) b) (3y + 4)(6y — 5) 
3. Expand, then simplify. 
a) (5x + 2)? b) (6m — 7n)” 
4. Expand, then simplify. 
a) (x + I) — 5) — (2x + 3)? b) (Sy — 2)3 
5. For what values of the variable(s) is each rational expression not defined? 
Tx 4 4 
a) ary Mad er 
6. Evaluate each rational expression for x = 2 and y = -4. 
x+2y x 2x 
a) 3-x bas a4 
7. Simplify. 
5x4y 4a? — 36 3a3 - 4a2b? 
9 0x8 Oa 15 ) P+ ee 


8. State any restrictions on the variable, then simplify. 
w=x-6 x2 - 16 4 
: 0 + ) 


c caer ae 
x2 + 3x42 2x — 24 x — 5x44 
9. Simplify. 
a) 8a? + 2a — 15 b) 2x2 + 3x41 ¢) 9a? — 16a> 
4a* — 4a — 15 3x2 + 2x -1 6ab> — 8a2b> 


10. State any restrictions on the variables, then simplify. 


2a2 + 4a +2 b) 3b2 — 3 c) 6c? — 12c +6 


a 
) 2a? —2 3b? + 6b +3 6c? — 6 
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2.4 Multiplying and Dividing Rational Expressions 


Remember that to multiply rational numbers you multiply the numerators, 
multiply the denominators, and simplify. If possible, simplify before multiplying. 


5 1 
10 7 Wy F 
For example, a eo = 2 x z 


25 
3 


Rational expressions are multiplied the same way as rational numbers are 
multiplied. If possible, simplify by dividing numerator and denominator by 
common factors. Then multiply the numerators and multiply the denominators. 


Simplify. 
® . 3y 5a. 3a(b+2) . 10(a- 3) 
a) 6 Xa b) 6x75 c) 5@ 23) i 
Solution 
3 3 3 x 
a) 7 x = = 5 x = Divide numerator and denominator by 2. 
es 
xy Sade ; 

= ae Divide numerator and denominator by x. 

_ FY 

~ 4 

3 : 6 ayes 
b) 6x a = £ x a Rewrite 6 as >. Divide numerator and 
I denominator by 2. 
— Ida 
a 
2 1 
2 - 2, -_ 
) ere x ae a) = Sanay x aa Divide numerator and 
1! | denominator by Sa(a — 3). 
— bah +2) 
~ b 


Remember that to divide two rational numbers, you multiply the dividend by 
the reciprocal of the divisor. 


For example, 12 + 2 = 40 
Pp. 5° oe 
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Rational expressions are divided the same way as rational numbers are divided. 
If possible, simplify by dividing numerator and denominator by common 
factors first. 


Simplify. 
a 2 Be 6a-l) , 3a@-)) 
a) = FS h) 2 ae eh 
Solution 
To divide, multiply the dividend by the reciprocal of the divisor then 
simplify. 
2 3 2 
Fe ee ie ae Multiply by the reciprocal of the divisor. 
=e eee 
lye y ; Divide numerators and denominators by 
28 B33 f. 
-| mn common factors. 
2 
= = e Divide numerator and denominator by x. 
xX 
a= 
~ Ax 


6(a-1) , 3-1) _ 6(a-1) x a(a + 2) 


= gee. 3(a—1) Multiply by the reciprocal of 


the divisor. 


2 dt 
_ 64-1) a(a + 2) bed 
a x oD, Divide by common factors. 


2 +2 a 
= a Divide numerator and 


denominator by a. 


a 


2a +2) 
a 


In Example 2a, the negative rational expression may be written in any one of 
three equivalent forms. 


ee 2) 


4x 4x = —Ax 


It is usual to place the negative sign either with the numerator, or in front of the 
rational expression. 


Factoring a polynomial is often an important step when simplifying a 
rational expression. 
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Simplify. 


w+8xt15 x-3 


Solution 


denominator by their common factors. 
2-x-6 y xt5 _'GDE+D y wd)! 
x2 + 8x + 15 x-3 (x + 3)(4*5), (x3), 


— x+2 
x+3 


r-x-6 x+5 6a27-15a , 4a*-25 
x Da aa 
a“~-—a-12 3a+9 


a) Factor the numerator. Factor the denominator. Divide the numerator and 


b) To divide, multiply by the reciprocal of the divisor, then proceed as in 


= 9a 
~ (a—4)(2a +5) 


part a. 
6a”-15a_. 4a”-25 _ 6a°-15a y, _3a+9 Discuss 
a—-a-12 ° 3a+9 a—a-—12  4a*—25 What are the 
_ eaux), ag) Hoes 
~ (a—-4 p 2a+5 ieee 
@ aA), i en ea sr) of Example 3? 


Al 


1. Simplify. 
3 . 10a x2 3 —2m 
a oe ¢) 5 
-12t 14 4° - 3 10x 
8) 5X 3; 0 Xe o) ~s 
2. Simplify. 
) 2b. 3b by 16 = 8 
14 7 12a * 3q2 
12a3. 2a? —20r . 48 
d) Fa ys tr 
6m. 3° 23 
9) 49n2 ° 7n Nees 
3. Simplify. 
12x*y _ 10y Ax 15y 
Bl aay) ay Daan Gee 
) —15m?n? . —25n* ) 3m2n? . 4n?n 
l6mn3 * 2m4 6mn3 * 8&mn 


3m 3b? , 10 
a “og ay 
25, a 
* Ox h) 5 X top 
6m . 2m 
0) 5 + 95 
14° . 49 
f) “9 * 3p 
BE os 
i) 374 


2 2 
c) 30a“b x 15ab 


2ab 10ab 
3ab . 9b" 
f) ” Be 
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4. Knowledge/Understanding 


«OA: oo a) 9x2 |, 24y? -16x2 ), 123 
i) en Tn ii) ar 3x iii) Ox x ae 
iv) 24 x =28 Sm? . 25m )) 3a 9b? 
ee aia ee 6 ” Be 
ji) 22 = 28 + 3 au ae 
vii) isa 42 viii) © ma ay Toy ix) = + Sp 


b) Choose one product or aaien from part a. Write to ee how you 
would identify the restrictions on the variable(s). 


LB) 


5. Simplify. 
a) (3x)? J 15y py 322° (Sab) ¢) LSmn? 15mn? mn)? 
— * 07x 2ab 10ab 12mn 10mn3 
spa gp IY 6a ¥ 14c? . 2c es x Bn. 18m 
a) = 3y X On X Ge gt oat Ba ‘) 6° 4Ond 


6. Thinking/Inquiry/Problem Solving Each rational expression below is the 
product of two other rational expressions. For each, write what the two rational 
expressions might have been. Explain how you obtained your answers. 


a) "5 °) 
a) < e) 3b t) = 


7. Communication Assume each rational expression in exercise 6 is the 
quotient of two other rational expressions. For each, write what the other 
two rational expressions might have been. Explain how you obtained 
your answers. 


8. a) Simplify. Identify any restrictions on the variables. 


6x S(x + 1) 2(a — 3) 5a wey Ax-2) , 3 
a1 %— 3 Il) 154 ea-5 "W457 tee 
iw) 822 IAs-4) ue, 2 vi) 2823) 2 6-3) 

305-4) Os 7-2) * WO-h i? 0G 


b) Choose one product and one eee from part a. Write to explain how 
you identified the restrictions on the variable in the product. How did this 
process compare with the identification of restrictions on the variable in 
the quotient? 


9. Simplify. 
+ 2 9(a — b 2y3 4y — 12 
a) = Body lie b) 5a-b (a a ¢) a y : 
x 3(x + y) 3(a — b) 25ab" y?-9 10y 
) —18a__. __2ab g) J4m-8 . Im-4 f 2x? — 18y? x= By 
9a2- 12a ° 9a? -16 10mn2  *  25m2n 4x2-10 * 6x2 -15 
(2x)3 1 (Sab*)? .  (2a*b)? . (6mn)? (n— my 
) 2 h) 305 2 ; 2 3 
6(x — 1) (3x) (a+b) (a+b) (n—m) (2mn) 
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10. Simplify. 


a) 2n2 + 6n 3n2 —6n 
3n-6 2n+6 
a-a-2 at+5at+6 

) 2 x 2 
a“+a-6 a’t+a 

2 2, 

e) me -1 x Stsct2 

c-2c4+1 co+2c4+1 


11. Simplify. 


a) 3x2 -—3x . 9x—9 
Ww +2x ° 4x+8 
@-l1 . @-2a-3 
c) 2 aa) 
a“t+a-2 a’+5a+6 


m+m—-6 . m+4mn+3 
e) - 5 aw) 
m-+5n+4 m+6m+8 


12. Simplify. 


. 2e-x-12 


x4 Tx412 ° x2 4x-12 


) 4x? + 4x 3x2 + 6x 
5x274+ 10x 6x2 - 6x 

) b?-b b?-5b+6 
b?-—4b+3 b? + 4b 


2 2 
t) a 2x —3 x x 4x+4 
x~ + 4x43 x* —3x+2 


b) 5e7-10 . 2e-4 
10e7+10e © 3e+3 

d) n+3n—-10 . n2+6n+5 
n+5n—-6 °° n2+7n+6 

f) c-4c+4 . 2 —5c+6 
4  ¢24+5c4+6 
2 2. 
a“ — 25 a +5a+6 

h) 3+a 5 S-a 
a+2a-8 . a? +8a+16 
a —2a+1 a +3a—4 
m —8m+7 m= +3m+2 
m+6m-7 mm —Sm-14 


13. Each rational expression below is the product of two other rational 
expressions. For each, write what the other two rational expressions might 


have been. 


1 x-2 
x+1 b) 2 


a) 


(x+y? 
x 


a 
er q) 


14. Application Assume each rational expression in exercise 13 is the quotient 
of two other rational expressions. For each, write what the other two rational 


expressions might have been. 


15. Simplify. 
oy? — x2 


a) 4x* — 10 b) ab \ 6a+3b 
x-3y 6x? —15 4a + 2b b—a 
c) 6mn2 2m — 3 d) 8mn_. —_An* 
4m? — 9 -18m?n An2 — m2 3m — 6n 
e) 9a - 16b2 . 12ab— 9a? f 3x2 —6xy , 18xy— 9x? 
at+2b 6a + 12b 4x+20y * 3xy 4 15y? 
16. Simplify. 
Pcie a te jp as 
x—2y x2 — Oy? x — 3y x —2y x7 — Oy? x — 3y 
p) Cate” y 92160" , 3a+4b — yy (2a +58), 160-90 . 3a4 db 
3a — 4b 4a? —25b2 ° 2a—5b 3a —4b da? — 252 ° 2a—5b 
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2.5 Adding and Subtracting Rational Expressions: Part | 


Remember the steps to add two rational numbers: 

¢ Determine a common denominator. 

e Express each fraction as an equivalent fraction with this common denominator. 
e Add the numerators. Write the sum over the common denominator. 


e Simplify if possible. 


lI 
x 


—7 5 -7 3 5 : : 
4 + 9 4 3 +9X%5 The lowest common denominator is 18. 


For example, 


Rational expressions are added and subtracted the same way as rational 
numbers are added and subtracted. 


Add or subtract, as indicated. 


5.2, ae a3 57 
a) 2a = 3a h) 2m = 5 ) 8x 12x2 
Solution 
5 1 _ 5 3 1 2 
a) aft 3a oe a The lowest common 
15. 2 denominator is 6a. 
= +e 
6a ~—s 6a 
a ASD: 
6a 
d7 
6a 
ee ee ee ge The lowest common __ Discuss 
2m 5 2m 5 5 2m . : . : 
15 Ss denominator is 10m. When we write an equivalent 
= F0m * 10m fraction, why must we multiply 
15 49m both the numerator and 
= T0m denominator by the same factor? 
c) > -— = 2 x 3-1 x2 The lowestcommon __ Discuss 
8x 12x? Bx Bx 12x? 2 2 
15 4 denominator is 24x-. Suppose the common 
= 5 = 5 denominator 48x? was used in 
24. 24x Example 1c. Would you get the 
— Ix-14 same result? Explain. 
24x? 
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Add or subtract, as indicated. 


_Tx _ 3x. xt+2_ 2m _ 3+n 
Solution 
a) —2 — 3x = Eee 3x The lowest common denominator is 5y”. 
y Sy y Sy Sy 
_ ay Bx 
5y* 5y* 
_ ~35xy - 3x 
5y" 
by 2¢2—1 = 2424 Writing -1 as —+ 
=< t = + x 3 The lowest common denominator is 3x. 
KAD. 2 3K 
3x 3x 
= t+ 2 -—3x 
3x 
— 2-2x 
3x 
2m 3+n _m 2m _ 34+n ws m 
)mt = ao tS ~ Writing m as = 
=Mym,mym_34+nyn The lowest common 
1 mn n m m n ; : 
Gh, WE Hh) denominator is mn. 
= mn + mn ~~ mn 
-_ mn + 2m? — n(3 +n) 
~ mn 
_ nn + 2m —3n— nr? 
_ mn 


Al 


1. Write each rational expression with a denominator of 36xy. 


2 5x -Ix I1xy =Ty 
a) 3; b) toy 0) > oar Paes 
=13, ‘a lly 4) SAY. =the 
> 9) sy h) 5. i) = i) >, 


2. For each pair of rational expressions, write an equivalent pair with a 
common denominator. 


m m x 3 Ae) 
a) 35 b) 35% *) 3p p 
ee 2x XxX x+3 x—5 
4) Sr 9 8) 35° az a 2 
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3. Simplify. State any restrictions on the variables. 


ayi+ 4 bl) +3 c) & + jet aa 

(Ste +B ote etetis 
4. Simplify. 

apt —4 b) 2-3 Dae ia. 

oS $MM Meg A gue) 2 


LB) 


5. Simplify. State any restrictions on the variables. 


a) 4 + 24 b) O + o) + 
)No+t eae he tsa 
ils > hy) 22 42 p+ 2 
6. Simplify. 
3 "aa a 05 ae 
y) 22 - 4 hy 2 - 4 ee 
7. Simplify. 
ae ag y2+e 
ye-s er riers Way ea 
-8b _ 2b 2b _ Sa 5x 1 
ae ae Fab 11b Da ae 


8. Knowledge/Understanding Simplify. 


=, a tay ye -f+3 oe ee 

9. Simplify. 

a) 442 4 243 b) 444 — 243 py 3 4 8 
Qe mY 
ee ee 
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10. 


11. 


12. 


13. 


14. 


15. 


ic) 


16. 


a) Simplify. 


Ne -Br4 ii) 6— 24 iii) 144% — 3 43 
aed y2-7 434m a) = 2 
vit) 2 - 3 — ar vii) 2 + -2 ie =3S5. 


bh) Communication Choose one expression from part a. Write to explain how 
you simplified it. 


Thinking/Inquiry/Problem Solving Write each rational expression as the 
sum of two rational expressions. 

2 3a 1 3x 8x —y 
Va b) a5 ) ab O72 ®) ay 


Write each rational expression in exercise 11 as the difference of two 
rational expressions. 


Simplify. State any restrictions on the variables. 


m +3 m-1 a@-2 _at+5 ak ese 
d) 5 + e) 7 7 f) ee 3x 


Application Remember the lens formula on[page 95} page 95} f = =a 
Oe 


Kx qd « 


Focal length 


Another way to write this formula is SS 


f Pp q 
a) Explain how one version of the formula is derived from the other version. 


b) A zoom lens in a camera is used to take a picture of a flower. The flower 
is 60.0 cm in front of the lens. The distance between the lens and the film 
is 10.4 cm. Calculate the focal length of the lens. 


Write as a sum or a difference of two rational expressions. 


2 
12- 2x -5 xo + xy Be+x+1 
-) aa ae a c) 7 qd) “A 


Simplify. 
yatt ra: ae oe 
a c 
Ld fd get El 
x x 4 3x 
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2.6 Adding and Subtracting Rational Expressions: Part II 


We can use the methods of Section 2.5|to add and subtract rational expressions 
with denominators that are not monomials. 


Add or subtract as indicated. 


x+2 2x — 3 2 3 2m 3 
a) 1 x-1 5 + x44 + men 
Solution 


a) Since the terms have a common denominator, the numerators can be 
combined directly. 


xt+2 _ 2x-3 _ ¥+2-(2x—3) : 
e=1 ¥=1 | Discuss 
— *+2-—2x43 Why is it preferable to 
= x-1 write the expression 
—x+5 5-x as 27> *? 
=r tS yea ao 
2 3025, x4+4 3 5 F 
b) cP ae Se ae ea The common denominator 
_ 2x + 4) +305) is 5(x + 4). 
~  5(¢ +4) 
_ 2x+8+15 
S(x + 4) 
— 2x+23 
S(x + 4) 
Oe ee ae er Writing m as 7 
mtn on 1 mtn on 1 
_m n(m + n) 2m yD 3 x m+n The common 
1 n(mt+n) m+n on on mtn denominator is 


mn(m + n) + 2mn — 3(m + n) 
n(m + n) 


n(m +n). 


n2n + mn2 + 2mn — 3m — 3n 


n(m +n) 


When the denominators are polynomials, you may be able to factor these 
polynomials to determine the lowest common denominator. 


r-4 
) a 2 
a+5a—6 at+3at2 
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Solution 
at+l a-—7 at+l1 at+2 a-—7 a-3 ‘ 
— = x = 
a) 3 ee ae Ga ae ae The common denominator 
_ (at la+2)-(a—-T(a-3) is (a — 3)(a + 2). 
(a —3)(a + 2) 
_ @+3at+2-(@-10a+21) 
(a—3)(a +2) 
_ a@t+3at+2-a?+10a—21 
(a —3)(a + 2) 
_ Ba-19 
(a —3)(a + 2) 
x x 1 
= x+2 2_ 4 


Factor the third denominator x” — 4 = (x — 2)(x + 2). 
The first denominator 2 — x can be written as —(x — 2). 


So, the first rational expression becomes —~—— or —.. 
—(x — 2) x-2 
The common denominator is (x — 2)(x + 2). 
xX _ Xx ap 1 —-_—* __¢x 1 
Q—-x xwxt+2 x7-4  ~-2 x42 °° (¥-2)(x4+2) 
=, xX+2 x HD 4 1 
~ y~-2 x42 x42 > x-2  (x-2)(44+2) 
— x +2) - x —2)41 Discuss 

(x — 2)(x + 2) Why did we write 
_ x2 = 2x32 +2041 75 BS? 

(x — 2)(x + 2) Could we have 
2x? 41 simplified without 
~ (x= 2)\(x +2) doing this? Explain. 

c) Factor the denominators first. 
a _ 2 = a a 2 
at+5a+6 a-+3a+2 (at3\at+2) (a+2)(a+1) 
The lowest common denominator is (a + 1)(a + 2)(a + 3). 
a - 2 = a y at Des 2 y as 
a+5at+6 a+3at2. (a+3\at+2)° atl (a+2\at+l) a 
= a(a + 1) —2(a+3) 
(a+ 3)(at+ 2)(at 1) 
_  @+a-2a-6 
~ (a+ 3)at+2at 1) 
= a’—a~6 The numerator can be factored 
(a+ 3)(a+2)(a + 1) : 
= (a — 3)(a +2) Divide the numerator and 
(a+ 3)(a + 2)(a + 1) denominator by a + 2. 
_ a-3 
(a+3)(a+ 1) 
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Al 


1. Simplify. 
sae re ares a oe 
a ee 
k+3 6 — 2k Im+5 _— 2m—5 +» 3a+50 _ 2a-—50 
0) 3p—-1 * 3e-1 or ee or rs 
2. Simplify. 
vie wgged Bye 
res e) 5 =o) eas 
i =S 4 eer dees pee 
3. Simplify. 
a)6+—~ b) 5 +7 t) 3-35 
d) + -5 e) 8 -x-2 )4-—.-a 
g)3+5 55 h) 25 -2x-7 i) 4a- 54, 
© 
4. Simplify. 
eer a ee are gree 
i) xo oT e) ae ar f) =e 
persian res SS eae ee 


5. Knowledge/Understanding Simplify. 


vias tad Moa? ad att mes 

i rae a) TCE pt ce 1 f) jas Db 1G 3) 

9) ee ~ = . h) ee) e Tea = i) a=) ~ Cees 
6. Simplify. 

iS ao ee 

q) aa = ae e) aaa 7 er ‘) TEE 7 3 

9) ae ~ a h) ree 2) a au i) i) iG dD = 3) 
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10. 


11. 


12. 


13. 


14. 


. Write each rational expression as the sum of two rational expressions. 


2 x+2 2b 
a) b) 6 ree: 


. Communication Write each rational expression in exercise 7 as the 


difference of two rational expressions. Write to explain how you did this. 


. Add the rational expressions in each list. Extend each pattern for two 


more examples. 
apt +— b+ ). + 


x+1 x+1 x+2 x(x — 1) x(x + 1) 
1 1 2 3 1 1 
x+1 +42 x42 ' 443 Ha) wa) 
1 s] 4 1 1 
2 3 7.9 eae 70S) ee 


Thinking/Inquiry/Problem Solving Make up a pattern similar to each of 
those in exercise 9. Write to explain your patterns. 


Simplify. 

oa ta Ne ew res are: 
ae ae e) as me ner ‘) ae eer, 
io Yotso 1 
Simplify. 

pes meres) Ne a ¢) ee 
a) 3 ___4 A eee: 


2-7 x-5 


Application 
a) Sketch each polygon. What is the measure of each angle in each polygon? 
i) equilateral triangle ii) square 
iii) regular pentagon iv) regular hexagon 


v) regular octagon 


b) Use the method of part a. Develop a formula to determine the measure of 
each angle in a regular polygon with n sides. 


c) What is the measure of each angle in a regular decagon (10 sides)? 


Simplify. 
3 4 5 xX _ 2x 3 
VS gel b) 2 722 pa 
c) —™ 3m 3m2 d) Qn An 5 
m+4 m+3 — w?+7m+12 2n+1l  2nt+3  4n?+8n+3 
c+4 _ c+3 2c 2m +3 2m +1 3m 
at. 6-2" 14 -5e-c? ) om—1 + 3m—3 4m? — 8m +3 
i) = 3 h) 3a+2 _ 2a + 1 
2n-1 2n-S  4n?-12n+5 2a+3  a-6 — 184+ 9a-2a* 
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15. Simplify. 


2a Ta 7x 4x 
a + b = 
2 6at+8 a—-a-12 Vs x2 42x -3 
3b 2b 4m 6m 
c + d = 
) Pa 6 8 b?+2b-8 ) 2 eae m+m—-6 
n i Sn f) 2a _ 3a 
m—n-20  n?—7n+10 at+9a+8 a*+8at7 
6x 2x 4x 3x 
+ h - 
a) r-3x-10 x2 -2x-15 ore x2 -2x-3 


16. Simplify. 


x+1 x-1 a-1l _ a-—2 
-3x-10 x2-9x+20 @t+8at+15 a—2a-15 
é a3 + Beal d) Ss 4 
x~ —9x + 20 x“ —7x+ 12 36-x x* —8x+ 12 
e) a-6 _ __a-5 f) 3a+2 re Sa-4 
a—llat+28 a*-8a+7 a@+10a+21 15+2a-a 
2b —5 3b 3-4x x +3 
9) Pb Peh=30 h xv43x-18 12-x-x 


17. Simplify. 


3 4 2 5 
a + b _ 
YP eeas 2x2 + 5x43 aa) 2x2 + 3x41 
c) 5 a + 2a d) mn —_ 6n 
2a2+7a+6  2a*+9a+9 2n2-5n-3 =n? — 10n +21 


4m 3m 5c 2c 
e) 5 aa) =a ~ a2 
2m* +8m+6 3m + 9m + 6 3c° + 13¢+4 2c’ + lle +12 


18. Simplify. 


a) 3S n ts b) 4 _ wits 
2x° + 7x4+3 x +x-6 2a°+4a+2 2a°+3a+1 
2c +3 2c-1 4-—2m 34+m 
c) 5 pe a) 55 a 2 
2c — 7e — 15 2c* —1le+5 2m — 8 6+5m+m 
e) 2x +3 + 3x +2 f) n+3 _ 3 +n 


62+ 7x42 2x7 45x42 


19. Simplify. 
3x? + 6xy _ 4y* — 2xy 


3n27+7n+2 2n2-n-10 


x — 5xy + 6y* _ x? — xy — 12? 


a) 3x 2y b) x — 3y x—4y 
¢) x2 —4xy—2ly? , x2 4+ 2xy — 24y? d) a—b a+b 
3x — 2ly 2x + 12y a +2ab—3b? ~— a* — 2ab — 3b? 


.C) 


20. Write each rational expression as the sum of two rational expressions. 


2x -—4 2x 3x+11 
a aw b) > = ) Ga G+D 


21. Suppose you extended the lists in exercise 9 upward. Determine the three 
previous expressions in each list. Predict each sum. Add the expressions to 
confirm your prediction. 


116 = CHAPTER 2 RATIONAL EXPRESSIONS 


Self-Check 2.4 — 2.6 


. Simplify. 


. Simplify. 


a) 


2 
x- — 25 x 9x 


¢) 9x2 + 9x +2 


12x3 2x2 + 10x 


3x2 — 4x +1 


3x2 -x-2 
. Simplify. 
a) 2x* — 5x -3 


9x2 — 1 


2x? — 6x — 36 


5x2 — 45 
) 2a +a-10 . 


2x? — 11x -6 
4a* — 25 


5a? + 15a? 


. Simplify. 


* 2a +a-15 


b) 64a2b . 8b*c 


27b2c ° Yabc 
d) 6a ¥, 10c? . 2be 
5b? «15a 3a 


f 33-x) . 94-3) 
Mapa 10@ +1) 


. Simplify. State any restrictions on the variable. 


5 a+2 
a+l * a-3 


c) x+2 — 2x41 
2x+1 2x-1 


a) 


e) y-5 yt? 
2y+7) y-3 


b) 3a2+7a . 144+6a 
16 — a2 3a +12 
) 427-1. Qx?-x-1 
2x2 — 5x +2 x2 -4 
b) 3x2 — 5x —2 3x2 — 24x + 48 
2 
2x” — 12x + 16 9x7 - 1 
y Ae 1x9. = 2x41 
2x -— x -3 4x2 —4 
5 2, 
b) in m+3 
8 2 9 
d) = -= += 
35 3y Ay 
eee nee oe 
3x Sy Oxy 
b) 4. __ 7 


3x+1 x-1 


6+m 1+5m 
q) aa Qen— 1) 


2 1 
f + 
Pa x—x-2 
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INSIGHTS 


y How Much Time Does Extra Speed Save? 


George was driving along Highway 401 at 120 km/h. 
He was stopped by a police officer. “Why are you 
driving so fast?” asked the officer. “I want to save 
time,” said George. “How much time do you save by 
breaking the speed limit?” asked the police officer. 
“Tm travelling 500 km today, and the speed limit is 
100 km/h,” replied George. “If I drive at the speed 
limit, it would take 5 hours. If I drive 20 km/h faster, 
that’s 20% more speed. So it would take 20% 

less time. That’s a whole hour.” 


Is George right? If you think George 
is right, what do you 
think of these 


Formulating Questions arguments? 


Suppose he drives at 


This is the problem we want to investigate. 160 km/h, which is 
60% more speed. 
Suppose the speed limit is 100 km/h and you travel 500 km. How much So, it would take 


60% less time. 
That's only 2 h. 
Suppose he drives at 


- : - : 200 km/h, which is 
Representing the Time Saved in Mathematical Form 100% more speed. 


So, it would take 
100% less time, or 


time do you save when you break the speed limit by a certain amount? 


Suppose we increase the speed by x km/h. 


: ; 010203040 5 
the right. It shows that for a speed increase of 20 km/h, the time | a | Sydeal take (km/h) 


saved is less than one hour. 


Then the speed is (100 + x) km/h. no time at all! 
The time to travel 500 km at this speed is i - hours. 
Let ¢ hours represent the time saved. Then, 
=, 500 
OS 04x 
_ (500 + 5x) — 500 
100 + x 
_ 5x 
~ 100 +x 
This equation expresses the time saved as a function of the [fe | 
speed increase. To determine the time saved when travelling at S3e c TEE 
120 km/h, substitute x = 20 to obtain “30 = 2 _ The time LOEE | 
: : sol iz 
saved is 2 of an hour, or 50 min. z ied | 
1 L| | 
. : 05 414 
The graph of the function t = 2X _ for (0). < x < 60 is shown at -T4— ; + r tal 
100 + x iat 
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Interpreting Information and Forming Conclusions 


To see why George’s reasoning is wrong, look at this formula: 
speed X time = distance 
At 100 km/h: 100 x 5 = 500 


If the speed is larger, the time must be smaller to make the product 500. 
At 120 km/h, the speed is 20% larger. That’s : larger. We can write the 


1 


speed as 100 x (1 + a George thinks the time is + smaller. If so, we 


1 5 


can write the time as 5 x (1 — =). But these don’t have a product of 500. 


> 
100 x (2) x 5 x (2) # 500 


To make the product 500, we need 2 instead of <. 
6 5 
100 x (=) x 5 x (<) = 500 


This shows that the time can be written as 5 x ( 1- *). 


An increase in speed by 7 will cut George’s time by only 7 
Therefore, George saves & x 5h =50 min. 


The above example illustrates a general principle that involves two 
quantities with a constant product. To discover this principle, let the 
quantities be A and B. Suppose A is increased by a fraction r, and 
we want to know the corresponding fractional decrease in B. Let 

s represent this fractional decrease. Then A becomes A(1 + r) and 
B becomes B(1 — s). 


Now use the fact that the product is constant. 
A(1 +r) x BU -s)=AB 


Solve for s. Divide each side by AB. 


d+nd-s)=1 
1 


l-s= 


l+r 
1 
s=1- 
l+r 
ee r 
ltr 


Reflecting on the Reasonableness of Results 


The formula s = ee expresses the fractional decrease in terms of the 


fractional increase. Since the denominator is greater than 1, we know 
that s <r. 


Notice the connection 
to a difference of 
squares. If George is 
right, the product 

(1 + 4) - +) has 
to equal 1. However, 
we know that it 

1 


equals 1 — Se 


The awesome 
power of algebra 
We solved the 
numerical example 
by inspection, by 
recognizing that the 
fraction 2 was 
needed instead of 4. 
We won't be able 

to do this in other 
situations. Therefore, 
we use A and B 
(which don’t even 
have to represent 
speed and time) and 
introduce s as an 
unknown. Then we 
form an equation 
and solve it for s. 


The expressions 

A(1 +r) and B(1 —s) 
are examples of the 
multiplier principles 
for growth and decay, 
respectively. 
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r 


We have now found the general principle we wanted. We might call it — 


The graph of s = 
is shown below. 
Notice that it lies 
below the line s = r. 
This tells us that the 
fractional decrease 
l+r in one quantity is 
always less than the 
fractional increase in 


the constant product principle: 

Suppose two varying quantities have a constant product. When r is the 
fractional increase in one quantity, the fractional decrease in the other 
quantity is s = 


This principle will be useful in some of the problems that follow. 
But it is not the principle by itself that is important. Recognize 


the other. 
that the method used to determine this relationship can be ; 
used in other situations. The method applies to any problem a da sj=lr 
in which two quantities are related and we want to know i ie 7 
how a fractional change in one quantity affects the other cE SF at 
quantity. See problems 8 and 10. g Ve | | 
= 04 


02.0406 08 
Fractional increase 


0 
Problems 


1. Use the constant product principle to determine how much time 
George saves by driving 500 km at 120 km/h instead of 100 km/h. 


2. Suppose George drives at 110 km/h. Selecting Strategies, 


: : : . Resources, 
a) How much time will he save when he drives 500 km at this speed Technology 
instead of at 100 km/h? and Tools 


You can use the 
constant product 
principle to solve many 
of these problems, or 
you can reason them 
out using a method 


b) Is the answer to part a one-half the answer to the problem on 
page 118)? Explain. 
3. Suppose George drives at 80 km/h. 
a) How much more time would it take him to travel 500 km at this 


speed than at 100 km/h? 


b) Does driving at 20 km/h below the speed limit take the same 
amount of extra time as the time saved by driving at 20 km/h 
above the speed limit? Explain. 


4. As I am driving along the highway at 80 km/h, a car passes me in 
the left lane. I estimate that I will be in the next town in 10 min. 
How many minutes before I get there will the car that passed me 
arrive in this town when it is travelling at each speed? 


a) 100 km/h b) 120 km/h 


5. Suppose you drive to work along country roads. Each morning you 
leave home at 8:30 and arrive at work at 9:00. However, today you 
are late and do not leave until 8:35. By how much will you have to 
increase your speed to get to work at 9:00? 
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similar to that at the 
bottom of page 118. 


To use the constant 
product principle: 

e Identify two 
quantities that have 
a constant product. 
Determine the 
fractional change in 
one quantity. 

Use the equation 

to determine the 
fractional change in 
the other quantity. 


Fractional changes 
can be expressed as 
fractions or as 
percents. 


[=>] 


~ 


8. 


. Each time I stop at the gas station I put exactly $20 worth of gas into 


my car. 


a) This week the gas prices have risen by 5%. Does this mean that I 
will get 5% less gas for my $20? Explain. 


b) How much gas will I get? 


c) Suppose gas prices rise by a fraction r. What is the effect on the 
amount of gas my $20 will buy? 


. One share of the stock of a certain company is worth $120. After a 


disappointing earnings report is released, the value drops to $90. 
That is a decrease of $30, or 25%. 


a) Suppose the price now increases by 25%. Would the share be worth 
$120 again? Explain. 


b) What percent increase is needed to get the price back to $120? 

c) Suppose the price of a share decreases by a fraction r. What fractional 
increase is needed to get the price back to its original price? 

A and B are two quantities that satisfy the equation “ = 100. Suppose 

A is increased by 20%. What is the corresponding change in B? 


Challenge Problems 


9. 


10. 


11. 


On page 120, the graph of the function s = ee. is shown forO <r <1. 
a) Find out as much as you can about the graph for other values of r. 


bh) Interpret the results in terms of the constant product principle, 
where possible. 


A cylindrical can is designed to hold a volume of 1000 cm?. 


a) Suppose the radius is increased by 25%. What is the corresponding 
percent decrease in the height so the volume is still 1000 cm?? 


b) Suppose the radius is increased by a fraction p. What is the effect 
on the height? 


c) Suppose the height is increased by a fraction g. What is the effect 
on the radius? 


In a relay race, each team has two sprinters. They run the same 
distance one after the other. Suppose there are two teams, A and B. 
The sprinters in team A run at the same speed. In team B, the sprinters 
run at different speeds. One sprinter runs faster than the A team by a 
fraction s. The other sprinter runs slower than the A team by the same 
fraction s. Which team will win the race, and by how much? 


Notice how problems 
8 and 10 are similar 
to the problems you 
solved using the 
constant product 
principle. 


In problem 8, 
what would be 

a corresponding 
constant quotient 
principle? 

What would be 
the corresponding 
principle in 
problem 10? 
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Review Exercises 


Mathematics Toolkit 
Algebra Tools 


e The distributive law: 
ax+y+z)=axt+aytaz 
(a+ b)\x+y+z)=axt+ayt+azt+bx+by+bz 

e A rational expression is written as a where p and g are polynomials, and g # 0. 

e A rational expression is not defined when its denominator is 0. Values of the 
variable that would make the denominator 0 are called non-permissible values. 

e A simplified rational expression is defined only for the values of the variables 
for which the original expression was defined. 

e To simplify a rational expression: factor both the numerator and denominator, 
then divide the numerator and denominator by their common factors. See 
pages 96-98. 

¢ To multiply two rational expressions: multiply the numerators, multiply the 
denominators, and simplify. See}pages 103 

e To divide two rational expressions: multiply the dividend by the reciprocal of 


the divisor. See|pages 104, 105, 


¢ To add or subtract two rational expressions: determine the lowest common 
denominator, create equivalent expressions with that denominator, then add or 
subtract the numerators as indicated. Write the sum, or difference, of the 


numerators over the common denominator. See |pages 112, 113. 


2.1 1. Simplify. 
a) (4x3 — 2x? + 5x — 1) + (2x9 + 7x7 -— x4 4) 
b) (5x4 + 3x2 — 8x — 6) + (—3x4 +9 + 4x + 2) 
c) (4x2 — 2x + 1) + (3x2 +x —- 6) 
d) (5xy — 3xy + 2y*) + (-2x*y + xy — 4y’) 
2. Simplify. 
a) (5x2 + 3x + 7) — (4x7 + 6x +5) 
b) (6y° — 3y? + 7y — 2) — (4y? — 4y? — 2y + 5) 
t) (4x? — 2xy + 3y*) — 3x? — Sxy — y’) 
d) (a*b* + Sa*b — 3ab) — (-2a7b* — 3a*b + ab?) 
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~ 


al 


s 


2.2 6. 
7 
2.3 8. 
9 
2.4 10. 


Previous Section 


Contents 


Simplify. 

a) (3x2 + 17xy) - (12x? = 3xy) 

b) (3m? — Smn) — (3mn — Tn”) 

c) 2x(x + y) — 3x(2x — 3y) 

d) 2a(3a — 5b) — a(2b + 3a) 

e) 3xy(x — 2y) — 3x(2xy + 3y*) — y(2x? + Sxy) 

f) 5m(3mn — 2n*) — 2(m?2n — 15mn?) + 5n(—3mn — 5m?) 


Simplify. 
a) 6(2x* — 5x) — 14(3x — x7) + 3(x — x”) 

b) —7(c — 3d + 5e) + 4(2c — 11d — 3e) — 5(3c — 7d + 2e) 
c) 7m(2m — 5n + 3) + 2m(—3m + 9n — 4) 

d) 4x7(5x — 2y — 8)- 3x7(4x — 8y — 2) 
Simplify. 

a) (2x — 4)(x + 3) 

c) (2m — 3) 

e) (2x — 5)(2x* — 7x — 4) 


b) (5x + 2)(x + 4) 
d) (4a + 1)? 
f) (By + 4)(8y? + 3y — 7) 


Evaluate each rational expression for x = 2. 
x+1 e+x-3 2x +3 
eae a Borer 
5x* — 3x +1 eS x2 +5x 46 
ny) 2 e) 2 2 
x= 25 x +x-—12 x + 7x +10 
. In exercise 6, state any restrictions on the values of x. 
Simplify. 
50a‘b 6m +3 40x? = 8x 
al aarp b) 5 0) 50 
q) 12ab - 4b? e) 10xy ) =3men 
—6ab 5x°y — 15xy 6m2n2 + 2mn2 
. Simplify. State any restrictions on the variables. 
12 — 24y x-9 xw-—x-12 
a b c) ——* 
) 6y — 3 ) 722s x — 16 
) 12 — 3a? e) m-—7Tm+ 12 t) 6x — x" 
a’ —5a+6 m—5m+4 x —4x-12 
Simplify. 
5a3 | 8 -12mn \, 3 l4x*y 9 
aa Sa OX Ome Iq5" X 53a 
6 Gry eo 12a? 3 
d) Ga» 12x e) 6X 5b f) mes 20b 
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Review Exercises 


11. Simplify. 


er ee by OY . 2? ¢) GOP. 20% 
5a * 15a 7 “21 4m 8m2 
ja. Cay 1 3b 

A) aye a) 3- + 4x f) 12b3 — 

12. Simplify. 
2 2 
HOEK x+5 7 a-9 

a) —— xX = x 
) 3x2 x? — 25 rere 14a 
3m? — 4m —7 3m 2a? + 12a a —4a—5 

¢) 6m2 + 6m og 7 q) a-5 S a+6 
3x2 — 6x x-5 4-2 m+2 

x f x 
) 27+ 10 12x? n= 3 m—5m+6 


13. Simplify. 


a) a +3a 28 b) 5x3 = 15x* 
a —2a-3 a+a 4x? -1 12x? — 6x 
jen = m= — 25 d) 2x" = x? — 5x 
m+2 " m+7m+10 x+6 © 3? 4+x-30 
)@4+9a+ 18 2 a? =2a~-15 f a +ab . a +2abt+h* 
12a’b 3a? — 15a a> + 3ab + 2b” a’ + 2ab 
2.5 14. Simplify. 
3 7 5 3 2 4 
aa tag bt rae Pe 
Ax _ 3x 4 x Ag 3S 3S 3 42 
Ns - ats aa da aa On Gage 
15. Simplify. 
x+1 2x — 3 3x-1 _ 2x-2 a-2 , 6a-1 
a) x +7 % b) 2 3 c) 4a + 5 
x+3 , 5x-1 2a2-2 — at5 6m2-1 , 5m-2 
ag Ge ae 4 ar 
2.6 16. Simplify. 
5 4 5 2 2,4 
a aD os tm °) 7 x 
1 4 ae” 
St 8) 543 5 f) 6 y+1 
17. Simplify. 
3 5 6 2 4 7 
aor Gos a ab o) 2a = Sm 
2 5 2 _ 3 D: 48 1 
cee 3 a) Fags 2at+5 2 Ea 2” tae 
18. Simplify. 
3x 5 7 4x 
a - b - 
ares x—3 5-4 x? + 3x —28 
3x 2 x _ x-il 
°) e+ Sx-12 | 4x29 I ea eT 
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Self-Test 


1. Simplify. 
a) (3m — 2n + 6n?) + (2m — 3n?) b) 2a(a + b*) — 3(a? — Sab?) 
c) (5x + 2y)(x — 3y) d) (a + 2)(a? — 2a + 4) 


2. Knowledge/Understanding For what values of the variable(s) is each 
rational expression not defined? 
a) So b) x2 ) 12x x+3 
3xy 5x(x — 2) x? -8x+7 yr+2 


3. Evaluate each expression in exercise 2 for x = 3 and y = —2. 


4. Simplify. 
9ab 9x? — 4 x2 — 36 60 — 15x2 
a b c) —*— > — d) —* 
502 ) 3x +2 Vea 8 ) 25x10 


5. Thinking/Inquiry/Problem Solving Choose one rational expression from 
exercise 4. 
a) Write the expression as the sum of two rational expressions with 
different denominators. 
b) Write the expression as the difference of two rational expressions with 
different denominators. 


6. Simplify. 
4a+3 ., 3a+3 7t-21 . 42-3¢ x2 16 12x2 
ial 8a+6 b) top 10 > 37 a Sen 


7. Communication Simplify. Identify any restrictions on the variables. Write 
to explain the significance of the restrictions. 


a) a@-2a-3. a-l b) 16x? — 9 yy bx" — 12 = 18 
2a+l * 2@-a-1 4x* —9x-9 9 — 12x 
2 5 a-3 a+5 
c + d 2 
reer: 9-x2 ee a +2a-3 


8. Each rational expression below is the product of two other rational 
expressions. For each, write what the two rational expressions might have 
been. Explain how you obtained your answers. 

3 5b 2 
a) bye ©) Fim +) 

9. Suppose each rational expression in exercise 8 is the sum of two other 
rational expressions with different denominators. For each, write what the 
two other rational expressions might have been. Explain how you obtained 
your answers. 


SELF-TEST 125 


10. Application In an electrical circuit, two resistances x ohms and y ohms are 
connected in parallel. The total resistance, z ohms, is given by the formula 
1 1 1 
= = + =, 


Zz x y* 

a) Solve the formula for z. 

b) Two resistances in parallel are 10 ohms and 12 ohms. What is the total 
resistance? 


Assessment Tasks 
1. I have 30 m of fencing and wish to enclose a rectangular sheep pen. One 
pen could have length 10 m and width 5 m. However, I would prefer the 
area of the pen to be as large as possible. 
a) Analyse how the area of the enclosure depends on the width of the pen. 
Illustrate your analysis with suitable diagrams, tables, graphs, and algebra. 


b) The side-wall of a barn could form one side of the sheep pen. Describe 
the effect on the area enclosed of using the side-wall in this way. 


2. a) Simplify each sum. 
1 1 + 1 


Dea aed 4x5 
PF 1 1 1 
Set es Gace 
a re 


4x5 5x6 6x7 
b) Describe any patterns in part a. 


c) Show that any sum similar to those in part a will fit the patterns. 


3. The arithmetic mean of two positive numbers is one-half the sum of the 


numbers. The harmonic mean of two numbers is the reciprocal of the mean 
5+7 
= 6. 


of their reciprocals. For example, the arithmetic mean of 5 and 7 is 
Ee yee ee oe 
> are which is less than the 


arithmetic mean. Show that the harmonic mean of two distinct positive 


The harmonic mean of 5 and 7 is ( 


numbers, a — x and a + x, is always less than the arithmetic mean. 
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Financial Mathematics 


INSIGHTS 1's) 
INTOA Canada Savings Bonds (CSBs) are a common form of investment. 


oat When you own a CSB, you can redeem it at any time for its face 
| value plus accumulated interest. 


At theJend of this chapter, you will learn about other kinds of bonds that cannot be 


redeemed before their maturity date. Instead, they can be bought and sold in the 
financial marketplace. This means that the value of these bonds change daily. 
You will use geometric series to calculate the value of these bonds. 


Curriculum Expectations 
By the end of this chapter, you will: 


e Derive the formulas for compound interest, geometric sequences, and 
interest and present value, the amount of exponential growth. 
an ordinary annuity, and the present e Analyse the effects of changing the 


value of an ordinary annuity, using the conditions in long-term savings plans. 
formulas for the nth term of a geometric 


sequence and the sum of the first n terms 
of a geometric series. 


Describe the manner in which interest is 
calculated on a mortgage and compare 
this with the method of interest 


Solve problems involving compound compounded monthly and calculated 
interest and present value. monthly. 


Solve problems involving the amount 


Generate amortization tables for 
and the present value of an ordinary mortgages, using spreadsheets or other 
annuity. appropriate software. 


Demonstrate an understanding of the Analyse the effects of changing the 
relationships between simple interest, conditions of a mortgage. 


ern ee Seale Sad alco erwin ¢ Communicate the solutions to problems 


Demonstrate an understanding of the and the findings of investigations with 
relationships between compound clarity and justification. 
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Necessary Skills 


1. New: Simple Interest 


Interest is a fee charged for the use of money. For example, suppose 
you buy a $100 savings certificate from a bank that pays 5% interest 
per year. During the year, the bank “rents” your money and uses it 
for other investments. When you cash your certificate at the end of 
the year, you receive $100 plus $5 interest. 


Simple Interest 
Simple interest is calculated using this formula: 
I= Prt 
Tis the interest in dollars. 
P is the principal, the money borrowed, in dollars. 
r is the annual interest rate expressed as a decimal. 
t is the time in years. 
The amount, A dollars, is the sum of the principal, P dollars, and 
the interest, / dollars. 


A=P+I 


Simple interest is used only for time periods of 1 year, or less. 


A bank account pays annual interest of 3%. On April 30, the 
balance was $578.24. On May 25, the account was closed. 
Calculate the interest that should be credited to the account in 
May before closing the account. 


Solution 
Use the formula J = Prt. 
Substitute P = 578.24, r = 0.03, t = =. 


T= (578.24)(0.03)() 


365 
= 1.19 
The interest is $1.19. 


CHAPTER 3 FINANCIAL MATHEMATICS 


Take Note 


Contents Previous Section 


Each year, the federal government sells a new issue of Canada Savings Bonds 
(CSBs). Each bond may be held for an agreed period of years, at an interest rate 
guaranteed not to fall below that stated at the time of purchase. You cannot 
deposit or withdraw money from the bond during this time. However, you may 
redeem it for cash at any time. 


Felix bought a $500 regular interest Canada Savings Bond. A regular interest 
CSB pays simple interest annually. The interest rate for Felix’s bond is 
5% per year. He plans to keep the bond until it matures in 8 years. 


a) Determine the interest at the end of the first year. Calculate the total 
interest accumulated at the end of each year. Write the data in a table. 


b) Graph the data in part a. 
c) What type of growth does accumulated simple interest illustrate? 


d) How does the accumulated simple interest relate to an arithmetic sequence? 


Solution 
a) Use the formula J = Prt. Substitute P = 500, r = 0.05, t = 1. 
I= Prt 
= (500)(0.05)(1) 
= 25 
The interest at the end of the first year is $25. 


The interest earned each year is $25. 


Total interest 
Year Interest ($) accumulated ($) 
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b) Plot Year horizontally and Total interest accumulated vertically. 
Interest Accumulated on a Regular Interest CSB 


|_| 

es 2001 e 
el : 
53 150, ° 

23 100 i 

: - e 

aé it 

os 
3 50] e 

bi ° 


c) In the table, the total interest accumulated increases by a constant amount, 
$25, each year. The points on the graph lie on a straight line. 
Thus, accumulated simple interest illustrates linear growth. 


d) The accumulated interest increases by $25 each year. The yearly 
accumulated interest is an arithmetic sequence with first term 25 and 
common difference 25; that is, 25, 50, 75, 100... . 


Exercises 
1. Determine each missing item in the table. 


Annual interest 
Interest ($) Prnciva ($) rate (%) Time (months) 


ee 


20.33 a 
246.38 4500 | 73 | 
: 5 11 


2. Determine the interest on $715 at an annual rate of 6.2% for 10 months. 
3. How many days will $800 have to be invested at 7% annually to earn $13.50? 
4. At what annual interest rate will $555 earn $17.11 in 5 months? 


5. A credit card company charges an annual interest rate of 18% on the unpaid 
balance of an account. Calculate the amount that must be paid to the company 
when a balance of $726.40 is paid 15 days late. 
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6. Determine the amount when $458 is invested at 6.5% annually for 4 months. 


7. Sun bought a $100 regular interest CSB that matures in 8 years. It earns 
interest at 6.5% annually. 
a) Draw a graph to show the total interest accumulated until maturity. 
b) What type of growth does the graph represent? 
c) How is simple interest related to arithmetic sequences and linear growth? 


2. Review: Solving Equations 


Solve for x. 
a)3+x= > b)ax-S=c 
Solution 
apne 
a) 34+x= i 
34+x-x= a —x Subtracting x from each side 
a= x(2 a 1) Collecting like terms 
3= x(=) Simplifying 
3x4 = x(=) x 4 Multiplying each side by 4 
x=12 
b) ax-5=c 
ax—-5+5=c+t+5 Adding 5 to each side 
ax=ct+5 
= c * 2 Dividing each side by a 
CRS 
x= 
a 
Exercises 
1. Solve each equation for x. 
a) 8 = 7x b)6= = ¢) 5(x — 2) = 42x + 1) 
d) x- x= 15 e)at+4x=d f) h-— gx =-2 
g) x7 =5 h) x7 =2 i) Ax? = b 
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3. Review: Geometric Series 

Remember these results from aaa we 1. 

[The series]a + ar + ar? + ar’ + ar* +--- is geometric with the nth term ar"~!. 
(The sumJof the first n terms is S,, = ae =) Db re#l. 


Determine the sum of the first 7 terms of this geometric series. 
100 + 100(0.05) + 100(0.05)* + 100(0.05)? + 


Solution 


The first term, a, is 100. 
The common ratio r is eerie = 0.05. 
Substitute a = 100, r = 0.05, andn = 7 into S, = a 
2 100(0.057 — 1) 
0.05 — 1 
= 105.26 
The sum of the first 7 terms of the series is approximately 105.26. 


Use a calculator. 


Exercises 
1. Determine each indicated sum. Write each answer to 4 decimal places where 
necessary. 
a) 3+ 3(0.1) + 3(0.1)? +--+; 15 terms b) 0.3 + 0.3(24) + 0.3(24)* + ---; 9 terms 
c)4+8+16+---;8 terms d)5+1+02+0.04+4+---; 9 terms 


4. Review: Using a Calculator to Evaluate Expressions 
When you use a calculator: 

¢ Record all the data that you input as well as the result. 

e¢ Make sure you press the correct keys. 

e Learn to use the special calculator functions you need. 

e Apply the order of operations seed 


For example, remember that re 35+4+7. 


¢ Use calculator memory to store intermediate results. 
e Estimate to check calculator results. 


e Round only after the answer is obtained. 
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Recall that the keystrokes are for the TI-30X US calculator. 


Use a calculator to evaluate. Write each answer to 3 decimal places. 


2.14 3.8 6 7.2 X 3.6 Xx 9.8 
a) aa ae b) (1 + 0.0375) c) Ace o 
Solution 

2.14 3.8 
a) 55 


Calculate the sum, 2.1 + 3.8, before you divide by 5.7. As you input the 
numbers, place brackets around this sum. 


Key in: CU) 2.1 +) 3.8 CO DC: ) 5.7 @) to display 1.035087719 


To 3 decimal places, atts = 1.035 


b) (1 + 0.0375)° 
Add 1 + 0.0375 mentally to get 1.0375. 
Key in: 1.0375 4) 6 to display 1.247178548 
To 3 decimal places, (1 + 0.0375)® = 1.247 


7.2 X 3.6 X 9.8 
4.4 x 5.9 
Remember to divide the numerator by 4.4, then divide by 5.9. 
Key in: 7.2 x) 3.6 «) 9.8 ) 4.4) 5.9 @) to display 9.784899846 


72X36X98 = 
4.4x5.9 = 9.785 


c) 


To 3 decimal places, 


Evaluate. Write each answer to 2 decimal places. 


= 24 _ 476.93 _ 3400(1.058!3 — 1) 
a) A = 1345(1.076) b) P= aoe c) S= aaa 


Solution 
a) A = 1345(1.076)24 


Key in: 1345 1.076 _) 24 @®) to display 7802.194925 
A = 7802.19 


b) P= 476.93 
(1 + 0.088)!5 


Key in: 476.93 (_) 1.088 (4) 15 to display 134.5926088 
P = 134.59 
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13 
a = me 
Calculate 1.058 — 1 mentally as 0.058, then divide by this number. 
Key in: 3400 CC) 1.058 ~) 13) 1 CG) 0.058 to 
display 63380.65113 
S = 63 380.65 


In some exercises, you may need to solve for the variable first. 


Solve for R. Write the answer to 2 decimal places. 


8 
Solution : 
Simplify the i 
5000 = S08 


Multiply each side by 0.0433. 
5000(0.0433) = R(1.04338 — 1) 
Divide each side 1.04338 — 1. 
5000(0.0433) _ 
1.04338—1 
To evaluate, place brackets around the denominator. 


Key in: 5000 C~_) 0.0433 GJ C1) 1.0433 48) 1 OC) to 


display 536.2920754 
R = 536.29 
Exercises 
1. Evaluate each expression. Write each answer to 1 decimal place. 
6.3 + 8.7 — 11.0 9 6.3 x 3.5 x 4.1 
a) “54-61738 Bs OGi) C) 5x59x83 
2. Evaluate. Write each answer to 2 decimal places. 
= 13 — _ 6789.76 _ — 6700(1.062? = 1) 
a) A = 285.58(1.0566)'” b) P= G1 +.0.049)% c) S es 
3. Solve for R. Write each answer to 2 decimal places. 
—_ R(1.062!6 — 1) — RU 1.057!) 
a) 30 000 = cacti os b) 93 000 = a a 
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3.1 Compound Interest: Amount and Present Value 


In this chapter, you will examine some current banking, investment, and 
business practices, and explore how these practices can affect you, the 
customer. Most calculations in this chapter involve interest rates, and these can 
change frequently. However, we shall make the following assumptions 
throughout this chapter to allow you to focus on the mathematics. 


e Interest rates are constant in each problem, unless stated otherwise. 
e Income taxes are not considered. 


¢ No other deposits or withdrawals are made. 


When you deposit money in a bank account, you lend money to the bank. In 
return, the bank pays you interest, which is money paid for the use of your 
money. Consider interest that is paid annually. In the second year of an 
investment, interest is earned not only on the principal, but also on the first 
year’s interest. When interest is earned on interest, we say the interest 
compounds; hence, the term compound interest. 


Suppose you open a bank account and deposit a principal of $1000. The interest 
rate is 6% per annum, compounded annually. What is the amount after 10 years? 


Since the interest rate is 6% per annum, the amount increases by 6% each year. 
From Chapter 1, recall the We use it to calculate the 
amount after each year. To increase the amount by 6% is the same as 
multiplying it by 1.06. 


Ist year: $1000(1.06) = $1060.00 
2nd year: $1000(1.06)” = $1123.60 
3rd year: $1000(1.06)° = $1191.02 
10th year: $1000(1.06)!° = $1790.85 


The amount after 10 years is $1790.85. 


In the example above, the principal is $1000, the interest rate is 6% or 0.06, and 
the multiplier is 1 + 0.06, or 1.06. The yearly amounts form a geometric 
sequence with common ratio 1.06. 


A similar pattern occurs for other principals and other interest rates. In general, 
suppose a principal of P dollars is invested at an interest rate of i per annum, 
compounded annually. The multiplier is 1 + 7. The yearly amounts form the 
geometric sequence: P(1 +i), PU. + i)’, P(1 + i)%, ... . We use this pattern to 
determine that the amount A after n years is given by the formula A = P(1 + i)”. 
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Lauren deposited $1000 in an investment savings account. The annual interest 
rate is 4.25% compounded annually. Determine the amount after 7 years. 


Solution 
The time diagram illustrates this situation. 


Time — years 
0 1 2 3 4 p) 6 7 


> A 


$1000 grow to $A in 7 years. 


Use the formula for amount. Substitute P = 1000, i = 0.0425, n = 7. 
A=P(1+i)" 
= 1000(1.0425)’ 
= 1338.24 
The amount after 7 years is $1338.24. 


Nicholas opened an investment savings account. The interest rate is 53% per 
annum, compounded annually. He wants the amount to be $5000 in 8 years. 
What principal should he deposit now? 


Solution 
Let P represent the principal. 
The time diagram illustrates this situation. 


Time — years 
Ot 2 3 4 5 6 7 8 


| > 5000 
$P grow to $5000 in 8 years. 


Use the formula for amount. Substitute A = 5000, i = 0.0575, n = 8. 


A=P(1+i)" 
5000 = P(1.0575)° 
Solve for P. 
_ a Key in: 5000) 1.0575 @) 8 
~ 3196.88 


Nicholas should deposit $3196.88. 
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In Example 2, the principal of $3196.88 is called the present value of $5000 in 
8 years. Present value calculations occur frequently in financial mathematics. To 
determine a formula for present value, we solve the formula A = P(1 + 7)” for P. 


A= P(1+i)" 
Divide each side by (1 + 7)”. 
= A 
Po U4 


Take Note 


Compound Interest for Annual Compounding 


Formula for amount Formula for present value 
= : = _A 


P is the money invested (the principal). 

A is the amount. 

i is the interest rate for the compounding period, expressed as 
a decimal. 

n is the number of compounding periods. 


Since the calculation of the amount uses a multiplier, the amount 
grows exponentially. 


To remember the formulas for amount and present value, visualize a time 
diagram that represents the growth of $100 earning compound interest at an 
annual interest rate i, compounded annually. 


Time — years 


n years 0 n years 
7 " 100 100 ; —— 
. 2 
+i Ta3 a 1000. + 7) 100(1 + 1) 

- A “\n 
- (1+ iy" > > A=P(1+i 
Present value Amount 
¢ Move to the left. ¢ Move to the right. 

e Divide by (1 + i) for each year. e Multiply by (1 + 2) for each year. 
e The present value of $100 due e The amount of $100 after n years 
inn years 1s d+)" is 100(1 + i)”. 
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What interest rate, compounded annually, is required for a $200 investment 
to amount to $250 in 4 years? 


Solution 


The time diagram illustrates this situation. 
Time — years 
0 1 2 3 4 


> 250 


$200 amount to $250 in 4 years. 


Use the formula for amount. Substitute A = 250, P = 200, n = 4. 


A=P(1 +i)" 
250 = 200(1 + i)* 
4 — 250 
d+i"= 500 
(1 +i)* = 1.25 


Take the 4th root of each side; that is, raise each side to the exponent 4. 
1 


[a +a*]* = 1.254 
144 = 1.254 
1+i%= 1.057 371 263 
i = 0.057 371 263 
Express the interest rate as a percent. 
0.057 371 263 = 5.74% 


The interest rate is approximately 5.74% per annum, compounded annually. 


Al 


1. Use the formula A = P(1 + 7)”. Calculate A for each set of values. 
a) P = $500, i = 0.04, n = 3 b) P = $1000, i= 0.04, n =3 
c) P = $500, i = 0.08, n = 3 d) P = $500, i= 0.04, n=6 


2. Calculate the amount. Each interest rate is per annum, compounded annually. 
a) $500 invested for 8 years at 6% 
b) $800 invested for 10 years at 7.5% 
c) $1000 invested for 5 years at 5.75% 
d) $750 invested for 12 years at 6.25% 
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3. Use the formula P = ESE Calculate P for each set of values. 
a) A = $1000, i = 0.035, n = 5 b) A = $2000, i = 0.035, n= 5 
c) A = $1000, i = 0.07, n=5 d) A = $1000, i = 0.035, n = 10 
4. Calculate the present value. Each interest rate is per annum, compounded 
annually. 
a) $1000 in 9 years at 5% b) $1200 in 4 years at 6.75% 
c) $2500 in 8 years at 5.5% d) $10 000 in 12 years at 8.25% 


Exercises 5 to 13 refer to Example 1 or Example 2, page 136. 


.B) 


. Refer to/Example /| Determine the amount in each case. 
a) The principal is twice as great, $2000. 


oa 


b) The interest rate is twice as great, 8.5%. 


c) The time period is twice as long, 14 years. 


> 


In which part(s) of exercise 5 is the amount twice as great as the amount in 


Example 1)? Explain. 
. Refer to|Example 2| Determine the present value in each case. 


a) The amount is twice as great, $10 000. 


~ 


b) The interest rate is twice as great, 115%. 


c) The time period is twice as long, 16 years. 


8. In which part(s) of exercise 7 is the present value twice as great as the 


present value in|Example 2)? Explain. 


9. In|Example Ij, Lauren deposited $1000 into an Amount of $1000 at 4.25% 
investment account with an annual interest rate 8000 
of 4.25% compounded annually. This graph shows 
the amounts in the account for up to 50 years. 7000 
a) Estimate the amount Lauren would have after 6000 

each time. a 
= 5000 
i) 10 years ii) 20 years __ iti) 30 years b= 
iv) 40 years vv) 50 years : 4000 
b) Estimate how long it would take to save it 3000 
each amount. 
F - - 2000 
i) $1500 ii) $2000 iti) $3000 
1000 


c) Describe how the amount grows as the number 


of years increases. 
0 10 20 30 40 50 
Time (years) 
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d) Describe how the graph would change in each case. 
i) The interest rate is greater than 4.25%. 
ii) The amount deposited is greater than $1000. 


e) For part d) i, one student suggested that, if the principal was $1500, the 
new graph would be the image of the original graph after a vertical 
translation of $500. Was the student correct? Explain. 


1 


f In[Example 2| Nicholas invests money into an account that pays 5.75% interest 
per annum, compounded annually. The graph below shows the principal he needs 
to deposit for this principal to amount to $5000 for different numbers of years. 

Present Value of $5000 at 5.75% 


5000 
4000 
3000 


2000 


Present value ($) 


1000 


0 10 20 30 40 50 60 
Time (years) 
a) Estimate the principal Nicholas needs to deposit to have $5000 after 
each time. 
i) 10 years ii) 20 years __ iii) 30 years 
iv) 40 years =v) SO years _ vi) 60 years 
b) Estimate the time it takes for each principal to amount to $5000. 
i) $1500 ii) $2000 iii) $3000 


c) Describe how the present value changes as the number of years increases. 


d) Describe how the graph would change in each case. 
i) The interest rate is greater than 5.75%. 
ii) The amount is greater than $5000. 


11. Compare the graphs in exercises 9 and 10. Explain why one graph goes up 
to the right and the other goes down to the right. 


© 12. Start a new spreadsheet. Enter the data shown below in all cells except D5. 
These data are from Example I. In cell D5, enter the formula =D2*(1+D3)*D4. 
The computer displays the amount shown below. Compare this result 


with |Example 1 
a B c D 


Calculating Amount 
Principal al 000.00 
Aral mberest rte i 4 
umber of years nq 


Arriourit 4 ae | = 
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14. 


1 


ol 


1 


[=>] 


17. 


18. 


. The interest rate on a GIC may vary and depend on the term 


Use your spreadsheet to solve each problem. 

a) Determine the amount after 7 years for each interest rate. 
i) 3% ii) 5% iii) 6.75% iv) 9.25% 
Change the interest rate back to 4.25% before you continue. 

b) Determine the amount at 4.25% per annum, compounded annually, after 
each time. 
i) 2 years ii) 4 years iii) 10 years iv) 15 years 


. Use the spreadsheet in exercise 12 to solve each problem. 


a) Suppose you invest $400 at 5.5% per annum, compounded annually. 
What is the amount after 7 years? 


b) Suppose $750 will grow to $2000 in 10 years. What interest rate do 
you need? 


c) Suppose $2000 grows to $5000 at 8% per annum, compounded annually. 
How many years does it take? 


d) Choose either part b or part c. Write to explain how you solved 

the problem. 
A $1000 Guaranteed Investment Certificate (GIC) has an annual interest rate of 
6.5% compounded annually. Determine its value after each time. 


a) 4 years b) 6 years c) 8 years 


. A trust company offers GICs at 7.25% per annum, compounded annually, to 


mature in 6 years. Determine the maturity value of each certificate. 
a) $250 b) $500 c) $1000 


GIC Rates 
5 years 6.5% 
4 years 6.25% 
3 years 5.75% 


of the investment. Use the information in the advertisement. 
The interest rates are per annum, compounded annually. 


a) Determine the value of each GIC after the specified time. 
i) $5000 thee year IC) a$10 000 fouryear cre 28S. 
iii) a ee-year iv) a our-year 1 year 4.75% 


v) a $100 000 five-year GIC | 
ABC Bank | 


b) Why does the interest rate vary with the term? 


Use the information in the advertisement for exercise 16. What principal 
should you invest today to obtain each amount? 


a) $3980 in 5 years b) $2850 in 3 years 
c) $10 400 in 1 year d) $5460 in 2 years 
Knowledge/Understanding Suppose you want an amount of $5000 


in 10 years. What principal should you invest today at an annual rate 
of 6.25% compounded annually? 
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wo 


. A parent wants to invest money now to amount to $8000 in 4 years when 
her daughter starts university. What principal must be invested now at each 
annual interest rate, compounded annually, to provide this amount? 


a) 3% b) 4% ct) 5% d) 6% e) 7% 


20. a) Would you rather have $1000 today or $2000 five years from now? Explain. 
b) Would you rather have $1000 today or $4000 ten years from now? Explain. 
c) Would you rather have $1000 today or $16 000 twenty years from now? Explain. 


d) What interest rates correspond to the situations in parts a and b? 
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. In exercise 20, do you think the answer to part d might cause you to change 
your answers to parts a, b, or c? Explain. 


22. Communication Write to explain the difference between simple interest 
and compound interest. Use examples to illustrate your explanation. 


2. 
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. A person donated $1 000 000 to a hospital. The money was to be invested 
for 6 years. After this time, the amount was to be used to help pay for a 
planned addition to the hospital. The hospital invested the funds at 8% per 
annum, compounded annually. What amount would be available in 6 years? 


24. Suppose you want to deposit enough money today into an investment account 
so you will have $1 000 000 in 50 years. Suppose the account pays 7% per 
annum, compounded annually. How much would you need to deposit? 


25. About how many years will it take a principal to double when invested at 
each annual interest rate, compounded annually? 
a) 5% b) 6% ct) 7% d) 8% e) 9% 

26. At what annual interest rate, compounded annually, will a principal double 
in each time? 


a) 4 years b) 8 years c) 12 years d)16years  e) 20 years 
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. Application The 50¢ Bluenose is one of 
Canada’s most famous postage stamps. 
In 1929, it could be bought at the post office 
for 50¢. In 2000, a superb copy was sold at 
an auction for $529. What annual interest 
rate corresponds to an investment of 50¢ 
in 1929 that grows to $529 in 2000? 


28. The formula A = P(1 + i)” contains four quantities P, A, i, and n. Write to 
explain how you can determine one of these quantities when you know the 
other three quantities. 
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This graph shows the number of years required for money to double when 
invested at different interest rates. 
Number of Years for Money to Double 


Time (years) 


0 5 10 15 20 
Annual interest rate (%) 


a) About how long does it take money to double when invested at each rate? 


i) 10% ii) 15% 
b) What interest rate would double an investment in each time? 
i) 6 years ii) 10 years 


Karl has $125 in his account, which pays 6.4% per annum, compounded 
annually. After the 3rd year, he deposits an additional $200. How much will 
Karl have in his account after 5 years? 


Melissa has $2200 in her trust account, which pays 5.15% per annum, 
compounded annually. After 2 years, she withdraws $200. One year later, 
she deposits $1000. How much will she have after 5 years? 


Ravi has $775 in his account, which pays 5.25% per annum, compounded 
annually. After the 3rd year, the interest rate increases to 6.25%. How much 
will he have after 5 years? 


Thinking/Inquiry/Problem Solving Sue-Lang has $3750 in her account, 
which pays annual interest of 5.5%, compounded annually. After one year, 
the interest rate decreases to 5%. Two years later, the rate increases to 6%. 


a) How much will Sue-Lang have in her account after 5 years? 


b) The effective interest rate is the constant rate that would result in the same 
growth at the end of the given period. What is the effective interest rate 
Sue-Lang earned during the 5 years? 


Use the formula for the nth term of a geometric sequence, t, = ar’~!, to 
derive the formula for amount, A = P(1 + 7)". 


3.1 COMPOUND INTEREST: AMOUNT AND PRESENT VALUE 
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3.2 Compound Interest: Other Compounding Periods 


Interest is often calculated more frequently than once a year. For example, interest 
may be calculated every 6 months. We say the compounding period is 6 months. 


When an interest rate is quoted, it is an annual rate. So, we delete the words 
“per annum” when describing an interest rate. 


Semi-annual compounding 
Suppose you open an investment account and deposit $1000. The interest rate is 
6% compounded semi-annually. How much will be in the account after 10 years? 


Compounded semi-annually means that interest is calculated and added to the 
principal two times each year. A rate of 6% compounded semi-annually means 
you will receive 3% interest every 6 months. 


We can use the multiplier principle to calculate the amount after every 6 months. 


Ist 6 months: $1000(1.03) = $1030.00 
next 6 months: $1000(1.03) = $1060.90 
next 6 months: $1000(1.03)° = $1092.73 
10th year: $1000(1.03)°° = $1806.11 


There will be $1806.11 in the account after 10 years. 
We could have used the compound interest formula A = P(1 + i)” to determine 
this amount. Substitute P = 1000, i = 0.03, and n = 20. 
A = 1000(1.03)”° 
= 1806.11 


When interest is compounded semi-annually, there are 2 interest calculations 
each year. The interest rate for each 6-month period is 4 the annual rate. The 
number of compounding periods is 2 x the number of years. 


Monthly compounding 

Suppose you open an investment account and deposit $1000. The interest rate is 
6% compounded monthly. How much will be in the account after 10 years? 
Compounded monthly means that interest is calculated every month. 

6% compounded monthly means that you will receive % = 0.5% interest 


every month. In 10 years, there are 10 x 12, or 120 compounding periods. 
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Use the formula A = P(1 + i)”. Substitute P = 1000, i = 0.005, and n = 120. 


A = 1000(1.005)!7° 
= 1819.40 


There will be $1819.40 in the account after 10 years. 


When interest is compounded monthly, there are 12 interest calculations per 
year. The interest rate each month is 4 the annual rate. The number of 


compounding periods is 12 x the number of years. 


Take Note 


Compound Interest Formula 


Recall the formulas A = P(1 + 7)" and P = eae 

A is the amount, in dollars. 

P is the principal, in dollars. 

i is the interest rate for each compounding period, expressed 
as a decimal. 


n is the number of compounding periods. 


Amounts and present values can be found for any compounding periods, 
including weekly or daily. 


Sophie put $2500 into a Registered Retirement Savings Plan (an RRSP) that 


earns 74% compounded semi-annually. Determine the amount after 8 years. 


Solution 
Use the formula for amount. 


The interest rate per compounding period is 15% = 3.75%. 


2 
Substitute P = 2500, i = 0.0375,n =8x2= 16. 
A=P(1+i)" 
= 2500(1.0375)!° 
= 4505.57 


The amount after 8 years is $4505.57. 


3.2 COMPOUND INTEREST: OTHER COMPOUNDING PERIODS 
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What principal should be invested today to have $10 000 after 6 years? 
The interest rate is 5% compounded monthly. 


Solution 
Use the formula for present value. Substitute A = 10 000, i = “8 n=6xX12=72. 
_ A 
~ +i)" 
_ __ 10000 = Key in: 10000 C= JU) 1 G+) 0.05 CD 
(1+ 3) 2OIWI?RE 
= 7412.80 


A principal of $7412.80 should be invested today. 


Al 


1. Use the formula A = P(1 +7)”. Calculate A for each set of values. 
a) P = $100, i = 0.03, n = 10 b) P = $200, i= 0.04, n=8 
c) P = $250, i = 0.025, n=4 d) P = $150, i= 0.0575, n=7 


2. Calculate the amount. 
a) $350 invested for 5 years at 6% compounded annually 
b) $225 invested for 4 years at 5% compounded semi-annually 


ct) $570 invested for 6 years at 4.5% compounded quarterly 


3. Use the formula P = esa Calculate P for each set of values. 
a) A = $1500, i = 0.05, n = 12 b) A = $2360, i = 0.06, n = 10 


c) A = $3475, i = 0.055, n= 8 d) A = $4572, i = 0.0325, n=5 
4. Calculate the present value. 

a) $5000 in 10 years at 5% compounded annually 

b) $6000 in 8 years at 4% compounded semi-annually 

c) $10 000 in 7 years at 45% compounded monthly 


LB) 


5. The interest is compounded semi-annually. Determine each amount. 
a) $480 for 5 years at 6% b) $300 for 8 years at 5% 
c) $550 for 7 years at 6.5% d) $1500 for 10 years at 43% 
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. The interest is compounded monthly. Determine each amount. 


a) $250 for 4 years at 6% b) $500 for 7 years at 4% 
c) $750 for 3 years at 5.25% d) $4000 for 9 years at 75% 
e) $450 for 2 years at 44% f) $980 for 3 years at 55% 


. Determine the interest on $1000 after 1 year at each rate. 


a) 4.5% compounded semi-annually b) 4.5% compounded monthly 


. Calculate the amount after $250 are invested for 3 years at each rate. 


a) 5% compounded monthly b) 5% compounded semi-annually 


. Determine the principal that should be deposited today to amount to $1000 


in 3 years at each rate. 


a) 4.5% compounded semi-annually b) 4.5% compounded monthly 


. Knowledge/Understanding Determine the interest rate for a principal of 


$150 to amount to $275 in 8 years with interest compounded semi-annually. 


. On May 1, 2001, Marcie deposited $500 in a term deposit that pays 4% 


compounded semi-annually. On May 1, 2002, she deposited another $500. 
There are no further deposits and no withdrawals. Determine the amount in 
Marcie’s account on May 1, 2003. 


Application This table shows the growth of a 


Time (years) Amount ($) 
$6000 RRSP. 0 6000.00 
a) Graph the data. 1 6375.00 
b) Describe the growth of this RRSP investment. 2 6773.44 
c) Estimate the time required for the RRSP to 3 7196.78 
amount to $15 000. 4 7646.58 
d) Estimate the amount after 7 years. 5 8124.49 


What principal invested today at 34% compounded semi-annually will 
amount to $2500 in 6 years? 


Suppose you deposit $1000 in an investment account for one year at 6%. 
How much more money will you receive if the investment is: 

a) compounded semi-annually instead of annually? 

b) compounded quarterly instead of semi-annually? 


c) compounded monthly instead of quarterly? 


Mark plans to invest $500 in a GIC for 2 years. He has a choice of two plans: 
Plan A: 6.75% compounded annually 
Plan B: 6.60% compounded monthly 


What will the GIC be worth after 2 years for each plan? 


3.2 COMPOUND INTEREST: OTHER COMPOUNDING PERIODS 
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16. Communication Use the result of exercise 15. Explain why a lower annual 
interest rate may result in a greater amount. 


17. Andrea plans to invest $750 in a GIC for 3 years. She has a choice of 
two plans: 
Plan A: 7.5% compounded annually 
Plan B: 7.5% compounded quarterly 


a) Which plan provides more interest? How do you know? 


b) How much more interest will Andrea receive under this plan? 


18. Trevor borrowed $500 from his uncle and paid it back after 3 years. 
His uncle charged 3% compounded quarterly. How much did Trevor pay 
his uncle? 


19. Maya plans to invest $3000 for 5 years. She wants at least $4000 after 
5 years. What interest rate compounded semi-annually does she require? 


= 20. Start a new spreadsheet. Enter the text in column A and in row 5. These data 
are from Example I. Enter the data shown in cells C2, C3, and C4. Enter 
these formulas in cells C6, D6, E6, and F6: 

C6: =C2*(1+C3)4C4 

D6: =C2*(1+C3/2)(C4*2) 

E6: =C2*(1+C3/4)\(C4*4) 

F6: =C2*(1+C3/12)4(C4*12) 


The computer displays the values shown below. Compare this result 


with|Example | 


A B c D E F 
1 (Calculating Amount 
2 (Pancoa 250. 
@ | Annual interest rate 504 
40 Mumber of years & 
& [Type of compounding Arua Sem-anrual Quarterly Monthly 
6 Amount 4455.65 4505.57 4540.06 4,546.80 


Use your spreadsheet to solve each problem. 


a) Suppose you invest $1000 for 5 years at 6.5% compounded quarterly. 
What is the amount? 

b) Suppose you invest $2000 at 4.25% compounded monthly. How many 
years will it take to amount to $3000? 

c) Suppose you want to accumulate $10 000 in 12 years in an investment 
account that pays 5.75% compounded semi-annually. How much do you 
need to deposit now? 
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Use the spreadsheet in exercise 20. The spreadsheet shows the amount of 
$2500.00 after 8 years at 7.50% interest with different compounding 
periods. What interest rate, compounded annually, gives approximately the 
same amount as each interest rate? 


a) 7.5% compounded semi-annually 
b) 7.5% compounded quarterly 
c) 7.5% compounded monthly 


Determine, to the nearest half-year, how long it will take $100 to amount to 
$500 at 64% compounded semi-annually. 


Determine, to the nearest month, how long it will take $300 to amount to 
$1000 at 5% compounded monthly. 


Thinking/Inquiry/Problem Solving Shabir makes regular contributions to 
his RRSP, starting on January 1. Which investment schedule would you 
recommend and why? 


a) On the first day of each month, invest $100 at 8.5% compounded monthly. 
b) On January 1 and July 1, invest $600 at 8.5% compounded semi-annually. 


Determine how long it takes money to double in each situation. 
a) 7% compounded semi-annually 


b) 54% compounded semi-annually 


c) 85% compounded monthly 


Banks use computers to calculate daily interest. They could use the same 
technology to calculate interest for compounding periods of 1 hour or even 
1 second. Use a graphing calculator to investigate whether there would be 
any advantage to this. Enter these formulas, which calculate the amount for 
1 day, 1 hour, and 1 second, for $100 invested at 6% interest. 


Y1 = 100(1 + .06/365)*(365X) 
Y2 = 100(1 + .06/365/24)*(365*24X) 
Y3 = 100(1 + .06/365/24/3600)*(365*24*3600X) 


Press for TBLSET. Select values of X that are multiples of 5. 
Display the tables of values that correspond to these functions. 


a) Compare the amounts after 35 years when interest is calculated by the 
day, the hour, and the second. 


b) How do these amounts compare with the amount of $100 invested at 
6% compounded monthly? 


c) Suggest reasons why financial institutions rarely offer interest 
compounded hourly or by the minute. 


3.2 COMPOUND INTEREST: OTHER COMPOUNDING PERIODS 
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Self-Check 3.1, 3.2 


a) Suppose you invest $500 at 7.5% compounded annually. What is the 
amount after 9 years? 


b) Suppose $750 grows to $1800 in 9 years. What is the annual interest rate? 

c) Suppose $3000 grows to $9000 at 8% compounded annually. How many 
years does it take? 

Calculate the amount. 

a) $600 invested for 11 years at 6.2% compounded annually 

b) $1800 invested for 9 years at 7.25% compounded annually 


Calculate the present value of each amount. 

a) $1000 in 8 years at 5.5% compounded annually 

b) $1500 in 5 years at 8.75% compounded annually 

Suppose the interest is compounded semi-annually. Determine each amount. 


a) $3000 for 10 years at 6% b) $1500 for 9 years at 32% 


Suppose the interest is compounded monthly. Determine each amount. 


a) $750 for 3 years at 5.25% b) $2000 for 9.5 years at 75% 


A $1000 GIC pays interest at 6.38% compounded annually. Determine the 
value of the GIC after 8 years. 


Suppose you want to accumulate $5000 in 10 years. How much would you 
need to invest today at 5.87% compounded annually? 


Determine the interest rate necessary for $1500 to amount to $2075 in 
6 years with interest compounded semi-annually. 


What principal invested today at 6.22% compounded semi-annually will 
amount to $2500 in 10 years? 


. Mei-Lin borrowed $800 from her aunt and paid it back in a lump sum after 


2 years. Her aunt charged 4% interest compounded monthly. How much did 
Mei-Lin pay her aunt? 


. Suppose you invest $1000 at 5.5% compounded semi-annually. How many 


years will it take to amount to $3000? 
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3.3. The Amount of an Annuity 


Suppose you make regular deposits into an account. You deposit $1000 at the 
end of each year into an account that pays 6% compounded annually. What will 
the amount be after 10 years? 


The time diagram illustrates this situation. The amount of each deposit after 
10 years is shown at the right. The amount after 10 years is the sum of 
these amounts. 
Time — years 
0 28 9 to 
| 1000-1000 ~~«:1000~=—«1000~—~—«1000 


L__., 1000(1.06) 
1000(1.06)” 


> 1000(1.06)8 
> 1000(1.06)° 


The amount after 10 years is: 
1000 + 1000(1.06) + 1000(1.06)* + ... + 1000(1.06)? 


This is a geometric series with 10 terms, where the first term is 1000 and the 
common ratio is 1.06. 


To calculate the amount, use the formula from|Chapter 1] for the sum of the first 
n terms of a geometric series. 
a3 OF) 
S= r-1 
Substitute a = 1000, r = 1.06, n = 10. 
1000(1.06!9 — 1) 


S= 
1.06 -1 
_ 1000(1.06'° - 1) Key in: 1000 CL) 1.06 4) 10) 10) 
0.06 C=) 0.06 @=) 
= 13 180.79 


After 10 years, the amount will be $13 180.79. 


The series of deposits shown above is called an annuity. An annuity is a series 
of equal deposits made at equal time intervals. When the deposits are made at 
the end of each time interval, the annuity is called an ordinary annuity. The 
total value of all the deposits at the end of the last time interval is called the 
amount of the annuity. The compounding period is the time between deposits. 


For all annuities in this chapter, the deposit is made at the end of each period 
unless stated otherwise. 


3.3 THE AMOUNT OF AN ANNUITY 
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To obtain a formula for the amount of an annuity, use the time diagram below. 
R dollars represents the regular deposit. 
i represents the interest rate per period. 
n represent the number of periods. 
Time — years 
0 1 2 n-2 n—1 n 
. R RR R R 
Lis. Rea 
RQ +i) 


> R1+i)"? 
> R1+i)™! 


The amount, A, of all the deposits after n periods is: 
A=R+R1+i)+R1 +i? +...+R0 +i"! 


Use the formula for the sum of the first n terms of a geometric series. 


eo a(r" — 1) 
~ p=] 
Substitute S = A,a = R,r=1+i. 
_ Rd+)"- 1 
oe (l+i)-1 


_ RU+i"- 1] 
i 
Rd +i" 
i 


After n periods, the amount will be 4 dollars. 


Take Note 


Amount of an Ordinary Annuity 


A deposit R is made at the end of each period for n periods. 

The deposits earn interest at a rate i per period. 

The amount of these deposits at the end of the nth period is: 
yee OSS 


1 


A is the amount of the annuity. 


This formula can only be used when: 
e The deposit interval is the same as the compounding period. 


e A deposit is made at the end of each compounding period. 
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Suppose you deposit $250 every 6 months into an investment account that 
pays 4.5% compounded semi-annually. What is the amount of these regular 
deposits after 3 years? 


Solution 
The time diagram illustrates this situation. 
Time — years Discuss 
0 ; 1 2 3 This is a simplified 
250 250 250 250 250 250 time diagram. 
Compare it with the 
>A time diagram on 
Regular deposits of $250 grow to $A in 3 years. page 152. Which 


conveys more 


. Fi i i 2 i 
Use the formula for the amount of an ordinary annuity. informations expla, 


Aa Rid +i"=0 
l 
Substitute R = 250, i = “ = 0.0225,n=2x3=6. 
Ae 250(1.0225° — 1) 
~ 0.0225 
1586.95 


After 3 years, the amount is $1586.95. 


Suppose you begin a savings program to have $2500 after 5 years. You make 
a regular deposit every 6 months into an investment account that pays 5.5% 
compounded semi-annually. Calculate the regular deposit. 


Solution 


The time diagram illustrates this situation. 
Time — years 


0 1 2 3 4 5 
t t 
R R R R R R R R R R 
> 2500 


Regular deposits of $R grow to $2500 in 5 years. 
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Use the formula for the amount of an ordinary annuity. 
A= R{d +i)" - 1] 


1 


Substitute A = 2500, i = “5°? = 0.0275, n= 2x5 = 10. Discuss 
_ R(1.0275!9 =i} The formula for 
2500 = 0.0275 amount can also 
b itt 
Solve for R. al a a 
Ra (2500)(0.0275) ~ [ i |: 
~ 7.027510 — 1 Repeat the solution 
2 using this form. 
= 220.60 Which form is easier? 
The regular deposit is $220.60. Explain. 
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1. Use the formula A = — Calculate A for each set of values. 
a) R = $500, i= 0.04, n=8 b) R = $1000, i= 0.04, n=8 
c) R = $500, i = 0.08, n = 8 d) R = $500, i = 0.04, n = 16 


2. Calculate the amount of each annuity. The interest compounds annually. 
a) $100 deposited every year for 6 years at 5% 
b) $200 deposited every year for 5 years at 4.5% 


c) $300 deposited every year for 8 years at 4% 
d) $350 deposited every year for 3 years at 52% 


3. Use the formula A = 


a) A = $2500, i = 0.03, n= 6 b) A = $3000, i = 0.05, n = 10 
c) A = $2750, i = 0.045, n=7 d) A = $1800, i = 0.0325, n =9 


Aleit . Calculate R for each set of values. 


4. Calculate the regular deposit for each annuity. 
a) $5000 in 8 years at 5% compounded annually 
b) $6000 in 7 years at 6% compounded semi-annually 
c) $4000 in 4 years at 4.5% compounded quarterly 
d) $3000 in 5 years at 3.75% compounded monthly 


Exercises 5 to 11 refer to Example I or Example 2, pages 153, 154. 


154 = CHAPTER 3 FINANCIAL MATHEMATICS 


Previous Section 


ol 


f—7) 


~ 


oo 


o 


. Refer to|Example 1} Determine the amount in each case. 


a) The deposits are twice as great, $500. 
bh) The interest rate is twice as great, 9%. 


c) The time period is twice as long, 6 years. 


. In which part(s) of exercise 5 is the amount twice as great as the amount in 


Explain, 


. Refer to/Example 2. Determine the regular deposit in each case. 


a) The amount is twice as great, $5000. 
b) The interest rate is twice as great, 11% compounded semi-annually. 


c) The time period is twice as long, 10 years. 


. In which part(s) of exercise 7 is the regular deposit twice as great as the 


regular deposit in|/Example 2? Explain. 


. InjExample 1) you deposit $250 every 6 months into an investment account 


that pays 4.5% compounded semi-annually. The graph below shows the 
amounts in the account for up to 60 years. 
$250 every 6 months at 4.5% Compounded Semi-annually 


150-000 
125 000 
100-000} 


75-000 


Amount ($) 


50-000 
25-000 


0 10 20 30 40 50 60 
Time (years) 

a) Estimate the amount you would have after each time. 

i) 10 years ii) 20 years iii) 30 years 

iv) 40 years v) 50 years vi) 60 years 
b) Estimate how long it would take to save each amount. 

i) $50 000 ii) $100 000 iii) $150 000 
c) Describe how the amount grows as the number of years increases. 


d) Describe how the graph would change in each case. 
i) The interest rate is greater than 4.5%. 
ii) The regular deposit is greater than $250. 
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a 10. Start a new spreadsheet. Enter the text in column A and the symbols in 
== column C. Enter the data shown in cells D2, D3, D4, and D5. These data 
are from Example 1. Enter these formulas in cells D6, D7, and D8: 


D6: =D3/D4 
D7: =D4*D5 
D8: =D2*((1+D6)*D7-1)/D6 


The computer displays the amount shown below in cell D8. Compare this 


result with|Example I 


A B C 
Cabrulateng the Aumont of an Aunty 
Regular depos 
Annual nmberast rete 


COMPOunding pemods per yes 


Number of years 


IPlERESt rate per perod 
fdumber of pends 
Aurount 


Use your spreadsheet to solve each problem. 


a) Determine the amount after 3 years for each interest rate. 
i) 4.5% compounded monthly ii) 4.5% compounded annually 
iii) 7.25% compounded monthly iv) 9.75% compounded quarterly 
Change the interest rate back to 4.5% compounded semi-annually. 


b) Determine the amount after each time at 4.5% compounded semi-annually. 
i) 2 years ii) 4 years iii) 10 years iv) 15 years 
Change the number of years back to 3 before you continue. 


11. Use the spreadsheet in exercise 10. Suppose you want an amount of $5000. 
You could do this in different ways. 


a) You could increase the regular deposit. What regular deposit is needed to 
produce an amount of $5000? 


Change the regular deposit back to $250 before you continue. 


b) You could increase the time. How many years are needed to produce an 
amount of $5000? 


12. Knowledge/Understanding A deposit of $2000 is made at the end of 
every year for 8 years at 7.5% compounded annually. Calculate the amount 
of the annuity after 8 years. 


1 


oo 


. A deposit of $100 is made at the end of every six months for 5 years at 6% 
compounded semi-annually. Calculate the amount of the annuity after 5 years. 


1 


= 


. David deposits $50 at the end of each month for 5 years in an investment 
account that pays 6% compounded monthly. Calculate the amount in the 
account after 5 years. 


156 = CHAPTER 3 FINANCIAL MATHEMATICS 


15. 


16. 


17. 


18. 


19. 


20. 


2 


—_ 


22. 


23. 


Consider these three annuities. 

Annuity A: $400 per month for 5 years at 6% compounded monthly 

Annuity B: $200 per month for 10 years at 6% compounded monthly 

Annuity C: $100 per month for 20 years at 6% compounded monthly 

The total of all the regular deposits is the same for each annuity. 

a) Predict which annuity has the greatest amount; or are all the amounts the 
same? Explain. 


b) Carry out calculations to confirm your prediction in part a. 


Application One month after their twins were born, Mr. and Mrs. Deepstra 
deposited $25 to open an account that pays 6% compounded monthly. The 
parents deposit $25 each month. What is the amount on the twins’ birthday 
after each time? 


a) 10 years b) 15 years c) 20 years 
Suppose you begin a savings program to have $1000 after 4 years. You can 


obtain 6.5% compounded semi-annually in an investment account. How 
much should you deposit every 6 months? 


What regular deposit must be made at the end of each year in an account that 
pays 7% compounded annually, to have an amount of $2000 after 8 years? 


What regular deposit would you have to invest at the end of every 
6 months for the next 10 years to amount to $5000 at each interest rate? 
a) 5.4% compounded semi-annually 


b) 7.6% compounded semi-annually 


A company plans to replace its computers in 3 years. It estimates it will cost 
$50 000. To prepare for the expense, the company invests monthly in an 
account that pays 4.5% interest compounded monthly. What monthly deposit 
should the company make to ensure it has $50 000 in 3 years? 


. Suppose you deposit $1000 into an investment account each year for 


10 years, then leave the amount on deposit for another 30 years. The money 
earns an average return of 7% compounded annually. How much will be in 
the account after 40 years? 


Suppose you deposit $500 at the end of each 6-month period in an account that 
pays 6% compounded semi-annually. What will the amount be after 8 years? 


Communication A contest winner is given the choice of receiving $1 000 000 
today or $80 000 in annual payments over 20 years, starting one year from 
today. Which is the better choice? Make a recommendation, then justify it. 
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Comparing long-term investment strategies 


24. Martha and Randy are both 25 years old. They save for their retirement 
years using these strategies. 


Martha: Saves $1000 at the end of each year for 40 years. 
Randy: Waits 20 years. Then saves $5000 at the end of each year for 20 years. 


a) What is the total amount each person plans to save? 


b) Assume each investment pays 8% compounded annually. Who will have 
the greater amount at age 65? 


c) In part b, would it be possible for the other person to have the greater 
amount if the interest rate was different from 8%? Explain. 


2 


oa 


. Thinking/Inquiry/Problem Solving Dave and Milena have different 
long-term investment strategies. 


Dave: Deposits $1000 at the end of each year for 10 years in an account. 
Then he leaves the money to earn interest for another 20 years. 

Milena: Waits 10 years. Then she deposits $1000 at the end of each year for 
20 years. 

Which is the better plan? Explain. 


2 
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. Suppose you deposit the same principal into an investment account at the 
end of each year. You want the amount to be $1 000 000. 


a) Suppose you did this for 50 years, and the interest rate is 7% compounded 
annually. How much would you have to deposit each year? 


i b) Suppose you did this for 50 years, and you deposit $5000 each year. 
What interest rate would you need? 


c) Suppose you deposit $5000 each year, and the interest rate is 7% 
compounded annually. How many years would it take? 


ic) 


27. Suppose you deposit $500 every six months in an account that pays 6.4% 
compounded semi-annually. About how many years will it take to amount 
to $20 000? 


28. Suppose you deposit $500 every six months in an investment account for 
10 years. What interest rate will you need to have an amount of $15 000? 


29. a) Suppose you deposit $1000 at the beginning of each year into an account 
that pays 6% compounded annually. What will the amount be after 
10 years? 

b) The annuity in part a is an example of an annuity due because the 
payments are made at the beginning of each compounding period. 
Determine a formula for the amount of an annuity due of R dollars per 
period after n periods at an interest rate i per period. 
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3.4 The Present Value of an Annuity 


Suppose you have promised to pay your niece an annuity of $300 at the end of 
each year for the next 10 years. You open an account that pays 7% compounded 
annually. You deposit enough money today so you can withdraw $300 at the end of 
each year for the next 10 years. How much money do you need to deposit now? 


The time diagram illustrates this situation. Use the formula for present value, 


P= TESTS The present value of each deposit is shown at the left. The money 


you need to deposit now is the sum of these present values. 
Time — years 
0 1 2 9 10 


300 300 300 ~ 300 300 


~<—______ 


1.07 
300 
(1.07)? 


300 
(1.07)° 
300 
(1.07)!0 


The money you need to deposit now is: 


300 300 300 300 300 
+ + +...4+ + 
1.07 — (1.07) (1.0793 (1.07)? (1.07)! 
This is a geometric series with first term a and common ratio a 


Instead of using this series, it is simpler to reverse the order of the terms. 
300 300 300 300 300 
+ +...4 + 
(1.07)'° (1.07)? (1.073 (1.07)? © «1.07 


This is a geometric series with first term oat 


7 and common ratio 1.07. 


Use the formula for the sum of the first n terms of a geometric series. 


— av" 1) 

ee 300 

Substitute a = Ton’ i 1.07, n = 10. 

_ 300 1.07191 

ae (.0n™ * To7-1 
_ 300(1.07!° - 1) Key in: 300 CL) 1.07 (+) 10-10) 

(1.07)!9(0.07) +) 1.07 4) 10 0.07 C&) 

= 2107.07 


The money you need to deposit now is $2107.07. 
This amount is the present value of the annuity. 
To obtain a formula for the present value of an ordinary annuity, use the time 
diagram that follows. 
R represents the regular payment in dollars. 
i represents the interest rate per period. 
n represents the number of periods. 
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Time — years 
1 2 3 


n-1 


R R R R 


R 


ng 
d+a"! 
R 


a+a" 


The present value, P, of all the payments is: 
R R R R 


“tse Cay “fap "oO" Gee 


Use the formula for the sum of the first 1 terms of a geometric series. 


a(r’ — 1) 


r-1 
Substitute § = P, a = eee 
(+i) 

Ry (lay =1 
(1 +i)" d+aj)-1 
R11 +i)" - 1] 

i(1 + i)" 

R (+i"-1 
ad read 


fs 


r=1+i. 


P= 


+i" 1 
- la FF ~ aay! 


xf1-d+)7] 
R1-d +i") 


~ [bo ~~ 


1 


R 


1+i 


The present value of the annuity is Alas dollars. 


Present Value of an Ordinary Annuity 


A payment R is withdrawn from an account at the end of each period 


for n periods. 


The account earns interest at a rate i per period. The amount required 


in the account at the beginning of the first period is: 


= SUS 
i 
P is the present value of the annuity. 


P 


This formula can only be used when: 


e The payment interval is the same as the compounding period. 


e A payment is made at the end of each compounding period. 
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Take Note 


Suppose you have an investment account that pays 5.5% compounded semi- 
annually. You wish to withdraw $350 every 6 months for 3 years. What is the 
present value of this annuity? That is, how much do you need to have in the 
account now? 


Solution 


The time diagram illustrates this situation. 


Time — years 


350 350 350 350 350 350 


The present value of the annuity is $P. 


Use the formula for the present value of an ordinary annuity. 


poate i") 


1 


Substitute R = 350, i = oo = 0.0275,n=2x3=6. 


p = 350( = 1.0275) Key in: 350) 1) 1.0275 GJ) 


a 6 )G&) 0.0275 


The present value of the annuity is $1911.83; that is, you need to have 
$1911.83 in the account now. 


Sue needs to borrow $7500 to purchase a used car. The car dealer arranges 
with a finance company to lend Sue the money at 2.9% compounded 
monthly for 3 years. What will Sue’s monthly payment be? 


Solution 
Sue needs the money now to pay for the car. 
The time diagram illustrates this situation. 
Time — years 
0 ee 
. R R RR R 


7500 < 


The present value of the payments is $7500. 


3.4 THE PRESENT VALUE OF AN ANNUITY 


161 


Use the formula for the present value of an ordinary annuity. Determine R. 
P= Ril-d+o)"7] 


l 
Substitute P = 7500, i = a na 3x10 = 46. 


0.029 \~36 
Ri1-(14+——2 
T= ped TOI ) 
12 
Solve for R. 
= (7500)(0:029) Key in: 7500 0.029 (=) 12) 
121 — (1+ 9) 109001) 002 312 
12 : 
= 217.78 CIUCIH) 36 COC) 


Sue’s monthly payment is $217.78. 


LA) 
1. Use the formula P = 
a) R = $500, i = 0.04, n = 8 
b) R = $1000, i = 0.04, n=8 
c) R = $500, i = 0.08, n=8 
d) R = $500, i = 0.04, n = 16 


Aue) Calculate P for each set of values. 


2. Calculate the present value of each annuity. 
a) A payment of $400 every year for 6 years at 5% compounded annually 


b) A payment of $600 every 6 months for 4 years at 3% compounded 
semi-annually 


c) A payment of $750 every 3 months for 5 years at 45% compounded quarterly 
d) A payment of $200 every month for 3 years at 34% compounded monthly 


3. Use the formula P = ‘ . Calculate R for each set of values. 
a) P = $5000, i = 0.05, n = 12 

b) P = $6500, i = 0.07, n = 24 

c) P = $8250, i = 0.0125, n = 36 


d) P = $4236, i = 0.0225, n = 15 


R[1-(1 +i) 
i 
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Calculate the regular payment for each annuity. The payment period is the 
same as the compounding period. 


a) A loan of $10 000 at 5% compounded annually for 4 years 

b) A loan of $15 000 at 4% compounded semi-annually for 8 years 
c) A loan of $20 000 at 3.5% compounded quarterly for 5 years 

d) A loan of $25 000 at 6.25% compounded monthly for 10 years 


Exercises 5 to 12 refer to Example I or Example 2, pages 161, 162. 
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. Refer to|Example J| Determine the present value in each case. 


a) The withdrawals are twice as great, $700. 
b) The interest rate is twice as great, 11%. 


c) The time period is twice as long, 6 years. 


. In which part(s) of exercise 5 is the present value twice as great as the 


present value in}Example I? Explain. 


. Refer to[Example 2| Determine the monthly payment in each case. 


a) The amount borrowed is twice as great, $15 000. 
b) The interest rate is twice as great, 5.8% compounded monthly. 


c) The time period is twice as long, 6 years. 


In which part(s) of exercise 7 is the monthly payment twice as great as the 


payment in|Example 2? Explain. 


. In/Example I} you withdraw $350 every 6 months from an account that pays 


5.5% compounded semi-annually. The graph below shows the amounts in 
the account for up to 60 years. 


Amount Needed to Withdraw $350 Semi-annually at 5.5% 
Compounded Semi-annually 


14-000 
12.000 
10-000 

8-000 


Amount ($) 


6-000 
4 000 
2000 


0 10 20 30 40 50 60 
Time (years) 
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13. 
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a) Estimate the amount you would need to do this for each time. 
i) 10 years ii) 20 years iii) 30 years 
iv) 40 years v) 50 years vi) 60 years 
b) Estimate how long you could do this for each amount. 
i) $5000 ii) $7500 iii) $10 000 
c) Describe how the amount grows as the number of years increases. 


d) Describe how the graph would change in each case. 
i) The interest rate is greater than 5.5%. 
ii) The regular withdrawal is greater than $350. 


Compare the graph in exercise 9 with the graph in|Section 3.3, exercise 9 
Explain why the graphs go up to the right in different ways. 


Compare the graph in exercise 9 with the graph in|Section 3.1, exercise 10 
Explain why one graph goes up to the right and the other goes down to the right. 


. Start a new spreadsheet. Enter the text in column A and the symbols in 


column C. Enter the data shown in cells D2, D3, D4, and D5. The data are 
from Example I. Enter these formulas in cells D6, D7, and D8: 


D6: =D3/D4 
D7: =D4*D5 
D8: =D2*(1—-(1+D6)*—D7)/D6 


The computer displays the present value shown below in cell D8. Compare 


this result with|Example I 


A B C 
Calculating the Poesent Vedue of an Annuity 
Regular payments F 
Annual imberest rete 


LOMPOuNdINg pemods per yee 


Number of years 


INTEPESE rate per pend 


Aiumber of permods 


Present iaiue 
Use your spreadsheet to solve each problem. 


a) Determine the present value for each interest rate. 
i) 5.5% compounded monthly ii) 5.5% compounded annually 
iii) 8.65% compounded monthly iv) 9.08% compounded quarterly 
Change the interest rate back to 5.5% compounded semi-annually 
before you continue. 


bh) Determine the present value for each time. 
i) 2 years ii) 4 years iii) 10 years iv) 15 years 
Change the number of years back to 3 before you continue. 


Knowledge/Understanding Calculate the present value of an annuity of 
$7500 invested every year for 12 years at 6.75% compounded annually. 
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15. 


16. 


17. 


18. 
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19. 


20. 


21. 


Calculate the present value of an annuity of $500 invested every six months 
for 8 years at 8.25% compounded semi-annually. 


Consider these three annuities. 


Annuity A: $400 per month for 5 years at 6% compounded monthly 
Annuity B: $200 per month for 10 years at 6% compounded monthly 
Annuity C: $100 per month for 20 years at 6% compounded monthly 


The total of all the payments is the same for each annuity. 


a) Which annuity has the greatest present value, or are all the present values 
the same? Explain. 


b) Carry out calculations to confirm your prediction in part a. 


Application Mr. Singh’s life savings total $300 000. He plans to use this 
money to purchase an annuity earning interest at 6.75% compounded 
semi-annually. This will provide him with equal semi-annual payments for 
20 years. The first payment is 6 months from the date of purchase. How 
much is each semi-annual payment? 


Communication Suppose you win a lottery. You have two choices for 
receiving the money: 


Choice 1: $50 000 at the end of each year for 20 years 
Choice 2: $500 000 now 


Which is the better choice? Justify your decision. 


Thinking/Inquiry/Problem Solving Suppose you deposit $1200 into an 
investment account that pays 6.5% compounded semi-annually. You plan to 
make equal withdrawals every 6 months for 5 years. The balance will 
become 0 when the last withdrawal is made. How much can you withdraw 
every 6 months? 


Refer to the calculations on}pages 159, 160 
a) Find a different way to determine the sum of the present values of the deposits. 


b) Use your method to develop the formula for the present value of an annuity. 


Sue has $4000 to invest in an annuity. She wants to receive payments of $1000 
at the end of each year for the next 5 years. What interest rate must she obtain? 


a) Suppose you wish to withdraw $1000 at the beginning of each year from 
an account that pays 6% compounded annually. You want to be able to do 
this for 10 years. What is the present value of this annuity? 


b) The annuity in part a is an annuity due. Determine a formula for the 
present value of an annuity due of R dollars per period for n periods at an 
interest rate i per period. 
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Self-Check 3.3, 3.4 


Use the formula A = Aca Calculate A for each set of values. 
a) R = $800, i = 0.05, n = 10 
b) R = $1000, i = 0.06, n =9 


Calculate the amount of each annuity. 


a) A principal of $150 is invested at the end of each year for 15 years at 
4.8% compounded annually. 


b) A principal of $400 is invested at the end of every 6 months for 7.5 years 
at 6.2% compounded semi-annually. 


Suppose you deposit $324 every 6 months into an investment account that pays 
4.9% compounded semi-annually. How much will you have after 5 years? 


Suppose you begin a savings program to have $8000 after 7 years. You plan 
to make regular deposits every 6 months into an investment account that 
pays 5.8% compounded semi-annually. Calculate the regular deposit. 


RI 


Use the formula P = Aa) Calculate P for each set of values. 


a) R = $400, i = 0.04, n=9 
b) R = $1000, i = 0.08, n = 11 


Calculate the present value of each annuity. 


a) A payment of $2000 is withdrawn at the end of each year for 10 years. 
The principal is invested at 6.4% compounded annually. 


b) A payment of $350 is withdrawn at the end of each month for 5 years. 
The principal is invested at 6% compounded monthly. 


Suppose you have an investment account that pays 4.5% compounded semi- 
annually. You wish to withdraw $360 every 6 months for 4 years. How much 
do you need to have in the account now? 


Rosina borrowed $12 500 to purchase her new car. The finance company 
offered her a loan at 4.8% compounded monthly for 3 years. What is 
Rosina’s monthly payment? 


Dimitri deposits $50 at the end of each month for 5 years in an investment 
account that pays 6% compounded monthly. Calculate the amount in the 
account after 5 years. 


. What deposit must be made at the end of each year in an account that pays 


7.6% compounded annually to have $16 000 after 8 years? 
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3.5 Mortgages 


Most people who buy a home require a loan 
called a mortgage. A mortgage is similar to other 
loans but is repaid over a longer time called the 
amortization period. During this period, some 

of the conditions of the mortgage may change. 
For example, the original interest rate may apply 
for only 3 years. In this section, we will assume 
that the interest rate is constant for the entire 
amortization period unless stated otherwise. 


Canadian law requires that mortgage interest rates be compounded semi- 
annually. For example, a mortgage rate of 8% means “8% compounded semi- 
annually.” Since the payments are usually made monthly, the payment interval 
is not the same as the compounding period. We must allow for this discrepancy 
when we do calculations that involve mortgage interest rates. 


Converting a semi-annual rate to a monthly rate 


To convert a mortgage rate of 8% compounded semi-annually to a monthly rate, 
consider these time diagrams. 


Interest rate i every month Interest rate 8%, or 4% every 6 months 
Time — months Time — years 


0 1 2 3 4 5 6 0 0.5 
Le oe ees Rhee, 7 
SS NS Ne Ne Ne ie ee 


$1 grows to $1(1 + i)* in 6 months. $1 grows to $1(1.04) in 0.5 years. 


Since the two amounts are equal: 
(1 +i* = 1.04 


Take the 6th root of each side. 
1 1 
[a +a9°]6 = 1.046 
1 
1+i= 1.046 


1+7= 1.006 558 197 


i = 0.006 558 197 
= 0.655 819 7% 


Therefore, 8% compounded semi-annually is equivalent to 0.655 819 7% 
every month. 
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Rita buys a home. She needs a mortgage of $100 000. The bank offers Rita a 
25-year mortgage at 8.5%. What is the monthly payment? 


Solution 
A mortgage rate of 8.5% means 8.5% compounded semi-annually. 


The semi-annual rate is = = 0.0425. 
Let i represent the monthly rate. Calculate the monthly rate. 
Consider the amount of $1 after 6 months at each rate. 


Since the two rates are equivalent, the amounts after 6 months are equal. 
(1 + 1)° = 1.0425 


Take the 6th root of each side. 
1 


1+i= 1.04256 
1 


i = 1.04256 — 1 
= 0.006 961 062 
The monthly interest rate is about 0.696 106 2%. 


The time diagram illustrates this situation. Since 25 x 12 = 300, the 
amortization period is 300 months. 
Time — months 
Oot 8 299300 
. R R RR R 


100 000 < 


The present value of the payments is $100 000. 


Use the formula for the present value of an ordinary annuity. 
_ RU-d+9)7"] 


P 
Ll 
Solve for R. The monthly payment 
R= Pi on a loan or mortgage 
~ T+)" depends on three 
; ; factors: 
Substitute P = 100 000, i = 0.006 961 062, n = 25 x 12 = 300. * the principal 
R- (100 000)(0.006 961 062) e the interest rate 
1 — (1.006 961 062)3 ° the amortization 
= 795.36 as 


The monthly payment is $795.36. 
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Calculate the total interest paid on the mortgage in Example /. 


Solution 

There are 300 monthly payments of $795.36. 

The total of the 300 payments is 300 x $795.36 = $238 608. 
The total interest paid is $238 608 — $100 000 = $138 608. 


How much is still owing on the mortgage in Example J after the first 3 years? 


Solution 


Let P represent the amount still owing; that is, the present value of the 
remaining payments. 


Since 3 years have elapsed, the number of months remaining is 
300 — (3 x 12) = 264. 
The time diagram illustrates this situation. 


Time — months 
0 1 2 3 263 264 


795.36 79536 795.36 795.36 795.36 


Pp < 


The present value of the 264 remaining payments is $P. 


Use the formula for the present value of an ordinary annuity. 


pottiws i") 
1 


Substitute R = 795.36, i = 0.006 961 062, n = 264. Discuss 
p = £195.36)(1 = 1.006 961 062-264) Why is the amount 
~ 0.006 961 062 still owing not 


=~ 95 954.62 264 x $795.36? 


The amount still owing after the first 3 years is $95 954.62. 
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1. Calculate the equivalent monthly rate. Each interest rate is compounded 
semi-annually. 


a) 6% b) 6.5% ct) 7% d) 7.75% e) 8.33% 


N 


Knowledge/Understanding Determine the monthly payment for 
each mortgage. 


a) $120 000 at 6.5%, over 20 years 
b) $60 000 at 5.75%, over 10 years 
c) $90 000 at 8%, over 25 years 


3. How much is still owing on each mortgage in exercise 2 after each time? 
a) 1 year b) 2 years c) 3 years d) 4 years 


LB) 


Exercises 4 to 11 refer to Examples I and 2, pages 168, 169. 


4. To reduce the monthly payment, the bank offers Rita a 30-year mortgage. 


a) Repeat the solution of Example J} replacing 25 years with 30 years. 
What is the monthly payment? 


b) Repeat the solution of Example 2| replacing 300 payments with 360 payments. 
What is the total interest paid? 


oa 


. To reduce the interest costs, Rita has a 20-year mortgage. 


a) Repeat the solution of [Example 1| replacing 25 years with 20 years. 
What is the monthly payment? 


b) Repeat the solution of Example 2} replacing 300 payments with 240 payments. 
What is the total interest paid? 


> 


Suppose Rita shops around for a better interest rate. A trust company offers 
her a 25-year mortgage at 8.25%. 


a) Calculate the monthly payment. 
b) What is the total interest paid for this mortgage? 


™“ 


Suppose Rita waits for a month. The interest rate has increased to 8.75%. 
a) Calculate the monthly payment. 
b) What is the total interest paid for this mortgage? 
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The graph below shows how the monthly payment for Rita’s mortgage in 


Example I|}depends on the amortization period. 


$100 000 Mortgage at 8.5% 


12500 
#2000 
vo 

= 

= 1500 
Qa 

ton! 

= 1000 
e+ 
S500 


0 5 10 15 20 25 30 
Amortization period (years) 
a) Estimate the monthly payment for each amortization period. 
i) 5 years ii) 10 years iii) 15 years 
iv) 20 years v) 25 years vi) 30 years 
b) Describe how the monthly payment changes as the amortization 
period changes. 
c) Describe how the graph would change in each case. 
i) The interest rate is greater than 8.5%. 
ii) The mortgage is greater than $100 000. 


. Use your answers to exercise 8a. Estimate the total interest paid for each 


amortization period. 


. Start a new spreadsheet. Enter the text shown below in column A. Enter the 


data shown in cells C2, C3, and C4. Format cell C5 to report a percent to 

7 decimal places. The data are from Example /. Enter these formulas in cells 
C5 and C6: 

C5: =(1+C3/2)(1/6)-1 

C6: =C2*C5/(1-(1+C5)4(-12*C4)) 

The computer will calculate the equivalent monthly rate and the monthly 
payment. Compare this result with Rita’s mortgage in[Example 1 


A B 
Calculating Mortgage Payments 


Pancipal 


Arua interast rate 
Amomization period [years 
Equivalent monthly rate 
Benthiy payment 


Use your spreadsheet to solve each problem. 
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a) Determine the monthly payment for each amortization period. 
i) 5 years ii) 10 years iii) 15 years 
iv) 20 years v) 25 years vi) 30 years 
Change the amortization period back to 25 years before you continue. 
b) Determine the monthly payment for each interest rate. 
i) 8% ii) 8.25% iii) 8.75% iv) 9% 
Change the interest rate back to 8.5% before you continue. 


. Use the spreadsheet in exercise 10. Suppose Rita can afford to make 


monthly payments of $850. 


a) Determine an amortization period that provides a monthly payment of 
approximately $850. 


b) Suppose Rita chooses this amortization period. How much interest would 
she save? 

Ryan bought a home. He needs a mortgage of $125 000. The bank offers 

him a 25-year mortgage at 7.75%. 

a) Calculate the monthly payment. 

b) Calculate the total interest paid on this mortgage. 


c) How much is still owing on this mortgage after the first 3 years? 


. Helen bought a home. She needs a mortgage of $175 000. The bank offers 


her a 20-year mortgage at 8.4%. 
a) Calculate the monthly payment. 
b) Calculate the total interest paid on this mortgage. 


c) How much is still owing on this mortgage after the first 3 years? 


. Tony bought a home. He needs a mortgage of $140 000. The bank offers 


an interest rate of 8.25%. Calculate the monthly payment for each 
amortization period. 


a) 25 years bh) 20 years ct) 15 years 
. Kyo applies for a mortgage of $82 000, amortized over 
20 years. The bank currently offers these mortgage rates. 1-year term 
After the specified term has expired, the mortgage must 2-year term 
be renegotiated at a new interest rate. 3-year term 
a) Calculate the monthly payment for each term. 4-year term 
i) 1 year ii) 3 years iii) 5 years 5-year term 


bh) Suggest some reasons to choose a 5-year term 
instead of a 1-year term. 
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16. Application In the early 1980s, interest rates soared to over 20%. To 
understand the devastating effect this had on some homeowners, consider 
a family with a mortgage of $75 000 amortized over 25 years. Calculate the 
monthly payment for each interest rate. 


a) 7% b) 12% c) 20% 


17. Communication Why do you think Canadian law requires that mortgage 
interest rates be compounded semi-annually? 


18. Thinking/Inquiry/Problem Solving Refer to]Example I| Suppose you were 
able to invest the $795.36 monthly payment instead of paying it to the bank. 


Assume you could obtain the same interest rate as the mortgage 
compounded semi-annually. 


a) What would the amount be after 25 years? 


b) What is the present value of the amount? 


19. A family moves into its new home. The $90 000 mortgage is amortized over 
25 years at 7.5% for a 3-year term. 


a) Calculate the monthly mortgage payment. 


b) At the end of the 3-year term, interest rates increase by 1%. The family 
renews its mortgage at current rates. Calculate the new monthly payment. 


ic) 


20. Mike estimates that he can afford a monthly mortgage payment of $575. 
Current interest rates are 6.75%. 


a) Calculate the mortgage Mike could afford for each amortization period. 
i) 15 years ii) 20 years iii) 25 years 


b) What other factors should Mike consider before he assumes the mortgage? 


21. Refer to|/Example I} How much interest was paid during each time period? 
a) the first year b) the first 5 years 


c) the last year d) the last 5 years 


22. A mortgage, M dollars, is amortized over n years, at an interest rate of /, 
compounded semi-annually. Show that the amount still owing, P dollars, 


n k : 
after k years is given by the formula P = M ( a ). where r= 1+ a 
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3.6 Investigate: Using the TVM Solver on 


a Graphing Calculator 


The TI-83 graphing calculator can carry out financial calculations. It has a feature 
called the TVM (Time Value of Money) Solver. When interest is paid on a 
principal, the amount changes with time. This change is the time value of money. 


To access the TVM Solver on the TI-83, press 
x1 ) (enter), This screen appears. 


To access the TVM Solver on the TI-83 Plus, 
press [4rrs} 1 1. 


The variables represent these quantities: 


C-V=i 
PHT =i BEGIH 


N: total number of payments 

1%: annual interest rate as a percent 

PV: present value 

PMT: payment each period 

FV: — future value, or amount 

P/Y: number of payments per year 

C/Y: number of compounding periods per year 


The calculator displays either positive or negative values for PV, PMT, and FV. 
A positive value indicates the amount is earned. A negative value indicates the 
amount is invested. 


When you make a payment on a loan, PMT is negative. When you calculate the 
amount of an investment, the principal is the present value, and PV is negative. 


When you input four of the first five quantities, the calculator can provide the 
fifth. The five examples that follow demonstrate this. In each case, to input the 
known quantities use the arrow and keys. 


1. Solve for N (the number of payments). 


To buy a new car, you take out a loan of $10 593.30. You can afford a payment 
of $238 per month. The finance company charges an annual interest rate of 
3.75% compounded monthly. How many payments must you make? 


Enter the values shown, below left, in the TVM Solver. 


CeW=1l2 CeW=12 
PHT! BEGIH PMT! lagi BEGIH 
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The payment will be made at the end of a payment period, so the word END 
should be highlighted. 


To find the number of payments, move the cursor to the row for N, then press 
to obtain the second screen at the bottom of page 174. 


You must make 48 payments. That is one payment each month for 4 years. 


2. Solve for I (the interest rate). 


A certain college program will cost $20 000. You can save $288.50 per month 
for the next 5 years and hope to have the money for the course saved at that 
time. What annual interest rate, compounded monthly, must you obtain? 


Enter the values shown, below left, in the TVM Solver. 


N=68 
«T1453. (ober 4464 


CeW=12 CeW=12 
PHT Sill BEGIH PHT Sil BEGIH 


Move the cursor to the row for 1%. Press to obtain the screen 
above right. 


You must obtain an annual interest rate of at least 5.75% compounded monthly. 


3. Solve for PV (the present value). 


You plan to buy a car. You can afford payments of $525 per month. The interest 
rate is 6.25% compounded monthly. The finance company offers the loan for 
2 years. How much can you afford to borrow? 


Enter the values shown, below left, in the TVM Solver. 


CW=12 CeW=12 
PHT Sill BEGIH PHT Sil BEGIH 


Move the cursor to the row for PV. Press to obtain the screen 
above right. 


You can afford to borrow $11 815.45. 
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4. Solve for PMT (the payment). 


You want to buy a house. You have a 30-year mortgage of $100 000 at 8% 
compounded monthly. What is the monthly payment? 


Enter the values shown, below left, in the TVM Solver. 


CeW=12 
PHT Sil BEGIH PHT Sill BEGIH 


Move the cursor to the row for PMT. Press to obtain the screen 
above right. 


The monthly payment is $733.76. 


5. Solve for FV (the future value or amount). 


You invest $6500. The bank offers an interest rate of 8.25% compounded 
annually. What will the amount be in 7 years? 


Enter the values shown, below left, in the TVM Solver. 


eFW=113521,62387 
Prva] 


cerv=1 CeW=1 
PHT #15 BEGIH PHT Sil BEGIH 


Move the cursor to the row for FV. Press to obtain the screen 
above right. 


The amount will be $11 321.62. 


Use the TVM Solver to complete these exercises. 


1. To buy a used car, you take out a loan for $4500. You can afford payments 
of $180 per month. The interest rate on the loan is 9.5% compounded 
monthly. How many payments do you make? 


2. A three-year college program costs $9500. You can save $150 per month for 
the next 4 years. What annual interest rate, compounded monthly, will 
provide the money you need? 
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. You want to buy a car. You can afford 


monthly payments of $425. The car 
dealership is keen to reduce its inventory, 
so it offers loans at 3.5% compounded 
monthly. The loan is for 3 years. 

How much can you afford to borrow? 


. Suppose you buy a house. You have a 25-year 


mortgage of $150 000 at 7% compounded 
monthly. What is your monthly payment? 


. Suppose you win $10 000 in a lottery. You invest $7500. The interest rate is 


6.25% compounded annually. What will your investment be worth in 6 years? 


. How much money would you have to invest today, at 6.5% compounded 


semi-annually, for the investment to accumulate to $7500 in 3 years? 


. Marge wants to buy a car for $14 700 (price includes tax). She plans to 


finance the car over a four-year period. She estimates that she can afford 
monthly car payments of $350. 


a) What interest rate allows her to purchase this car? 


bh) Is this realistic? Explain. 


. How long will it take $400 to accumulate to $1000 at 6.75% compounded 


semi-annually? 


. Joe deposits $100 at the end of each month into a savings account that pays 


6% compounded monthly. 


a) Investigate the growth of Joe’s annuity. Copy and complete this table. 


Investment 
period (years) 1 5 10 15 20 25 30 35 40 


Accumulated 
amount ($) 


b) Graph these data with Investment period on the horizontal axis. 


c) Copy and complete this table. 


Investment 1 5 | 10 | 15 | 20 | 25 | 30 | 35 | 40 
period (years) 


Amount 
invested ($) 


d) Plot these data on the grid for part b. 


e) Compare the two sets of data on the graph. Explain why it is 
advantageous to begin investing early. 
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3.7. Amortization Tables 


Remember the mortgage from Example 1 [page 168} The payments for this 
mortgage are displayed in the spreadsheet on page 179. The spreadsheet shows 
the first 18 payments and the last 18 payments. A table of mortgage payments is 
called an amortization table. 


: Constructing the amortization table 

zz Start a new spreadsheet document. 

~* e Enter the text in cells Al down to A6. 
e Enter the data in cells C2, C3, and C4. 


e Enter these formulas in cells C5 and C6: 

C5: =(1+C3/2)*(1/6)-1 

C6: =ROUND(C2*#C5/(1-(1+C5)*(-12*#C4)),2) 
e Format these cells as follows: 

C2: numbers to 2 decimal places 

C3: percents to 2 decimal places 

C4: numbers to 0 decimal places 

C5: percents to 7 decimal places 


e Enter the headings in row 8. 


e Enter these formulas in row 9: 


A9: =0 D9: =C2 

e Enter these formulas in row 10: 
A110: =A9+4+1 B10: =ROUND($C$5*D9,2) 
C10: =$C$6—-B10 D10: =D9-C10 


¢ Format cells B10, C10, and D10 to show numbers to 2 decimal places. 


e For a 25-year mortgage, use the Fill Down command to copy the formulas in 
row 10 down to row 309. 


To see the top part and the bottom part of the spreadsheet at the same time: 


e At the top of the vertical scroll bar, point to the split box and drag it down to 
create two parts of the spreadsheet. 


e In the bottom part, drag the vertical scroll box down until row 309 
becomes visible. 


e Adjust the split line and the scroll box until your spreadsheet is similar to that 
on page 179. 


If necessary, consult the spreadsheet manual or Help file for further 
information. 
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Amortization Table 


A | B | Cc 
1 Calculating Mortgage Payments 
| 2 Principal 100,000.00 
| Annual nterast rate 8, 50h 
4 Amorization penod (years) 25 
5S Equivalent monthly rate 0.696 106295 
6 | Monthhy payrrerit 795.36 


Payment Interest Principal 
O 
656.11 94.25 
695,42 99.94 
654,72 100.64 
694.02 101.34 
623.31 102.05 99,496.73 
692,60 102.76 99,3594,02 
691.89 103.47 
651.17 104.19 
690,44 104.52 
689.71 105.65 
688,98 106.38 
686.24 loF.12 
687.49 107.87 
686,74 108.62 
635.93 109.33 
bese 116.14 
684,46 110.90 
623.638 111.68 


| 


el ee eee eel ee ' 
0 Re Be Ga PY | 
=— 1 “then ob Ww fh) 


701.97 
706.86 
711.79 
P1604 
rel? 
Feb. 
731.81 
736.50 
P4205 
rar. 
752.40 
FS? .64 
F629] 
768.22 
Pra 
79.95 
784.39 
789.84 
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Interpreting the amortization table 


Part of each payment is interest and the rest reduces the principal. For example, 
in the first month: 


e The interest is 0.696 106 2% of $100 000 = $696.11. 
¢ The principal is reduced by $795.36 — $696.11 = $99.25. 
e The balance at the end of the month is $100 000.00 — $99.25 = $99 900.75. 


Similarly, in the 5th month: 


e The interest is 0.696 106 2% of the balance at the end of the 4th month: 
0.696 106 2% of $99 598.83 = 0.006 961 062 x $99 598.83 = $693.31 


e The principal is reduced by $795.36 — $693.31 = $102.05. 
e The balance at the end of the month is $99 598.83 — $102.05 = $99 496.78. 


Each year, the interest payments decrease and the principal payments increase. 
The mortgage is paid off at the end of 25 years. 


For exercises 1 to 12, you do not need a computer. For exercises 13 to 26, you 
do need a computer. 


A Knowledge/Understanding Choose one row in the top part of the 
spreadsheet on page 179. Use a calculator to verify the calculations. 


N 


Choose one row in the bottom part of the spreadsheet. Use a calculator to 
verify the calculations. 


~ 


How does the interest paid during the first few months compare with the 
principal paid? Explain. 


> 


How does the interest paid during the last few months compare with the 
principal paid? Explain. 


5. Communication Explain why the interest payments decrease each month 
and the principal payments increase. 


> 


Thinking/Inquiry/Problem Solving Consider the first 12 months of 
the mortgage. 


a) Estimate the total paid against the principal during the first 12 months. 
b) Estimate the total interest paid during the first 12 months. 
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7. Consider the last 12 months of the mortgage. 
a) Estimate the total paid against the principal during the last 12 months. 
b) Estimate the total interest paid during the last 12 months. 


oo 


. Application The total cost of a mortgage is the sum of all the mortgage 
payments. 


a) Calculate the total cost of the mortgage. 


b) Use the result of part a to determine the total interest paid during the 
25 years. 


. The formulas in cells C5 and C6 are given on|page 178} Explain why these 
formulas are correct. 


10. Explain why the amount in|cell D309]is not 0.00. 


11. This graph shows the monthly interest payments and payments against the 
principal for the mortgage in the spreadsheet on page 179. Use the graph to 
complete this exercise. 


wo 


Interest and Principal Payments 


Interest 


Amount ($) 
" 
S 
S 


Principal 


(Oa 5 10 15 20 25 
Time (years) 


a) Explain why the /nterest graph goes down when the Principal graph 
goes up. 
b) What is the significance of the point where the two graphs intersect? 


c) Visualize a horizontal line through the point where the two graphs 
intersect. Explain why one graph is the reflection of the other graph in 
this line. 
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12. This graph shows the balance of the mortgage in the spreadsheet on 
page 179. Use the graph to answer each question. 


a) What is the balance after each time? 
i) 5 years ii) 10 years iii) 15 years iv) 20 years 
b) How long does it take until one-half the principal has been repaid? 
Outstanding Balance 


100-000 
80-000 
60.000 


Amount ($) 


40.000 
20-000 


0 5 10 15 20 25 
Time (years) 


= it you have not already done so, follow the steps on|page 178]to create the 


= spreadsheet on[page 179 


13. a) Click on cell B310. Enter the formula =SUM(B10:B309) to calculate the 
total interest paid. 


b) Click on cell C310. Enter the formula =SUM(C10:C309) to calculate the 
total principal paid. 


c) Explain why the answer in part b is not exactly $100 000. 


14. Scroll down the spreadsheet until the numbers in the /nterest and Principal 
columns are approximately the same. How long does it take until more than 
one-half the monthly payment is used to reduce the principal? 


Investigating the effect of changing the interest rate 


15. Complete this exercise to investigate the effect on the monthly payment 
when you change the interest rate. 


a) Copy this table. Complete the table by changing the percent in cell C3. 
$100 000 amortized over 25 years 


Interest rate 6% 1% 8% 9% 10% 
Monthly payment 


b) Calculate the differences in the monthly payments. Does an increase of 
1% in the interest rate always have the same effect on the monthly 
payment? Explain. 
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16. Complete this exercise to investigate the effect on the total interest paid 
when you change the interest rate. 


a) Copy this table. Complete the table by changing the percent in cell C3. 
$100 000 amortized over 25 years 
Interest rate | 6% =| 7% 8% | 9% | 10% 


| Total interest paid | | | | 


b) Calculate the differences in the total interest paid. Does an increase of 
1% in the interest rate always have the same effect on the total interest 
paid? Explain. 


17. In the early 1980s, interest rates soared to 20% or more. Suppose the 
interest rate on this mortgage was 20%. 


a) Determine the monthly payment. 


b) How much of the first month’s payment is interest? How much is used to 
reduce the principal? 


c) What is the total interest paid on the mortgage? 


Investigating ways to reduce interest costs 


Banks and trust companies can suggest strategies to reduce the interest costs of 
a mortgage. In the following exercises, you will investigate some of these 
strategies. Before you complete the exercises, add another column to the 
spreadsheet as follows. 


e Add the heading shown in cells E8 and E9. 


e Enter these formulas in column E: 
E10: =B10 
E11: =E10+B11 


e Use the Fill Down command to copy the formula in E11 down to row 309. 
A B 


Calculating Morhgage Payments 
Principal 

Annual mterest rate 

AMOMZAnON DED | years 

Equeyv alent monthly rate 

Monthy fay inane 


Panrimenil Interest Prevcipal Balance 


o 10, O00,00 


1 
2 
3 
4 
5 
6 
t 
a 
9 
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Shorten the amortization period. 


18. Suppose the amortization period is 20 years instead of 25 years. The answers to these 
; : roblems do not have 
a) Change the number in cell C4 to 20. What is the new a Beienneeta whe 
monthly payment? nearest cent. 


b) Scroll down the spreadsheet to the row that corresponds to the 
240th payment. The balance should be approximately 0. 
i) What is the total interest paid? 
ii) How much interest is saved by choosing a 20-year amortization instead 
of a 25-year amortization? 


19. Repeat exercise 18, using an amortization period of 15 years. 


Note: Change the number in cell C4 to 25 before you continue. 


Increase the monthly payments. 
20. Suppose the monthly payments are increased by $25. 
a) Click on cell C6 and enter 820.36. 


b) Scroll down the spreadsheet to the row where the balance is closest to 0. 
i) What is the total interest paid? 
ii) How much interest is saved when you increase the payments by $25? 
iii) How many years does it take to repay the mortgage? 


21. Repeat exercise 20, increasing the payments by $50. 


Note: Click on cell C6 and reenter the formula from|page 178]before you continue. 


Make a lump sum payment. 
22. Suppose an additional $1000 can be repaid at the end of the first year. 
a) Click on cell C21 and enter 1107.12. 


b) Scroll down the spreadsheet to the row where the balance is closest to 0. 
i) What is the total interest paid? 
ii) How much interest is saved? 
iii) How many years does it take to repay the mortgage? 


23. Repeat exercise 22, but repay an additional $5000 at the end of the first year. 


Note: Copy the formula in cell C20 to cell C21 to restore the spreadsheet. 
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Make more frequent payments. 


To complete the following exercise, you will need to make major changes to your 
spreadsheet. You should save your spreadsheet and make a copy of it for use here. 


Follow these steps to change the spreadsheet. 


Insert two new rows above the table, as shown. Enter the new text in cells A7 
and A8. 


In cell C7, enter the following formula to calculate the weekly interest rate. 
C7: =(1+C3/2)4(1/26)-1 
Format cell C7 to show percents to 7 decimal places. 


e Banks and trust companies usually divide the monthly payment by 4 to 
calculate the weekly payment. Enter this formula in cell C8: 
C8: =C6/4 


e Enter these new formulas in cells B12 and C12: 
B12: =ROUND($C$7*D11,2) 
C12: =$C$8-B12 


¢ Use the Fill Down command to copy the formulas in cells A12, B12, C12, and D12 
down as many rows as you need until the balance becomes as close to 0 as possible. 


e Use the Fill Down command to copy the formula in cell E13 down as far as 
you did in the preceding step. 


A B 
Cobculatng Morhgage Payments 
Principal 
Annual nterest rata 
AMOTIZatOn Ceo | years | 
Equev alent monthiy rate 
Monthy payment 
Equvalent weelhy rate 
Whsakht panyrtertt 


1 
z 
a 
4 
5 
6 
t 
a 
E 


Panrmasnil Prencipal Balance Total 
a] 10 OOO Interest 


il 
= 


24. Suppose payments are made weekly instead of monthly. The interest rate for a 
mortgage is unlikely 
to be constant for the 
b) How much interest is saved? entire amortization 
period. Although the 
rate may change, the 
effect of repaying 
some of the principal 


a) What is the total interest cost? 


c) How many years and months does it take to repay the mortgage? 


25. Explain why the weekly payment strategy results in much greater 


savings in interest costs than any previous strategy. as illustrated by these 
problems will be the 
26. A person has many factors to consider when he or she decides on same. You can save 


a mortgage. Suggest some ways to reduce the total interest you pay —-- Muh interest by 

; . ; doing this, especially 
on a mortgage. Describe their advantages and disadvantages. im ihmearocaer 
a mortgage. 
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Self-Check 3.5 — 3.7 


1. Calculate the equivalent monthly rate. Each interest rate is compounded semi-annually. 
a) 6% b) 7.75% t) 8.33% 


N 


Determine the monthly payment for each mortgage. 
a) $120 000 at 6.5%, over 20 years __b) $60 000 at 5.75%, over 10 years 


~ 


Bernard bought a home and requires a mortgage of $120 000. The bank 
offers him a 25-year mortgage at 8.3%. What is the monthly payment? 


> 


Colleen bought a condominium and requires a mortgage of $90 000. A trust 
company offers her a 25-year mortgage at 8.12%. 


a) Calculate the monthly payment. —_b) What is the total interest for this mortgage? 


aa 


Marta bought a home and requires a mortgage of $145 000. The bank offers 
her a 25-year mortgage at 7.95%. 


a) Calculate the monthly payment. 
b) Calculate the total interest paid on this mortgage. 


c) How much is still owing on this mortgage after the first 3 years? 


> 


Walter bought a home and requires a mortgage of $130 000. The bank offers an 
interest rate of 8.55%. Calculate the monthly payment for each amortization period. 


a) 25 years b) 20 years 


™ 


A family moves into its new home. The $100 000 mortgage is amortized 
over 25 years at 7.6% for a 3-year term. 


a) Calculate the monthly mortgage payment. 


b) At the end of the 3-year term, interest rates increased by 1%. The family 
renews its mortgage at current rates. Calculate the new monthly payment. 


ge 


For mortgage payments: 

a) How does the interest paid during the first few months compare with the 
principal paid? Explain. 

b) How does the interest paid during the last few months compare with the 
principal paid? Explain. 

c) Explain why the interest payments decrease each month while the 
principal payments increase each month. 


ys 


Explain the effect of each action on the size of the regular payment and the 
total interest paid. 


a) Reduce the amortization period. __b) Increase the monthly payments. 


c) Make a lump sum payment. d) Make more frequent payments. 
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INSIGHTS 15] 
INTO A 


My aunt Brenda is introducing me to investing. I have a $1000 regular 
interest Canada Savings Bond that pays 6% interest. I receive $60 
interest each year, and I can redeem the bond at any time and get 

my $1000 back. 


“T have a different kind of bond,” said Brenda. “TI invested $5000 in it 
2 years ago. It pays 7% compounded semi-annually, so I get $175 
interest every 6 months.” 


“Your investment is better than mine because the interest rate is higher,” 
I said. 


“That’s right,” said Brenda, “and my last monthly statement says that it 
is now worth about $5314.” 


“But you invested $5000. Where did the $314 come from?” 


Formulating Questions 


This is the problem we want to investigate. 


Why is Brenda’s bond worth $5314? 


Representing the Value of the Bond in Mathematical Form 


Brenda’s bond was issued by a gas company. It has these features: 
$5000 


7% compounded semi-annually 


e Face value 
e Interest rate 


e Term 10 years 


Unlike a Canada Savings Bond, this bond cannot be redeemed at any time. 
It can only be redeemed at the end of the 10-year term. 


The bond is a guarantee by the gas company to pay interest payments of 
$175 every 6 months for 10 years, plus the repayment of the face value 
of $5000 on the stated maturity date. Brenda cannot redeem her bond 
for its face value until the maturity date. However, since an open market 
for bonds exists, she may sell her bond at fair market value. 


Anyone who buys Brenda’s bond will receive the $5000 at the end of 

the 10-year term, plus the remaining semi-annual payments of $175. 

These payments reflect an interest rate of 7%. If interest rates had gone 
down to 6% since the bond was issued, there would be an increased demand 
for her bond. Investors would be willing to pay more than $5000 for it. 


INSIGHTS INTO A RICH PROBLEM 


Governments and 
large corporations 
often borrow millions 
of dollars to finance 
special projects. Since 
it is difficult to find 

a single financial 
institution prepared to 
lend this much money, 
the government or 
corporation may issue 
bonds. These are 
purchased by many 
small lenders as an 
investment. 


The semi-annual 
interest payments are: 


$5000 x — = $175. 


Selecting Strategies, 
Resources, 
Technology, 

and Tools 

We can represent 
these amounts on a 
time diagram, then 
apply the principles 
of compound interest 
from earlier sections 
of this chapter. 
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Consider the time diagram below. The amounts shown in blue have 
already been paid to Brenda, and can be ignored. We consider the 
remaining interest payments and the face value. 


Time — years 


—2 -l Now 1 7 8 
 -495«175—=—«=*TS)ss7Sss175S«1:775 175 175 «175 
Present value of the ~ 


remaining interest payments 


Present value of the $5000 ~= 5000 


Brenda’s bond earns 7% interest at a time when general interest rates are 
6%. We calculate the present value of the amounts on the diagram at 6%. 


The present value of the remaining interest payments is: 


RL- (1+) _ 1750 - 1.0371) In these calculations 


. 0.03 we are using an 
= 2198.19 interest rate of 6% 
; compounded semi- 
The present value of the $5000 is: annually. Suppose we 
A — 5000 use 7% compounded 
+i" 1.0316 semi-annually. What 
= 3115.83 would the total 


present value be? 


The total present value is $2198.19 + $3115.83 = $5314.02. 


The value $5314 accounts for the fact that the bond continues to earn 
interest at 7%, when general interest rates are 6%. That is, if someone buys 
the bond, he or she pays up front for the difference in yield. We say that a 
price of $5314.02 yields a return of 6%. This rate is called the yield rate. 


This explains why Brenda’s bond is worth $5314. The $314 is the additional 
amount an investor would pay to own a 7% bond in a 6% economy. 


Interpreting Information and Forming Conclusions 


We can repeat the above calculations for any annual yield rate y, Suppose Brenda's 
compounded semi-annually. The total present value of the remaining Doge las arn Iniehest 


: ; rate different from 
interest payments and the $5000 face value is: 7% when she bought 


,\-16 . 
175{1 - (1 + 3) | 5000 it. Only one number 
= : + , O) in equation ® would 
2 (1 + 5) be different. Which 


number is this? How 
Equation © represents the price of the bond to yield a rate y compounded —_ would the number 


semi-annually. The graph of the function is shown on page 189 for be calculated? 
0.04 < y < 0.10. The prices for yield rates of 6% and 7% are shown. 
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Price of Brenda’s Bond to Yield a Given Rate 


Explain why each 
statement is 
reasonable. 


mM 
3 Reflecting on the 
ij 
i) Reasonableness 
lle! of Results 
ov 
2) 
“s 
-¥ 


LET | 
0 "0.04 0.05. 


| 
0.06 0.071 | lo.08| | [o.oo] | | | 
_Yieldrateyy 0 


e When interest rates 
go down, the price 
of a bond goes up. 

e When interest rates 
go up, the price of 
a bond goes down. 


Bond prices are listed in the financial pages of newspapers. Typical listings 
are shown in the table below. Each price is for a bond with a face value of 

$100. “Coupon” refers to the interest rate of the bond. Half this rate is paid 
every 6 months. 


1. Refer to the calculations on page 188. 


a) Repeat the calculations to determine the price of the bond to yield a 
return of 8%. 


b) Use the graph above to check your result. 


2. Look at the Westcoast Energy bond below. 


a) Use the information in columns 2, 3, and 5 to calculate the price of 
the bond. Compare your answer with the price in the listing. 


b) Prepare an entry for the listing in the newspaper for December 16 
of the current year, assuming that the yield rate is 7.64%. 


CANADIAN BONDS December 16, 2000 


Issuer Coupon Maturity Price Yield 
BC 5.700 Jun 18/29 94.31 6.12 
BC 6.350 Jun 18/31 103.17 6.12 
Canada 14.000 Oct01/06 = 141.55 5.50 
Oct 01/09 =: 1135.98 eo” 
Jun 01/21 148.37 5.71 
Jan 10/01 100.40 3.61 
Jul 15/07 98.00 9.16 


Canada 10.750 
Canada 9.750 
Ontario 10.875 
Rogers Cable 8.750 
Royal Bank 6.400 Aug15/05 101.73 SH 
Westcoast Energy 6.750 Dec 15/27 95.01 el 


In problem 2, why can 
we use the method on 
page 188 to calculate 
the price of the 
Westcoast Energy 
bond, but not the 
other bonds? 


Financial institutions 
earn money by buying 
and selling bonds. 
Their charges are 
factored into the price 
and yield rate. 

The prices of these 
bonds change daily. 
What will happen to 
the price of any of 
these bonds as its 
maturity date 
approaches? Explain. 
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3. Look at the three Canada bonds in the listings on page 189. 


a) Explain why the price of each bond is much higher than the prices 
of the other bonds. 


b) Explain why the 14% bond has a lower price than the 9.75% bond. 


> 


The Ontario bond has a higher coupon rate than two of the Canada 
bonds. Explain why its price is much lower. 


s 


The two British Columbia bonds yield 6.12%. Explain why the price 
of one bond is less than $100 and the price of the other bond is more 
than $100. 


> 


The Rogers Cable bond has the highest yield. What would happen to 
its price if the yield rate were lower? 


™ 


I have agreed to lend my cousin $10 000. She will pay me 12 monthly 
instalments of $60, then repay the $10 000 at the end of one year. 
Since my money is now in a bank account that pays 6% interest 
compounded monthly, I think the deal with my cousin is a better deal. 
Am I right? If so, how much more will I receive from my cousin than 
from the bank? 


ad 


You want to give your sister’s new baby boy some money. You suggest 
these options: 


e 40 semi-annual payments of $100 up to his 20th birthday, and 
$1000 on his 21st birthday 


e $2500 now, which your sister can invest how she likes 


Your sister estimates that her money can earn 6% compounded 


semi-annually over the next 21 years. Which option should she choose? 


Challenge Problems 


9. defines P as a function of y, but this equation 


is not defined when y = 0. The graph of P for 0 < y < 0.15 
is shown at the right. It suggests that a value of P does 
exist when y = 0. Determine this value of P, and explain 
its significance. 


Price, P dollars 
- 
3 
S 
S 


10. Choose one bond from the listing on page 189. Prepare a 
listing for the entry in today’s newspaper, assuming 
the price of the bond is $105.25. Make any other 
necessary assumptions. 
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Problems 2 to 6, and 

10 refer to the bond 

listings on page 189. 

In all problems, make 

these assumptions 

unless stated 
otherwise: 

e Interest is 
compounded 
semi-annually. 

e Interest is paid 
every 6 months. 


In the newspaper in 
which the listings on 
page 189 appeared, 
about 150 different 
bonds were listed. 
Many more bonds 
were priced higher 
than $100 than lower. 
Suggest a reason 

for this. 


8000 


0.05 0.10 0.15 
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Review Exercises 


Mathematics Toolkit 
Financial Tools 


Simple Interest 


e Simple interest is usually earned for time periods no greater than 1 year. 
Accumulated simple interest illustrates linear growth. 
Yearly accumulated interest forms an arithmetic sequence. 


e The simple interest is J = Prt. 
P is the principal in dollars. 
r is the annual interest rate expressed as a decimal. 
t is the time in years. 


e The amount is A = P+. 


Compound Interest 


¢ Compound interest is interest earned on interest. It represents exponential growth. 
The yearly amounts form a geometric sequence. 

e The amount is A = P(1 +7)”. 

ooh 

(1+i)"" 

n is the number of compounding periods. 

i is the interest rate per compounding period, expressed as a decimal. 


e The present value is P = 


Annuities 


e An annuity is a series of regular deposits or payments. The interest is 
compounded just before each deposit or payment is made. A deposit or 
payment is made at the end of each compounding period. 

e An annuity can be regular deposits into an account. 

e An annuity can be the withdrawal of regular payments from an account. 


R(1 +i" - 1] 


e The amount of an annuity is A = 


payment, in dollars. 


, where R is the regular deposit or 


RMi=1sp4 


e The present value of an annuity (before payments begin) is P = ; 


where R is the regular payment, in dollars. 


Mortgages 

e A mortgage involves the present value of an annuity. A mortgage is a loan 
secured by real property as collateral. 

e The amortization period of a mortgage is the time during which payments are 
made to repay the mortgage. 
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e A mortgage rate is quoted with interest compounded semi-annually, but it must be 
converted to an equivalent rate that corresponds to the time between regular payments. 


e An amortization table lists the details of each payment in a mortgage. See|page 179 


3.1 1. a) Suppose you invest $800 at 4.3% compounded annually. What is the 
amount after 7 years? 


b) Suppose $1350 grows to $1800 in 9 years. What is the interest rate 
compounded annually? 


c) Suppose $4000 grows to $9500 at 7.6% compounded annually. How 
many years does it take? 


2. Calculate the amount. 
a) $700 invested for 14 years at 7.5% compounded annually 
b) $2300 invested for 12 years at 6.25% compounded annually 
c) $1500 invested for 9 years at 8.33% compounded annually 


3. Calculate the present value of each amount. 
a) $1000 due in 8 years at 5.5% compounded annually 
b) $1500 due in 5 years at 8.75% compounded annually 
c) $7700 due in 12 years at 9.8% compounded annually 


4. Suppose you want to accumulate $8000 in 10 years. How much would you 
need to invest today at an annual rate of 6.05%? 


3.2 5. Suppose interest is compounded semi-annually. Determine each amount. 


a) $8000 for 12 years at 8% b) $900 for 14 years at 53% 
c) $750 for 9.5 years at 7.6% d) $4344 for 6 years at 3.41% 

6. Suppose interest is compounded monthly. Determine each amount. 
a) $380 for 4 years at 5% b) $5000 for 8.5 years at T£% 
c) $2900 for 15 years at 6.9% d) $388 for 20 years at 12% 


7. A $1000 GIC has an annual interest rate of 6.46%. Determine its value after 
10 years. 


8. Determine the interest rate necessary for $1000 to accumulate to $2500 in 
9 years with interest compounded semi-annually. 


9. What principal invested today at 6.73% compounded semi-annually will 
amount to $5000 in 9 years? 
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10. Cheung borrowed $500 from his uncle and paid it back in a lump sum after 
3 years. His uncle charged 4% interest compounded quarterly. How much 
did Cheung pay his uncle? 


11. Suppose you invest $10 000 at 6.5% compounded semi-annually. How many 
years will it take to amount to $50 000? 


3.3 12. Use the formula A = —— Calculate A for each set of values. 
a) R = $800, i = 0.05, n = 10 b) R = $1000, i = 0.06, n = 9 


c) R = $250, i = 0.075, n = 20 


13. Calculate the amount of each annuity. 
a) A principal of $1050 is invested at the end of each year for 16 years at 
5.4% compounded annually. 
b) A principal of $450 is invested at the end of every 6-month period for 
10 years at 7.2% compounded semi-annually. 


c) A principal of $234 is invested at the end of every 6-month period for 
12 years at 6.83% compounded semi-annually. 


14. Suppose you deposit $423 at the end of every 6 months into an investment 
account that pays 5.8% compounded semi-annually. What is the amount 
after 7 years? 


3.4 15. Use the formula P = Ss Calculate P for each set of values. 


a) R = $1200, i = 0.05, n = 10 b) R = $760, i = 0.082, n =9 
c) R = $1000, i = 0.057, n=6 


16. Calculate the present value of each annuity. 
a) A payment of $400 is withdrawn at the end of each year for 10 years. 
The principal is invested at 6.5% compounded annually. 
b) A payment of $377 is withdrawn at the end of each month for 6 years. 
The principal is invested at 5.7% compounded monthly. 
c) A payment of $450 is withdrawn at the end of each month for 8 years. 
The principal is invested at 7.6% compounded monthly. 


17. Suppose you begin a savings program to have $9500 after 6 years. You plan 
to make regular deposits every 6 months into an investment account that 
pays 5.7% compounded semi-annually. Calculate each regular deposit. 


18. Suppose you have an investment account that pays 7.45% compounded 
semi-annually. You wish to withdraw $360 every 6 months for 4 years. 
How much do you need to have in the account now? 
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3.5 


19. 


20. 


21. 


23. 


24. 


29. 


26. 


27. 


28. 
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Nicole borrowed $10 500 to purchase her new car. The car dealership 
offered her a loan at 8.8% compounded monthly for 3 years. What is 
Nicole’s monthly payment? 


Colin deposits $114 at the end of each month for 6 years in an account that 
pays 6.5% compounded monthly. Calculate the amount after 6 years. 


What principal must be deposited at the end of each year in an account that 
pays 5.8% compounded annually to amount to $18 000 after 14 years? 


. Calculate the equivalent monthly rate. Each interest rate is compounded 


semi-annually. 
a) 8% b) 10% c) 12% d) 5.6% e) 6.85% f) 8.74% 


Determine the monthly payment for each mortgage. 
a) $140 000 at 7.4%, over 25 years __b) $95 000 at 6.87%, over 25 years 
c) $110 000 at 8.1%, over 20 years 


Pierre has bought a home and requires a mortgage of $118 000. The bank 
offers him a 25-year mortgage at 8.7%. What is the monthly payment? 


Emma has bought a condominium and requires a mortgage of $97 000. 
A trust company offers her a 25-year mortgage at 7.92%. 


a) Calculate the monthly payment. 
b) What is the total interest paid on this mortgage? 


Kwaw has bought a home and requires a mortgage of $133 000. The bank 
offers him a 25-year mortgage at 8.07%. 


a) Calculate the monthly payment. 
b) Calculate the total interest paid on this mortgage. 


c) How much is still owing on this mortgage after the first 3 years? 


Mina has bought a home and requires a mortgage of $143 000. The bank 
offers an interest rate of 8.45%. Calculate the monthly payment for each 
amortization period. 


a) 25 years b) 20 years 

A family moves into its new home. The $125 000 mortgage is amortized 
over 25 years at 7.77% for a 3-year term. 

a) Calculate the monthly mortgage payment. 


b) At the end of the 3-year term, interest rates increase by 1.5%. The family 
renews its mortgage at current rates. Calculate the new monthly payment. 
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Self-Test 


—_ 


. a) What is the amount after you invest $1100 at 5.7% compounded annually 
for 10 years? 
b) What is the annual interest rate required for $1450 to grow to $1800 in 
8 years? 
c) How many years does it take for $3000 to grow to $6400 at 7.1% 
compounded annually? 


i) 


. A table similar to that below appeared in a magazine. Suppose another row 
is added to the table for 50 years. Calculate the amounts in this row. 


The Magic of Compound Interest 
Value of an annual investment of $1,000 


~ 


Calculate the present value of each amount. The interest compounds annually. 
a) $3000 in 12 years at 7.1% b) $834.56 in 8 years at 9.08% 


= 


. A principal of $650 is invested at the end of each year for 14 years at 6.4% 
compounded annually. Calculate the amount of the annuity. 


ol 


. A payment of $345 is withdrawn at the end of each month for 6 years. The 
principal is invested at 6.6% compounded monthly. Calculate the present 
value of the annuity. 


. Determine the monthly payment for each mortgage. 
a) $125 000 at 7.2%, over 25 years _b) $180 000 at 8.2%, over 20 years 


es 


Knowledge/Understanding A $1000 GIC has an annual interest rate of 
5.89%. Determine its value after 10 years. 


8. Communication Suppose you deposit $255 at the end of every 6 months 
into an account that pays 6.4% compounded semi-annually. How much will 
you have after 8 years? Write to explain how you calculated the amount. 


wo 


. Determine the interest rate necessary for $1000 to amount to $1800 in 
6 years with interest compounded semi-annually. 


1 


. How many years will it take $10 000 to amount to $50 000? The money is 
invested at 5.5% compounded semi-annually. 
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11. Suppose you have an investment account that pays 6.63% compounded 
semi-annually. You plan to withdraw $500 every 6 months for 5 years. How 
much do you need to have in the account now? 


12. Application To buy a new car, you borrow $14 800 at 6.8% compounded 
monthly for 3 years. What are your monthly payments? 


13. An account pays 6.9% compounded annually. How much must be deposited 
at the end of each year to obtain $20 000 after 15 years? 


14. A home was purchased with a mortgage of $130 000. The bank offered a 
25-year mortgage at 8.4%. What was the monthly payment? 


15. A home was purchased, and a mortgage of $99 000 was required. The bank 
offered a 25-year mortgage at 7.9%. 


a) Calculate the monthly payment. 
b) Calculate the total interest paid on this mortgage. 


c) How much is still owing on this mortgage after the first 3 years? 


Assessment Tasks 


1. Suppose you have bought a new home and take a 25-year mortgage at 6% 
compounded semi-annually. You have $10 000 in a bank account that pays 
6% compounded monthly. You must decide whether to reduce your 
mortgage by $10 000 and so reduce your monthly mortgage payments. 


a) How much lower would your monthly mortgage payments be if you 
reduced your mortgage by $10 000? 


b) Should you use the $10 000 to reduce your mortgage or leave it in your 
account? What difference would the decision make to your financial 
situation after 25 years? 


2. Suppose you have three aunts who together decided to give you $1000 
annually for the first 21 years of your life. The first gift is given on your first 
birthday, and the last on your 21st birthday. Assume an interest rate of 6% 
compounded annually. 


a) What is the value of the annuity on the day of your birth? 


b) The eldest aunt will make the first 7 payments, the second aunt will make 
the next 7 payments, and the youngest aunt will make the last 7. How 
much should each aunt have at the date of your birth to ensure she can 
meet her obligations? 


c) Verify your answers to part b. 
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Quadratic Functions and 
Complex Numbers 


INSIGHTS 
INTO A A linear function has an equation such as y = 2x, which represents 


aesae a straight line. A quadratic function has an equation such as 
y = x(6 — x), which represents a parabola. When the line and the 
parabola are drawn on a grid, they intersect at two points. 


At thelend of this chapter,| you will investigate what happens to the points of 


intersection when the line is moved parallel to itself. You will investigate this 
problem both geometrically and algebraically, then compare the results. You will 
also investigate similar problems involving a line and other curves. 


Curriculum Expectations 
By the end of this chapter, you will: 


e Determine the maximum or minimum e Add, subtract, multiply, and divide 
value of a quadratic function whose complex numbers in rectangular form. 
equation is given in the form (Functions and Relations) 

y = ax’ + bx +c, using the algebraic e Explain mathematical processes, 
method of completing the square. methods of solution, and concepts 

e Identify the structure of the complex clearly to others. 
number system and express complex ¢ Communicate solutions to problems ... 
numbers in the form a + bi, clearly and concisely, orally and 
where ?2 = —-1. in writing .... 


e Demonstrate the correct use of 
mathematical language, symbols, 
visuals, and conventions. 


Determine the real or complex roots 

of quadratic equations, using an 
appropriate method, and relate the roots 
to the x-intercepts of the graph of the 
corresponding function. 


Necessary Skills 


1. Review: The Quadratic Function y = ax? + bx +¢ 


When the equation of a quadratic function has the form 

y = ax* + bx +c, the constants used to sketch a graph of the 
function are not obvious. The equation must be converted to the 
form y = a(x — p)* + q. 


a) Write the equation y = x? — 14x + 38 in the form y = a(x — p)? + q. 
b) Graph the function. 


Solution 
a) y= x* — 14x +38 5) J 
The coefficient of x* is 1; soa = 1. yaa 
Complete the square for y = x2 — 14x + 38. | il 
Add and subtract the square of one-half F (or 
2 
the coefficient of x; that is, (=*) = 49 0 5 
y=x"— 14x + 49 — 49 + 38 
Write the first 3 terms as a perfect square. 5, [ E 
y=(x-7"-11 
b) To graph the function, use the vertex, and 
two other points and their reflections in the 10 AN / 
axis of symmetry. 
ey hits | 
From the equation, the vertex has | : : - 


coordinates (7, —11). 
Substitute x = 5 in y = x7 — 14x + 38 
y = 57 14(5) + 38 
= a1 
Substitute x = 3 in y = x* — 14x + 38 
y = 37 14(3) + 38 
=) 
Two points on the parabola are (5, —7) and (3, 5). 
Reflect each point in the axis of symmetry x = 7. 
Two other points on the graph are (9, —7) and (11, 5). 
Plot these points, then join them with a smooth curve. 
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a) Write the equation y = —x* + 3x + 2 in the form y = a(x — p)* + q. 
b) Graph the function. 


Solution 
a) y=? + 3x+2 
The coefficient of x* is —1; so a = —1. 
Complete the square for y = —x? + 3x + 2. 
Remove —1 as a common factor for the first 2 terms. 
y =—1(x* — 3x) +2 
Within the brackets, add and subtract the square of +3); 


that is, (-3)° = - 


Write the first 3 terms in the brackets as a perfect square. 
Multiply the 4th term in the brackets by —1. 


y=-I(Q?-3r4+2) +242 


4 
3\2 9 8 

=A 5) +G+G 
3\2 17 

= G) 


b) To graph the function, use the vertex, and two other points 


and their reflections in the axis of symmetry. 


From the equation, the vertex has coordinates (3. 7). 
Substitute x = 0 in y = —x* + 3x +2 
y =-07 + 3(0) +2 

=2 
Substitute x = —1 in y = x7 +3x+2 

y =-(-1)* + 3(-1) +2 

=-2 

Two points on the parabola are (0, 2) and (—1, —2). 


Reflect each point in the axis of symmetry x = >. 
Two other points on the graph are (3, 2) and (4, —2). 
Plot these points, then join them with a smooth curve. 


NECESSARY SKILLS 199 


Necessary Skills 


Exercises 
1. Write each equation in the form y = (x — p)* + q. 
a)y=x°+4xt+1 b) y=2° + 6x4 10 c) y= 2° - 8x -5 
d) y=x°-3x4+2 e) y= x°-—5x—-5 f) y=27 + 7x +10 
2. Write each equation in the form y = a(x — p)* + q. 
a) y=-x° + 6x +8 b) y=-x*- 10x+1 ct) y=? - 4x -3 
d) y=—? - 3x -7 e) y=? -— 5x +4 f)y=—x°+x-8 


3. Write each equation in the form y = a(x — p)* + q. Sketch a graph of 
each equation. 


a)y =x? +2x4+7 b) y=? - 2x -6 c) y=x7 + 6x-1 
d) y=-x?-3x-8 e) y= x? + 5x-2 f)y=x-—x-5 


2. Review: Number Systems 


In grade 9, you learned about these number systems. 


The natural numbers are the positive whole numbers. 
N = {1, 2, 3, ...} 
With natural numbers, you can solve equations such as x + 7 = 10. 


The whole numbers are the natural numbers and 0. 
W = {0, 1, 2, ...} 
With whole numbers, you can solve equations such as x + 7 = 7. 


The integers are the positive and negative whole numbers. 
LS feeng 2p 1, OF 15 254% 2} 
With integers, you can solve equations such as x + 10 = 7. 


A rational number is a number that can be written as a fraction, where the 
numerator and denominator are integers, and the denominator is not 0. 
The set of rational numbers is denoted by Q. 

3 10 -9 7 

—, -—, —, 1.46, -3.2, -5. 

4° 10 > 5” os . 

With rational numbers, you can solve equations such as 2x = 3. 


Some examples of rational numbers are 


An irrational number is a number that cannot be written as a fraction. 
In decimal form, an irrational number neither terminates nor repeats. 
The set of irrational numbers is denoted by Q. 
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Some examples of irrational numbers are 1, 2, cos 30°, 5.462 798 ... . 
With irrational numbers, you can solve equations such as x? = 5. 


The real numbers are all the rational and irrational numbers; that is, all the 
numbers that can be expressed in decimal form. The set of real numbers is 
denoted by R. 


This diagram illustrates how the sets of numbers are related. 


Real numbers, R 


Q Q 
Exercises 
1. List three examples for each type of number. 
a) Whole number b) Rational number c) Real number 
d) Integer e) Irrational number f) Natural number 


2. To which number system(s) does each number belong? 
a) 48 b) 3.48 c) -2 d) sin45° se) 625 
f) 0 g) -8 h) 36 i) x i) V5 


3. Draw a diagram similar to that above. Insert these numbers correctly in 
the diagram: 
10, -4.37, =, 10, tan 30°, /81, 0, 2, -6, 3.721 486 ..., 4.13 
3. Review: Intercepts and Zeros 
Remember that an x-intercept of the graph of a function is the x-coordinate of 
the point where the graph intersects the x-axis. 


Similarly, the y-intercept is the y-coordinate of the point where the graph 
intersects the y-axis. 
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Necessary Skills 


Determine each y-intercept. 
a) 2x —-3y =6 b) y=x°+x-6 


Solution 


To determine the y-intercept, substitute x = 0, then solve for y. 


a) 2x —-3y =6 b) y=x°+x-6 
Substitute x = 0. Substitute x = 0. 
2(0) — 3y = 6 y=0°+0-6 

—3y =6 =-6 
y=-2 The y-intercept is —6. 


The y-intercept is —2. 


Determine the x-intercept(s). 


a) 2x —-3y =6 b) y=x°+x-6 


Solution 


To determine the x-intercept, substitute y = 0, then solve for x. 


a) 2x —-3y =6 
Substitute y = 0. 
2x — 3(0) = 6 

2x =6 
x=3 


The x-intercept is 3. 


b) y=x°+x-6 
Substitute y = 0, then solve for x. 
O=x°+x-6 
0 = (x- 2) +3) 
Either x —2 = 0 or x+3=0 
a2 x=-3 


The x-intercepts are 2 and —3. 
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Use the results of Examples 1 and 2 to sketch a graph of each function. 


a) 2x —-3y =6 b) y=x74+x-6 
Solution 
a) 2x —3y =6 


From Examples 1] and 2, the graph passes through 
(0, —2) and (3, 0). 


Plot these points on a grid, then join them with 
a Straight line. 


b) y=x°+x-6 


From Examples I and 2, the graph passes through 
(0, —6), (2, 0), and (=3, 0). 


Plot these points on a grid, then join them with 
a smooth curve. 


In Example 3, remember that the x-intercepts of the graph of a function are the 
zeros of the function. 


That is, the linear function 2x — 3y = 6 has a zero of 3. 
The quadratic function y = x* + x — 6 has zeros 2 and -3. 


Exercises 


1. Determine the x- and y-intercepts. Use the intercepts to sketch a graph of 
each function. 


a) y=-2x+8 b) 3x+4y = 12 c) 4x — 9y + 36 = 0 

d) y=x7+4x—5 e) y=—-x° + 9x - 18 f) y=2x7 + 8x + 16 
2. Determine each y-intercept. 

a) y=3x-7 b) 5x — 7y = 35 c) y=x°—5x4+2 

d) y = 2x7 - 3x45 e) y= 81-x f) y = 4x7 + 16 


3. Determine the x-intercept(s). 
a) y= 3x-8.1 b) 7.2x + 3.7y = 2.7 c) y=x*+ 7x4 12 
d) y = 16x7-24x+9 e) y=10x*-19x-56 ft) y= 121427 


NECESSARY SKILLS 203 


Necessary Skills 


4. New: Multiplying and Dividing Radicals 


A positive number such as 3 has two square roots, because there are two 
different numbers that satisfy the equation x? = 3. One number is positive and 
the other negative. The positive square root is denoted by V3. This expression is 
an example of a radical. In this chapter, you will multiply and divide radicals. 


We can tell that 4 x /9 = /36 because the left side equals 2 x 3 and the 
right side equals 6. But what about /3 x /5? To show that /3 x /5 = J/15, 
use a calculator: 
V3 x <5 = 1.732 050 808 x 2.236 067 977 
= 3.872 983 346 
V15 = 3.872 983 346 


We cannot be certain that /3 x /5 = \/15 because we used decimal approximations. 
To prove that /3 x /5 = \/15, square each expression. 


Left side: Right side: 

(V3 x J/5P% = V3 x V5 x V3 x V5 (J/15)° = V15 x V15 
=V3xV3xVJV5x V5 =/15 
=3~x5 
= 15 


Since the left side equals the right side, we conclude that /3 x /5 = J/15. 
The following properties can be justified in the same way, by squaring each 
side, then simplifying. 


Take Note 


Multiplication and Division Properties of Radicals 


Jax Vb =V/axb (a>0,b2>0) 
fe ff (a>0,b>0) 


These properties can also be used in reverse. For example, consider / 20. 
Notice that 20 has 4 as a perfect-square factor. Therefore, we can write: 


J20 = V4 x5 
=V4x J5 
= 2/5 


The expression 2/5 is an example of a mixed radical. 


To determine whether a radical can be expressed as a mixed radical, look for a 
factor that is a perfect square. 
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Simplify. 


42 
a) V3 x /10 b) ee 
Solution 


a) V3 x V10 = 30 ») 2 = Vid 


Express as a mixed radical, if possible. 


a) V18 b) V30 c) V32 
Solution 
a) 18 has 9 as a perfect-square factor. __b) Since 30 does not have a 
J18 = V9x J2 perfect-square factor, V30 cannot 
= 3/2 be expressed as a mixed radical. 
c) 32 has two perfect-square factors, 4 and 16. 
V32 = V4 x V8 or V32 = V16x V2 
= 2/8 = 4/2 


In Example 2c, there are two ways to write 32 as a mixed radical. We say that 
4,/2 is in simplest form because the number under the radical sign has no 
perfect-square factor. 


Exercises 
1. Multiply or divide. 
a) V5xV2 ot) V7 x VO 0) ere 


2. Express as a mixed radical in simplest form, if possible. 
a) /8 b) //12 c) /27 d) /35 e) /40 t) /50 
9) 60 h) /63 i) /72 i) V75 k) /80 1) 200 
3. In exercise 2, most of the radicals can be expressed as mixed radicals. 


a) Write a different radical that can be expressed as a mixed radical. 


b) Only the radical in exercise 2d cannot be expressed as a mixed radical. 
Write another radical that cannot be expressed as a mixed radical. 
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4.1 Maximum or Minimum Value of a Quadratic Function 


Remember that the equation of a quadratic function has the form y = ax* + bx +c. 
The graph of a quadratic function is a parabola. The y-coordinate of the vertex of 
the parabola is either the maximum value of the function, or its minimum value. 


Recall that for y = ax* + bx +c 
When a > 0, the parabola opens up and the function has a minimum value. 
When a < 0, the parabola opens down and the function has a maximum value. 


Another form of the equation of a quadratic function is y = a(x — p)? + q. 
In this form, the coordinates of the vertex are identified as (p, q). 


Maximum value Minimum value 
y=ar+bxt+ce 


a>0O 


y=axr+bxt+ce 
a<0 

or, | 

y=ae—p)+q | 
a<0 


Or, 


y=a(x-p)+q | 
a>0O 


When the equation of a quadratic function is given in the form y = ax* + bx +c, 
we complete the square to write the equation in the form y = a(x — p)* + q. 


a) Write the equation y = 2x? — 10x + 9 in the form y = a(x — p)? + q. 
b) Graph the function. 


Solution 

a) y = 2x7- 10x +9 
Remove 2 as a common factor for the first 2 terms. 
y = 2x? — Sx) +9 
Within the brackets, add and subtract the square of one-half the 
coefficient of x. ; 
That is, add and subtract (3) == 


y=2(P-Sx+ 3-23) 49 


Write the first 3 terms in the brackets as a perfect square. 
Multiply the 4th term in the brackets by 2, then remove it from the brackets. 
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) 7 
b) Plot the vertex (3. -i). 


From the equation y = 2x? — 10x + 9, the y-intercept is 9. 
Plot the point (0, 9). 
Reflect this point in the axis of symmetry x = 
Plot the point (5, 9). 
Draw a smooth curve through the plotted points. 


Nl[wn 


Without sketching the graph, determine the maximum or minimum value of 


the function y = 3x —3x+1. 


Solution 


Since the coefficient of x* is negative, the parabola opens down and the 
function has a maximum value. To determine the maximum value, write the 
equation of the function in the form y = a(x — p)* + q. 

Complete the square for y = 30 —3x+1. 


Remove -5 as a common factor for the first 2 terms. 
To remove 5 as a factor of —3, divide —3 by -33 that is, multiply —3 by —2. 
y =—5(? + 6x) +1 
2 
Within the brackets, add and subtract (4) = 9, 


y=-70? +6x+9-9) +1 


Write the first 3 terms in the brackets as a perfect square. 
Multiply the 4th term in the brackets by ->; then remove it from the brackets. 
y=-Z0? + 6x4 9+541 


ens 23. al 
y= 5 & + 3) + 5 


The maximum value of the function is + 


y= 2x°- 10x +9 
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Here is an alternative method to determine the maximum or minimum value 
without sketching the graph. Consider the function in Example 2. 


y= 5x? - 3x41 


The vertex of the graph of y = —3e — 3x+ 1 is 1 unit 
above the vertex of the graph of y = -30 — 3x. The graphs 


are drawn as an illustration, and are not part of the solution. 


Determine the zeros of y = 30 — 3x by substituting y = 0. 
tage 
xe 3x = 0 


Solve by factoring. 


=—LyP +35 
x(-hx - 3) = 0 Te" 
x=0 or 5x —3=0 
— 
ae = 3 
x=-6 
The equation of the axis of symmetry is x = a ue that is, x = —-3. 


The x-coordinate of the vertex of each graph is —3. 
Substitute x = —3 in y = 50 ~3x41 
= 2 
y=-$3) - 3-3) +1 


eels 
=-5+9+1 


ae 
2; 
The maximum value of the function is >. 


We can use the maximum or minimum value of a function to solve problems. 


A ball is thrown vertically upward from the balcony 
of an apartment building. The ball falls to the ground. ~é 
The height of the ball, ) metres, above 


the ground after ¢ seconds is given by the function “2 é 

h = —St + 15+ 45. 

a) Determine the maximum height of the ball. @ 
b) How long does it take the ball to reach its - 


maximum height? 


c) How high is the balcony? 


208 = CHAPTER 4 QUADRATIC FUNCTIONS AND COMPLEX NUMBERS 


Solution 
a) h = —5t7 + 15t + 45 


To determine the maximum height, complete the square to write the 
function in the form h = a(t — p)’ + q. 
h=-5P + 15t+ 45 


Remove —5 as a common factor for the first 2 terms. 

h=—5(t? — 31) + 45 

Within the brackets, add and subtract the square of one-half the 
coefficient of t. That is, add and subtract (3) = y 


Zz 
h=-5(P-31+2—2) +45 


Write the first 3 terms in the brackets as a perfect square. Discuss 

Multiply the 4th term in the brackets by —5. Why did we write +3 
5 9 in the brackets, 

h=-5(? - 37+) + 11.25 +45 instead of 42.96 


he -5(1 = ay: + 56.25 


Compare this equation with h = —a(t — p)? + q. 
The coordinates of the vertex are (. 56.25), or (1.5, 56.25). 


The maximum height of the ball is the h-coordinate of the vertex, 
which is 56.25 m. 


b) The time for the ball to reach its maximum height is the +coordinate of 
the vertex, which is 1.5 s. 


c) When the ball leaves the balcony, t = 0. Discuss 
Substitute t = 0 inh = —5?? + 15t + 45. hone Goes ane path 
of the ball compare 


h = -5(0)? + 15(0) + 45 with the graph 
= 45 below? 


The balcony is 45 m high. 


We can use a graphing calculator to check the results of Example 3. 
Input h = —5¢? + 15t + 45 as y = —5x? + 15x + 45. 


Press (_¥-_). Input ©_) 5 [xnen) (2?) (+) 15 [xren) + 45. 70 
Press (wnoow), Input Xmin = —1, Xmax = 6, Xscl = 1, 

Ymin = —10, Ymax = 70, Yscl = 10. 

Press to display this screen. 


To determine the coordinates of the vertex, press = ° 


for CALC. Then press 4 for maximum. -10 
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Use the arrow keys to move the cursor to the left of the maximum point. Press 
(exter). Move the cursor to the right of the maximum point. Press (enter), 
The coordinates are displayed: X = 1.4999996 Y = 56.25 


These coordinates are the time in seconds to reach the maximum height, and 
the maximum height in metres. 


For the height of the balcony, press for CALC. Then press 1 for 
value. Input 0 (er), and the y-intercept is displayed: Y = 45. 


This is the height of the balcony in metres. 


vA) 


1. For each function, state its maximum or minimum value and identify which it is. 
a) y = (x+4)*-3 b) y= 2-37 +5 c) y = -0.5(x — 1)? +2 
d) y=3(x+4)°-1 e) y=—-(x — 2) f) y=—x2 + 16 


2. For each quadratic function: 


i) State the maximum or minimum value of y, and identify which it is. 
ii) State the corresponding value of x. 


a) y=(x+ 2-4 b) y=—S(x +3) -2 ce) y=-3@@ + 1)? +3 
d) y=-(x-1- 10 e) y=0.4x7 + 6 f) y =—-2(x + 4)? 

3. Write each equation in the form y = a(x — p)* + q. 
a) y=x°-6x+8 b) y=x? + 10x +9 t)y=x?+4x-7 
d) y=x?-2x41 ey =x +5x-3 f)y=x2*+x-2 


LB) 


4, Write each equation in the form y = a(x — p)* + q. 


a) y = 2x7 + 6x -7 b) y = 3x* + 6x-8 ce) y=—3x*-9x +8 
d) y=—2x7+8x4+4 ec) y=4x7 +4042 f) y = 407 - 8x +1 
5. Write each equation in the form y = a(x — p)* + q. 
a) y= 2x7 +5x-1 b) y = 3x7 -4x +6 c) y = —2x7 — 3x -6 
d) y =—3x7 + 5x-4 e) y= 4x7 + 6x — 3 f) y=—4x?- 10x +1 
6. Knowledge/Understanding Write each equation in the form y = a(x — p)? + q. 
Determine the maximum or minimum value of each function. 
a)y=2x7-12x+15 b) y= 3x*-6x4+8 c) y = 2x* — 10x + 20 
d) y=? - 6x4 5 e) y=-5x° + 40x-3 ft) y= 4x? - 24x + 6 
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o 


11. 


—_ 


12. 


13. 


14. 


. Write each equation in the form y = a(x — p)’ + q. 


a) y= 5x7 + 3x42 b) y= 5x? - 2x41 ty =-pr 4x3 


d) y= 5x7 + 6x—2 e) y= 5x? - 4x + 6 y= +2x+4 


. Write each equation in the form y = a(x — p)* + q, then sketch its graph. 


a) y=x*—-2x-3 b) y=-x* + 6x +8 c) y = —2x* + 12x — 16 
d) y = 3x? — 24x + 36 e) y=—5x + 2x-3 y= ax — 4x47 


. Without sketching the graph, determine the maximum or minimum value of 
each function, state which it is, and state the corresponding x-value. 
a) y =x" - 8x 421 b) y=—x* + 2x-6 c) y = 4x? — 32x — 50 
= 972 Qy_— a ee i 23) 2 the es 
d) y= 2x°-8x-5 e) y= 5% Sx + 7 f) y 3 + 9x A 


. Write an equation of a quadratic function that satisfies each set of conditions. 


a) The function has a minimum value of 6 at x = 4. 

b) The function has a minimum value of —3 at x = 5. 

c) The function has a maximum value of 10 at x = —2. 

d) The parabola is congruent to y = 3x”, and has a minimum value of 7. 


e) The parabola is congruent to y = —x’, and has a maximum value of -3. 


Are there other possible equations for quadratic functions that satisfy each 
set of conditions in exercise 10? If so, give an example for each part of 
this exercise. 


Communication Suppose the coordinates of the vertex of a parabola are 
known. What additional information is needed to write the equation of the 
parabola? Explain. 


Application A stone is thrown into the air from a bridge over a river. The 
stone falls into the river. The height of the stone, h metres, above the river 
t seconds after the stone is thrown is given by h = —5t? + 10¢ +7. 


a) Determine the maximum height of the stone above the river. 

b) How long does it take the stone to reach its maximum height? 

c) How high is the bridge above the river? 

Thinking/Inquiry/Problem Solving In an electrical circuit, the voltage, 
V volts, as a function of time, ¢ minutes, is given by V = 12 — 9f + 2r. 


Determine the greatest and least values of voltage during the first 5 min. 
When do these values occur? 
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4.2 Solving Quadratic Equations 


In|Chapter 2| you solved quadratic equations such as x* + 3x + 2 = 0, when you 
determined non-permissible values of the variable for certain rational 


expressions. You used factoring to solve these equations. However, many 
quadratic equations cannot be solved by factoring. 


The general quadratic equation has the form ax* + bx + c = 0, where a # 0. 
In grade 10, you used the following formula to solve this equation. 


Take Note 


Quadratic Formula 


The real roots of the quadratic equation ax” + bx +c = 0, a #0, are 


—f +4/p2 — 
a aN where b* — 4ac > 0. 
The expression, b* — 4ac, is the discriminant of the quadratic 
equation. 


Since this formula was not proved in grade 10, we will prove it below. We will 
use the method of completing the square. 


Consider ax? + bx +c = 0. 
Remove a as a common factor for the first 2 terms. 


a(x + 2x +0=0 


Within the brackets, add and subtract the square of one-half the coefficient of x. 


b\?_ BP 
That is, add and subtract (+) =: 
2a 4a 
2,6 Pb 2 
a(x get ae Ae +c=0 
Write the first 3 terms in the brackets as a perfect square. 


Multiply the 4th term in the brackets by a, then remove it from the brackets. 


245 4)-£ = 
a(x ee al a +c=0 
2 2 
b b i 


2a 
2 2 
b _ be —4ac 
a(x+ +) = Ae 
(x+ =. b? — 4ac 
2a 4a 
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Take the square root of each side. This step is valid only if b* — 4ac > 0. 


b b? — 4ac 
24/2 - 
" 2a 4a? 


Use the division property of radicals. 


/p2 

ea De a <. be — 4ac 

2a 2a 
Solve for x, then simplify the right side. 

—b , vb? —4ac 
x= + — 

2a 2a 
gms —b + Vb? — 4ac 

2a 

. _pb+J/pP— apaa/pe= 

That is, x = i a = Me gp Ne = eae 


Taken together, these two roots form the quadratic formula. 


Solve, then check. Write the answers to 4 decimal places where necessary. 
a) 2x* + 5x-3 =0 b) 9x - 12x = -2 ce) x + 6x + 11 =0 


Solution 
a) 2x7 +5x-3=0 
Use the quadratic formula. 


J —b + /b2 — 4ac 


2a 
Substitute qd = 2,b=5,c =-3. 


x - Dts? =4OC3) 
2(2) 
—5 + ¥25 + 24 
x= 
4 
—_ 5 +749 
x= 
4 
_ +7 : 
ae Discuss 
—54+7 =5=7 What other method 
eae | or Fi could you have used 
1 to solve this equation? 
= oy =-3 Explain. 
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Check. 

Substitute each value for x in the equation. 

2x* + 5x-3=0 

When x = > When x = -3 

Left side = 2(3)° + 5(4) -3 Left side = 2(-3)? + 5(-3) — 3 
—~1,5_ = 18-15-3 
a -( 
=0 = Right side 
= Right side 


The solution is correct. 


b) 9x2 — 12x = -2 
Rearrange the equation so the right side is 0. 
9x? - 12x +2=0 


Use the quadratic formula. 


= —b + Vb? — 4ac 


2a 
Substitute a = 9,b = -12,c =2. 


ya 12tVe2r-4@Q) 
2(9) 
ar 
x= 2+ V7 or c= B= VvR 
= 1.1381 = 0.1953 
Check. 
Substitute each value for x in the equation. 
9x? — 12x = -2 
When x = 1.1381 When x = 0.1953 
Left side = 9(1.1381)? — 12(1.1381) Left side = 9(0.1953)* — 12(0.1953) 
= —1.9998 = —2.0003 
a) sony) 
= Right side = Right side 
To 3 decimal places, the left side equals the right side. Discuss 
The solution is correct. In the check for part b, 


why did the right side 
not equal the left side in 
each solution? Explain. 
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Previous Section | 


c) x°+6x+11=0 


Use the quadratic formula. 
es —b + Vb? — 4ac 
2a 
Substitute a = 1,b=6,c = 11. 


ge 6 + /62 — 4(1)(11) 
~ 2(1) 
_ 64/8 
a 


Since /—8 is not defined as a real number, this equation has no real roots. 


We can use a graphing calculator to illustrate the results of Example 1. 


The screens show the graphs of the three quadratic 
functions that correspond to the given equations. 


The dotted curve is the graph of y = 2x? + 5x — 3, 
which intersects the x-axis at x = a and x = -3. 


The thick curve is the graph of y = 9x? — 12x +2, 
which intersects the x-axis at x = 1.1 and x = 0.2. 


The thin curve is the graph of y = x? + 6x + 11, which does not intersect the x-axis. 


Remember that the zeros of a quadratic function are the x-intercepts of its graph. 


Since the graph of a quadratic function is a parabola with a vertical axis of 
symmetry, the graph has two different x-intercepts, two equal x-intercepts, or no 


x-intercepts, as shown on the next page. 


Similarly, a quadratic equation has two different real roots, two equal real roots, 


or no real roots. 

-b + Ji? — 4a 
2a 

the roots of the general quadratic equation ax” + bx +c =0,a #0. 


We can use the quadratic formula, x = 


© to determine the nature of 
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Consider how the quadratic formula applies to these three equations: 


Previous Section 


x2 —8x+12 =0,x7- 8x + 16=0, x2-8x+20=0 


x*—8x+12=0 
_ 84/64 -48 
a 
= 8+ /16 ———————_ Positive | 
2 
The roots are 
5=* or 6 
g— Two different 
and , or 2 
2 real roots 
x27-8x+16=0 
_ 8+/e4—64 
7 2 
x, = 8tv0 ———— lero | 
rey 


The roots are 


8 +0 


; ,or4 


aU | 


x7 —8x+20=0 


ee 8 + V64 — 80 
2 


Ree -16 
are 


The roots are not 
defined as 
real numbers. 


Two equal 
real roots 


———— _ Negative | 
—————__ Noreal roots | 


The parabola 
intersects 

the x-axis at 
two points. 


The parabola 
intersects 

the x-axis at 
one point. 


The parabola 
does not 
intersect 

the x-axis. 


We can use the quadratic formula to solve problems that involve quadratic functions. 


A flare is fired upward from the deck of a ship. The flare hits the water. The 
height of the flare, / metres, above the water after t seconds is given by the 


function h = —4.97? + 987 + 8. 


a) Determine the maximum height of the flare. 


b) How long does it take the flare to reach its maximum height? 
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c) When does the flare hit the water? 
d) How high is the deck of the ship above the water? 


Solution 


a) 


b 


— 


c) 


h = —4.91° + 981 + 8 
To determine the maximum height, complete the square. 


pol 2 . 98 
42 4.9(1 a) +8 


h = -4.9(? — 201) + 8 

h = -4.9(7 — 20r + 100 — 100) +8 

h = -4.9(7 — 20r + 100) + 490 + 8 

h = -4.9(t — 10)* + 498 

The maximum height of the ball is 498 m. 


From part a, the time to reach the maximum height is 10 s. 


The flare hits the water when its height is zero; that is, h = 0. 


Substitute h = 0 inh = —4.977 + 987 + 8. 
0 = 4.977 + 98r +8 


F —h + /p2 — 
Solve for ¢. Use the quadratic formula t = ee 
Substitute a = —4.9, b = 98, c = 8. 
p= D8 + V'98? = 44.918) 
2(-4.9) 

= —98 + /9760.8 

—9.8 
pe —98 + 98.7968 

—9.8 
Multiply the numerator and denominator by —1. 
— 98 + 98.7968 

9.8 
Ignore the negative root because time cannot be negative. 
oo 98 + 98.7968 

9.8 

= 20.08 


The flare hits the water after about 20 s. 


d) The flare leaves the deck when t = 0. 


Substitute t = 0 inh = —4.97 + 981 + 8. 
h = -4.9(0)? + 98(0) + 8 
=8 


The deck is 8 m above the water. 


Discuss 

How could you 
complete part c 
using the equation 
in its completed 
square form? 
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Previous Section 


4.2 Exercises 


Al 


i 1. Match each equation with the graph of a corresponding function shown 
below. Use the graph to solve each equation. 


a) x7+9 =-6x 
d) x? +x=2 
i) || 


b) 7x = 10 + x” 
e) x7 + 10 = 6x 
ii) 


c) 2x = x7 +3 
f) 4x +5 =x 


iii) 


JY 2. Solve by factoring. 
a) x°-7x+12=0 
d) a*—5a—24=0 


3. Solve. 
a) x” = 25 
d) 9x7 -2=0 


b) m2 -9m+8=0 


e) x7 — 36=0 
b) 2 =6 
e) (x— 1)? = 16 


4. Solve, then check where possible. 


a) x7 + 2x-24=0 
d) x7 +4x+2=0 
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b) n27—6n+5=0 
e) 18x +5 =—9x? 


ce) x t+ 4x+4=0 


f) v7 - 144 =0 
c) k*>-12=0 
f) (a+2)° =3 


ct) x7 -6x+4=0 
f) 4a? = 3 - 16a 


o 


~ 


o 


10. 


11. 


12. 


Previous Section 


. Knowledge/Understanding Solve. 


a) x7+5x+6=0 b) a7@—-9a+14=0 


d) 5x7 + 14 = 8x 


. Communication 


a) Solve each equation. 


i) x7 -4x -5=0 ii) x*7-4x+4=0 


e) 2k? — 13k +10 =0 


c) m2+7m = 12 
f) 4x7 + 10x +3 =0 


iii) x7 -4x +9 =0 


b) On the same grid, graph a function that corresponds to each quadratic 
equation in part a. Explain how the roots of each quadratic equation relate 


to the graphs. 


. Determine the roots of each equation to 2 decimal places. Check by using a 


graphing calculator to graph a corresponding function. 


a) 2b? — 13b+ 10 =0 
d) 2a7-9a-1=0 


b) 2z*-7z+4=0 
e) 5 —3t+1=0 


. Solve. 


a) x7 — 14x + 33 =0 
d) 2m? +5m-—3=0 


b) y>+ 7y-18=0 
e) x7 —4x =0 


. Thinking/Inquiry/Problem Solving 


a) Solve. 
i) 4x7 + 20x + 10 = 0 


ce) 3x7 -x-5 =0 
f) 2y° + 5y+4=0 


c) 6x7 — 7x -3=0 
f) 2m*-—m=0 


ii) 4x7 + 20x+21=0 iii) 4x2 + 20x +25 =0 


b) Examine the pattern in the equations in part a. What part of the equation 
changes? How is this change reflected in the graph of a corresponding 
function? Determine an equation that has the same pattern and has no real 


solutions. 
Solve, then check. 
a) m2 —2m—-15=0 
d) 2x7-9x-5=0 


b) 7 + 12r+32=0 
e) 4x2 - 4x -3 =0 
Solve. 

a) 3x7+5x+1=0 
d) 3x7 + 4x+7=0 


b) 2k7 + 3k-8=0 
e) 4a* + 12a+9=0 


State which equations in exercise 11 have: 


a) 2 different real roots hb) 2 equal real roots 


c) 3x7 + 7x +4=0 
f) 4m? -9m+5=0 


c) 5x7 -x+2=0 
f) 4x7 — 24x + 36 =0 


c) no real roots 
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13. Determine the roots of each equation to 2 decimal places. 

a) 5x7 +6x-1=0 b) 2c? -6c-1=0 c) 3m? + 2m =7 

d) 47? + 2r = 3 e) 3p?- 6p +1=0 f) 2a” - 6a +1 =0 
14. Use a graphing calculator. Solve each quadratic equation. Explain how the 


graphs of corresponding functions account for the differences in the roots of 
the equations. 


a) 4x*- 4x -3 = 0 b) 4x2-4x-1=0 
c) 4x7 -4x+1=0 d) 4x7 - 4x +3 =0 
15. Application The height of an infield fly ball, A metres, t seconds after it is 
hit is given by the formula h = 1.5 + 30t — 4.977. 
a) Determine the maximum height of the ball. 
b) How long does it take the ball to reach its maximum height? 
c) How long does it take the ball to reach the ground? 
d) How high is the ball when it is hit? 
16. a) Solve each equation. 


i) x -6x+9=0 ii) x + 10x + 25 =0 
iii) 4x2 — 12x +9 =0 iv) 4x7 + 20x + 25 = 0 

b) All the equations in part a have 2 equal real roots. Under what conditions 
does a quadratic equation have 2 equal real roots? 


c) Without solving, determine which equations have 2 equal real roots. 


i) 2x7 + 5x -1=0 ii) x7 -4x+4=0 

iii) x7 -—7x+9=0 iv) 9x7 - 6x +1=0 
17. a) Solve each equation. 

i) x7 -—5x+7=0 ii) 3x7 + 7x- 11 =0 

iii) 2x7 + 5x+6=0 iv) 3x7 — 7x + 10 =0 


b) All the equations in part a have no real roots. Under what conditions does 
a quadratic equation have no real roots? 


c) Without solving, determine which equations have no real roots. 
i) 5x7 +4x+1=0 ii) 3x7 - 8x + 7=0 
iii) 6x? - 5x-3 =0 iv) 12x7- 19x +7 =0 


ic) 


18. Consider the quadratic equation x? — bx + 4 = 0. For what values of b does 
each solution occur? 


a) 2 different real roots hb) 2 equal real roots c) no real roots 
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Self-Check 4.1, 4.2 


— 


. Write each equation in the form y = a(x — p)’ + q. 


a) y=x°-5x4+9 b) y= 2x7 +40 +7 
c) y = —2x7 -— 6x +1 d) y = 2x* -—3x-2 
e) y= 5x7 +2x-5 hy =—zr-x+4 
2. Write each equation in the form y = a(x — p)* + q. 
a) y=x?-10x+ 11 b) y = 2x7 + 12x -—9 
ct) y=—x7 + 4x41 d) y =—2x? - 7x +6 
Be et ee Se ae ee 
yaa 2x +3 f)y= rea 5x-1 


3. For each quadratic function in exercise 2, state its maximum or minimum 
value and the corresponding value of x. 


4. Write an equation of a quadratic function that has a maximum value of 6 
atx = -3. 


5. Solve each equation by factoring. 
a) x7+7x+12=0 b) 4m? — 12m +9 =0 
ct) 4a” - 12a+ 5 =0 d) 3x7 + 13x+4=0 
e) 6a" — Ila— 10 =0 f) 2x? -7x- 15 =0 
6. Solve each equation by using the quadratic formula. 
a) x7-9 =-8x b) 2b7+4b+3=0 
c) -2x7 + 5x+7=0 d) 4a? - 1la+1=0 
e) 3a°- 2a =2 f) 2x7 + 3x+4=0 
7. Solve each equation. 
a) x7 + 25 =0 b) a? +2a+3=0 
c) 4(x- 3) =-7 d) 5x27 +2x+1=0 
e) —3x2 - 2x+7=0 f) 52° 3x-6 =0 


. Use a graphing calculator. Solve each quadratic equation. Explain how the 
graphs of corresponding functions account for the differences in the roots 
of the equations. 


a) x7 + 10x+ 15 =0 b) x7 + 10x + 20 =0 
c) x7 + 10x + 25=0 d) x7 + 10x + 30 =0 
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4.3 Introduction to Complex Numbers 


In[Section 4.2] we discovered that some quadratic equations have no real roots. 
When we attempt to solve one of these equations using the quadratic formula, 
we encounter the square root of a negative number. The square root of a 
negative number is not defined as a real number. However, we can extend the 
number system to include the square roots of negative numbers. 


Consider these examples that involve the number systems you reviewed in 


Necessary Skills, 

e The equation x + 3 = 0 has no solution in the set of natural numbers. But it 
does have a solution, x = —3, in the set of integers. 

e The equation 2x + 1 = 0 has no solution in the set of integers. But it does 
have a solution, x = 5 in the set of rational numbers. 


¢ The equation x? — 2 = 0 has no solution in the set of rational numbers. 
But it has two solutions, x = +./2, in the set of irrational numbers. 


¢ The equation x? + 1 = 0 has no solution in the set of real numbers. 


We can extend the number system even further to have a solution for the 
equation x* + 1 = 0. We define a new number i with the property that i? = —1. 
Then, 7 is a square root of —1. We now have two square roots of —1 because —i 
will also have a square of —1: 


(i = [-D@P 

= (1)? 

=(D(- 

=-] 
The number j is not a real number. It is not meaningful to say that /—1 is the 
positive square root of —1 because only real numbers can be positive. The 
symbol /—1 could mean either of the two numbers, i or —i. Therefore, we 
define /—1 = i. Similarly, we define /—4 = 2i, /—9 = 3i, and so on. These 
definitions extend to other numbers of the form /—k. 


Take Note 
Definition of /-k 


¢ We define the number i such that i7 = -1. 

° We define V1 =i. 

© When k > 0, we define /—k = V/ki. This is the principal square 
root of —k. Thus, the two square roots of —k are t/—k = +/ki. 
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Simplify. 
a) /—36 b) /—12 c) (i) d) i> 
Solution 
Use the definition of “—k. 
a) /-36 = /36i b) V—12 = V12i 
0) (Ti =P xi? d) P=? xi 
= 49(-1) = —1(i) 
= —49 =i 


In Example Ib, we could write (2/3)i to avoid confusion with 2/3 ‘ 


We can use the definition of V—k to solve a quadratic equation whose solution 
leads to the square root of a negative number. 


Solve each equation. 
a) x7 +9=0 b) x7+5=0 c) 4x7 + 7=0 d) (x — 2)? = -25 


Solution 
a) x7 +9=0 b) 7° +5=0 
x? = -9 x? = 5 
x = +/-9 x = +/-5 
x = Bi x = t+/5i 
c) 4x7 +7=0 d) (x — 2)? = —25 
eat x—2 =4+/-25 
7 x-2=+5i 
. a : 
4 x=2+5i 
Lat 
og 


All the roots of the equations in Example 2 have the form a + bi, where a and b 
are real numbers and i* = —1. These are examples of complex numbers. 
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Take Note 


Complex Numbers 


e An expression of the form a + bi, where a and D are real numbers 
and i* = —1, is a complex number. 


e The set of complex numbers includes the real numbers, since any 
real number x can be written in the form x + Oi. 


We can use complex numbers to determine the roots of any quadratic equation. 
This means that the restriction b? — 4ac > 0 in the statement of the quadratic 


formula on|page 212|can be removed (seelexercise 16). 


Solve, then check. 


a) x7 -6x+13=0 b) x7 +x+1=0 
Solution 
a) x7 -6x+13=0 
Use the quadratic formula, x = ee ae 
Substitute a = 1, b = -6,c = 13. 
x= DOE VO? = 4003) 
2(1) 
_ 6+/-16 
~ 2 
_ 644i 
a) 
_ 23 +2i) 
~ 2 
=3+2] 
The roots of the equation are 3 + 2i and 3 — 2i. 
Check. 
When x = 3 + 27, When x = 3 —- 2i, 
Left side = x* — 6x + 13 Left side = x — 6x + 13 
= (3 + 2) — 6(3 + 21) + 13 = (3 - 2i) — 63 — 21) + 13 
= 9+ 121+ 47 — 18 — 127413 =9- 127+ 47 —18 + 127413 
=-9 + 4(-1) + 13 =-9+4(-1) + 13 
=0 =0 
Right side = 0 Right side = 0 


Both roots are correct. 
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b) x7 +x+1=0 


—ptivp— 
Use the quadratic formula, x = ee 
Substituted =1,b=1,c=1. 
ya tv? = 4a) 
2 

_ 14/3 

~ 2 

— -lt J3i 

~ 2 
The roots of the equation are — ; + 3 and —4 S i. 
Check. 
When x = > + Bi, 


Left side = x* +x+1 


ay BN a fd We 
= (-++)) (-$+Gi) +1 


5) + 
a AN We JEN 1 3. WS 
= 4+2( +) (Gi) + Si) + i+] 
oe eee eee 
=G arg! qt zee 
Sas Oe ey 
“4 4 7 t1 
=0 
Right side = 0 
=. i wa, 
When x = 5 me 


Xx 
ee oe eee ee 
=(-+ i) +(-4 Si) +] 


2 

_1 _1\(_v3 Ee ee ee 

= 7 +2( )( i) +( a) ee 
a 9 Ween Sa. 1 Ales 

Gt eae 5 eae 

a ee 

=a ee 

=0 


Right side = 0 


Both roots are correct. 
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Look at the roots of the equations in Example 3. 


The roots of x2 — 6x + 13 = 0 are 3 + 2i and 3 — 2i. 
V3. Ji 4 
> / and ; ama 


The roots of x? +x + 1 = 0 are -5 + 


In each case, the roots differ only in the sign of the term containing 7. Two 
complex numbers with this property are called conjugates. The complex roots 
of a quadratic equation always occur in conjugate pairs. 


We can now modify the quadratic formula so that it applies to complex roots. 


Take Note 


Quadratic Formula 


The roots of the quadratic equation ax* + bx +c = 0, a # 0, are 


= —b + Vb? — 4ac 


2a 


When b? — 4ac > 0, there are two different real roots. 
When b* — 4ac = 0, there are two equal real roots. 
When b? — 4ac < 0, there are two complex roots that are conjugates. 


Al 


1. Simplify. 
a) /-4 b) /-25 ct) /-49 d) /-2 
e) /—-5 f) /-8 g) V-18 h) /-72 
2. Simplify. 
a) (3i)° b) (Si) 6) (V6i) d) (2V3i) 
e) i? ) i g) i* h) > 
3. Classify each number as an integer, a rational number, an irrational number, 


a real number, and/or a complex number. A number can belong to more 
than one set. 


a) > b) V3 c) -4 d) Si 
eo 0 9) h) 2; 
i) 3.47 i) -2 k) 2.716 347... 1) -4i 
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4. 


.B) 


. Solve each equation. Write the roots in the form bi, where b is a real number. 


oa 


[=>] 


~ 


oo 


o 


10. 


11. 


Which pairs of complex numbers are conjugates? 


a) l+i,1l—i b) 2 + 3i, 3 —2i 
c) 3—5i,3+5i d)4-—2i,2+i 
e) 3+ 4i, 41-3 i) 24+ /3i, 2 - V3i 


a) x7+25=0 b) x7 +12=0 c) 3x7 + 27 =0 
d) 2x7 + 32 =0 e) 3x7 + 60 =0 1) 9+4x7 =0 
. Solve each equation. 

a) x7- 16=0 b) x7 +16=0 

c) x7-6=0 d) x7 +6=0 

e) 4x7 - 25 =0 f) 4x7 + 25 =0 

g) 4x7 - 16 =0 h) 4x7 + 16 =0 

i) 4x7 - 11 =0 j) 4x7 +11 =0 
. Knowledge/Understanding Solve. 

a) x*-2x+2=0 b) x7+4x+5=0 

c) x7 + 2x+3=0 d) x7 +x+2=0 

e) x7 + 5x-7=0 f)1—4x+2x7=0 


. Communication 


a) Show that both 27 and —2i are the roots of the equation x7 + 4 = 0. 


b) Without solving the equation, what are the roots of the equation 
x* + 36 = 0? Explain. 


. Solve, then check. 


a) x7-2x+5=0 b) x°+4x-7=0 c) 3x7 - 4x +2 =0 
d) —3x7+2x-2=0 ee) 2—4x4+7x7=0 f)x’?-x+2=0 
Solve, then check. 

a) x*+x-12=0 b) 2a*- lla+5=0 c) 2a*+5a—1=0 
d) 2m7+2m+1=0 e) k*>-6k+9=0 f) x7+2x+4=0 


Consider the product Pe x sf . When we use the definition of al =F to 
simplify this product, we obtain J2i x /3i = /6i2 = —/6. When we use 
the multiplication property of radicals to simplify the product, we obtain 
JC2)E3) = V6. 

a) Which answer is correct? 


b) Explain why the other answer is not correct. 
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12. Application Since a complex number has two parts, it can be plotted as a 
point on a coordinate grid. For example, on the diagram, point A represents 
the complex number 3 + 47. The horizontal axis is the real axis and the 
vertical axis the imaginary axis. 


a) Copy the diagram on grid paper. 
b) Write the complex number for each point on the grid. 


c) Choose any complex number on the grid. How would you define the 
opposite of this complex number? Plot the point for the opposite number. 
How are the two points related? 


13. Draw a grid similar to that in exercise 12. Plot each complex number on 


the grid. 
a) 5 —3i b) 6i c) 2 d) 3i 
a) 9 f) tt 9) 2+ 31 h) —J/5i 


14. Thinking/Inquiry/Problem Solving 
a) Simplify 77, i?, i+, %, i®. 
b) Describe any patterns in the results of part a. 
c) Graph the results of part a on a grid, as in exercise 12. Include the points 
that correspond to i? and i!. Explain how the algebraic and geometric 


results are related. 


d) Use the result of part a to simplify i!7, 7!, 7°, and 9. 


ic) 


15. Solve, then check. 
a) x7 +ix+2=0 b) x +ix-2=0 

16. Refer to the proof of the quadratic formula on|pages 212, 213} Look at the 
line where we take the square root of each side. From this point on, the 
solution should be divided into two cases. In Case 1, we assume that 


b? — 4ac > 0 as shown in the text. In Case 2, we assume b? — 4ac < 0. 
Complete the solution for Case 2. 
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Previous Section 


4.4 Operations with Complex Numbers 


(Functions and Relations) 


In|Section 4.3} we defined a complex number as an expression of the form 
a+ bi, where a and b are real numbers and i? = —1. When we checked the 
solutions of the equation x” — 6x + 13 = 0 in Example 3,[page 224} we 
simplified (3 + 2i)? and -6(3 + 2i) using the rules of algebra. However, these 
rules were established for real numbers, and we need to ensure they apply to 
complex numbers. We will define operations with complex numbers so these 
rules do apply. 


Addition, Subtraction, and Multiplication of Complex Numbers 


Suppose we have two complex numbers, such as 5 + 3i and 2 — 4i. The way to 
add and subtract them is to use the rules of algebra. 
(5 + 31) + (2-41) =5+31+2-4i 
=54+2+3i1-4i 
=7-i 
(5 + 31) -(2- 41) =5+ 31-244) 
=5-24+3i1+4i 
=34+7i 
The way to multiply the numbers is to use the rules of algebra, and i? = —1. 
(5 + 3i)(2 — 41) = 10 — 201 + 61 — 1277 
= 10 - 147 - 12-1) 
= 10- 141+ 12 
= 22 - 14: 


To add, subtract, and multiply complex numbers this way requires us to define 
these operations as follows. Each result is a complex number. 


Let z; = a; + byi and z2 = az + boi be any two complex numbers. 
We define: z} + z2 = (aj + a2) + (bj + bo)i 
Z1 — 22 = (a1 — an) + (1 — bo)i 
2122 = (aja2 — bybz) + (ayb2 + azb4)i 


Take Note 


Operations with Complex Numbers 


To add, subtract, and multiply complex numbers, use the rules of 
algebra and i? = -1. 


4.4 OPERATIONS WITH COMPLEX NUMBERS (FUNCTIONS AND RELATIONS) 


229 


Simplify. 
a) (12 — 3i) — 3(5 + 2i) b) i(4 — 5i) 
c) (2 — 3i)(5 + 2i) d) (1 + 2/(1 — 23) 
Solution 
a) (12 — 3i) — 3(5 + 2i) = 12-31-15 - 6i 
= 3-9 
b) (4 —5i) = 41-57 
= 4i — 5(-1) 
=54+4i 
c) (2 — 3i)(5 + 21) = 10 + 41 — 151 — 67” 
= 10- 11i-6(-1) 
= 16-11i 
d) (1 + 2i)(1 — 21) = 1 - 21+ 21 - 47? 
= 1-4(-1) 
=5 


The result in Example Id is a real number. Since the set of complex numbers 
includes the set of real numbers, we sometimes obtain real numbers when we 
operate with complex numbers. 


Division of Complex Numbers 
Remember how division and multiplication are related. For example, we know 
that 7 = 4 because 3 x 4 = 12. We use the same principle to define division of 


complex numbers. First, we will consider the case where the divisor is a 
complex number of the form di. 


Case 1. Dividing by di 
Consider dividing 12 by 3i. When we use the above principle, = is the number 


that results in 12 when it is multiplied by 3. 
Let —— 
a 
Then (3i)(z) = 12 
By inspection, z must be —4i. 
Therefore, < =—-4i 


ee 9 


The quotient —4i is not negative. The sign in -4i means that this is the 


opposite of 47. 
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A more efficient way to obtain the same result is to multiply ~ by > Since this 
equals 1, the value of the expression is not changed. 

12 12 i 
Sek a 
3i 3i i 
12i 

ar 
12k 

—3 
—4i 


Note that multiplying ~ by , makes the denominator a real number, —3. 


Simplify. 
a) — b) 


Solution 
Multiply each expression by : then simplify. 


a eee: 2-31 _ 2-31 Vi 
eo eae ea 
-i _ 2-37 

P ~~ 42 
= — 2i-3(-D 
- 41 
=-] = 2i1+3 
4 
= 2 42; 
ae eae a, 
we go Dy 
=a! 
Take Note 
Dividing by di 
To simplify aon multiply by . 


Now we will consider the case where the divisor is a complex number of the 
form c + di. 
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Case 2. Dividing by c + di 


Consider dividing 3 + 2i by 1 — 2i. 
342i 


1-2i 


We want to simplify 


The result should be a complex number a + bi so that (1 — 21)(a + bi) = 3 + 2i. 
Although it is possible to determine a and b by expanding the left side, there is a 
more efficient way to obtain the same result. This is similar to the method in Case 1. 


Remember that when we multiplied - by +, the denominator became a real 
: ' 342i 
1-2i° 
multiply the numerator and denominator by an expression so the denominator 
becomes a real number. Remember also that when complex numbers arise in 
the solution of a quadratic equation, they do so in conjugate pairs such as 1 + 2i 


and 1 — 27, which differ only in the sign of the term containing i. The product 
342i b 142i 
1-2i 1+2i’ 
its value remains the same and the denominator becomes a real number. We do 


this in Example 3. 


number. We want the same thing to occur with That is, we want to 


of these numbers is a real number. Therefore, if we multiply 


342i 
1-2i° 


Simplify 


Solution 
142i 


Multiply the expression by ee 


342i 342i | 142i 
1-2) 1-2) ~ 142i 
(3 + 2i)(1 + 23) 
(1 — 211 + 23) 
3481447 
1-47 
3+8i-4 
1+4 
-1+8i 


Take Note 


Dividing by c + di 
at+bi : c-di 
aa multiply by aK 


To simplify 
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Al 


1. Simplify. 
a) (44+ i) + (5 — 41) b) (3 + 27) — (1 + 5’) 
c) (6 — 21) + (5 + 4i) d) (7+ 5i) - (9 -i) 
e) 4(2 + 37) + 2(1 — 67) f) -(6 — i) + 3(2 + 27) 
2. Simplify. 
a) 3(4 + i) — 26 — 4i) b) 4(3 + 2i) — 6(1 + 5i) 
c) (7 + 51) + i(9 — i) d) (5 — 61) + 2i(3 + 41) 
e) 3i(3 + 2i) — i(6 — 31) f) 2i(5 — i) — 3i(6 + 27) 
3. Simplify. 
a) (2+ i)(2 —i) b) (4 — 30(4 + 37) c) (1 + 2/3 + 47) 
d) (5 — 3i)(2 + 4i) e) (1 +i)? f) (7 — 47? 
4. Refer to the definitions of z) + z2, 2} — Z2, and z)z2 on 


a) What special cases occur when b; = bz = 0? 


b) Explain why z1z2 = (a1d2 — byb2) + (ayb2 + azb,)i. 


wy. 412, 3 ; i 
5. On|page 231, we multiplied ap by - Explain why 7 = 1. 


6. Simplify. 
a) & b) yz a) 5 
a) Vs v= hy 
ee 
a) 3 <* b) 3 = ¢) 4 <= d) 4 = 
re 


8. A geometric sequence has first term 1 and common ratio i. 
a) Write the first 8 terms of the sequence in simplest form. 
b) Determine each term of the sequence in part a. 
i) t21 ii) tao iii) ts9 iv) tgo 
c) When you know the term number, how can you determine its value? 
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so 


Communication Multiply each complex number by its conjugate. What do 
you notice about the results? Explain. 


a) 2+i b) 3-i c) 4+ 33 d) —5 — 2i 
143 Ly dg 1_ 43. 
a) ti eae. g) J2+i ji! 


10. Consider two complex numbers that are not conjugates. Is it possible for the 
product of these complex numbers to be a real number? If your answer is 
yes, give an example. If it is no, explain why not. 


11. For each part of exercise 9, add the complex number and its conjugate. What 
do you notice about the results? Explain. 


12. Consider two complex numbers that are not conjugates. Is it possible for the 
sum of these complex numbers to be a real number? If your answer is yes, 
give an example. If it is no, explain why not. 


13. Knowledge/Understanding Simplify. 


a) 2i(3 — 5i) b) 2i(—4i — 5) 
c) (2 — 7i)(5 + 31) d) (7 + 2i)(5 — 4i) 
e) (6 + 3i)(2 + 5i) f) (2 — 3i)(7 - 2i) 
g) 6i(5 — i) h) 3i(2 + 51) 

14. Simplify. 
a) i(3 — 2i) — 5i(7 + 31) b) 2i(4 + 61) + 3i(5 — 21) 
c) (2-i)(2+)+(2-iP d) (3 + 21(3 +i) + (4 - 31)? 
e) (2+ Voi)" ) 3 - ¥2i° 
g) (1 +i) h) (1 — i) 

15. Simplify. 
ies ees. 0) ewe 

6-2i 5 -2i 26 20 

rey ) ) 3-3 M) ai 
Fe 


16. a) How would you define the reciprocal of a complex number? 
b) Determine the reciprocal of each complex number. 
i) 2i ii) 1 + 2i iii) 1 — 2i iv) 4 — 3i 


c) Find a number whose reciprocal equals its opposite. 
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17. Thinking/Inquiry/Problem Solving The complex numbers in exercise 16b 
parts ii and iii are conjugates. 
a) Write two other conjugate complex numbers, then determine their 
reciprocals. 


b) Explain how you could use conjugates to determine the reciprocal of a 
complex number. Illustrate your explanation with an example. 


18. Is it possible for the quotient of two complex numbers to be a real number? 
If your answer is yes, give an example. If it is no, explain why not. 


19. Write the terms of each geometric sequence as complex numbers in the 
form a + bi. 
a) 5+ 2i, (5 + 2i)i, (5 + 2di, (5 + i, (5 + 2i)i4 
b) 1 + 67, (1 + 61)i, (1 + 6i)i?, (1 + 61)i3, (1 + 6i)i* 
0) 4-i, (4-ii, 4-d7?, 4-)P, (4-di4 
20. Application In[4.3 Exercises, exercise 12] you learned that a complex 


number can be plotted as a point on a grid. We can use a grid to give a 
geometric meaning to multiplying by i, and to i? = —-1. 


a) Choose one geometric sequence from exercise 19, then plot the terms on 
a coordinate grid. 


b) Describe the geometric effect of multiplying by i. 
c) Describe the geometric meaning of i? = —1. 


ic) 


21. Solve for a and b. 
a+ bi = (5 — 2i)* 


22. Determine all the roots of each equation. 


a)x*=1 b) x? =i 


342i ; 
23. On|page 232) we observed that 7 should be a complex number a + bi, 


so that (1 — 21)(a + bi) = 3 + 2i. Expand the product on the left side of this 
equation, and continue the solution to determine a and b. 


24. The complex numbers z; = a; + bi and z2 = az + boi are given. On|page 229} 


we defined z; + z2, Z) — Z2, and z)z. Write a similar definition for +. 
22 
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Self-Check 4.3, 4.4 


1. Simplify. 
a) /-81 b) /—82 c) /-100 d) V-10 
e) (41 f) (iP 9) (V5i)° h) (-V5i)” 


2. Solve each quadratic equation. 
a) x° + 2x+3=0 
c) 4x7 - 2x -1=0 


e) 5x? - 2x +5 =0 


3. Solve, then check. 
a) x7 +2x+2=0 
c) 2x7 +6x+9=0 
e) 10x*-3x+1=0 


Functions and Relations 
4. Simplify. 
a) (5 + 2i) + (10 + 127) 
c) (—5 — 21) + (6 — 7i) 
5. Simplify. 
a) (7 + 2i) — (4 + 6i) 
c) (—7 — 2i) — (3 + 8i) 


b) 3x7-x+2=0 
d) 2x* -—7x+7=0 
f) 2x7 + 3x— 20 =0 


b) x7 -3x+6=0 
d) 3x7 +x+5=0 
f) 2x7 -5x+4=0 


b) (5 — 27) + (2 — 51) 
d) (—5 + 27) + (-9 + 67) 


b) (7 — 27) — (4 — 61) 
d) (—7 + 21) -(-1 +a) 


6. Simplify. 
a) 3i(6 — 5i) b) (3 + 21)(4 - 71) 
c) (6 — i)” d) (4+ 7) — 81) 
7. Simplify. 
a) /—6 x /—24 b) (V-8)° c) 2 
39 6-5i 5+2i 
W) 3) e) 1+i ae 


8. Write the reciprocal of each complex number. 
a) 3i b) 2+ 3i 
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INSIGHTS |} 
INTO A 


Parabolas and Lines 


The graphs of the parabola y = x(6 — x) and the line y = 2x are shown at 
the right. 


Formulating Questions 


We will investigate the following problem. 


Suppose we move the line y = 2x parallel to itself. How will the number of 


intersections with the parabola y = x(6 — x) change? 


We will investigate the problem both algebraically and geometrically, then 
compare the results. 


Representing the Intersections in Mathematical Form 


We begin by finding the points of intersection of the parabola and the line. 


The graph suggests that we will find two intersection points, the origin and 


one around x = 4. 
To distinguish the line and the parabola, we will use yp for points on the 
parabola and y,, for points on the line: 

yp = x(6 — x) ® 

YL = 2x 2) 


For any value of x, yp is the height of the parabola at that x, and yz is the 
height of the line. At any point where the parabola and the line intersect, 
these heights are equal. Therefore, we want the values of x for which: 


YP = YL 


This gives us the following equation that we can solve for x. 


x(6 — x) = 2x 
6x — x? = 2x 
x -— 4x =0 
x(x — 4) =0 


We get two solutions, x = 0 and x = 4. That’s what we expect from the 


graph, because these are the x-coordinates of the two points of intersection. 
We could determine their y-coordinates, but we will not do this because we 


are only interested in the number of points of intersection. 


Scan along the x-axis 
and consider the 
values of x. For 

any value, we can 
calculate two y-values, 
one for the parabola 
(this is yp) and one 
for the line (this is y,). 


What do you think of 
this solution? 
x(6 — x) = 2x 
Divide each side by x. 
6=x=2 
x=4 
This gives one point of 
intersection. We lost 
the other point when 
we divided each side 
by x, because this step 
is only valid when 
X #0. The case when 
X =0 has to be 
considered separately. 
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Moving the line geometrically 


Suppose the line moves parallel to itself. How does the number of 
intersections between the line and the parabola change? The diagram 
suggests the following conjecture: 


One of the lines intersects the parabola at one point, where the line just 


touches the curve. We say that the line is a tangent to the parabola. Each 


line below the tangent intersects the parabola at two different points. 
Each line above the tangent does not intersect the parabola. 


Moving the line algebraically 


Since all the lines have slope 2, we can represent them by this 
general equation: 
yl = 2x +b 


For each value of b, we want to find the points of intersection with the 
parabola yp = x(6 — x). We equate the y-expressions: 
YP = YL 
x(6—x) = 2x+b 
6x — x7 =2x+b 
Collect all terms on the left side, then combine like terms. 


-x*+4x-b=0 


We want the coefficient of x” to be positive (we can arrange this with an 
equation, but not with a function). 


?—4x+b=0 


This equation corresponds to the equation on page 237 that we solved 
by factoring. We use the quadratic formula to solve the equation above. 


_ 4+.J/16 — 4b 
a aa 
_ 4+ /44-5) 
a 
x=2+V74-b 


These are the x-coordinates of the point(s) of intersection of the parabola 


and the line for each value of b. 


Interpreting Information and Forming Conclusions 


Notice that b occurs in the discriminant, 4 — b. That is good, because this 


expression discriminates among the different numbers of solutions for x. 


When b < 4, the discriminant is positive, and there are 2 solutions. 
When b = 4, the discriminant is 0, and there is only 1 solution. 
When b > 4, the discriminant is negative, and there are no solutions. 
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10 


y=2x+b 


y= x(6-x) 


This graph shows the 
parabola y = x(6 — x) 
and some members 

of the family of lines 
y =2x+b.The 

symbol b is called 

a parameter. Each 
value of 6 corresponds 
to one line of the 
family. We want to 
know how the number 
of intersections with 
the parabola changes 
as the value of 

b changes. 


Parameters often have 
a physical or geometric 
interpretation. Here, 

b represents the 
y-intercept of 

each line. 


The solutions of 
ax? + bx+c=0 are: 
_ -b+ vb? = 4ac 

2a 
To solve 
x2—4x+b=0, 
substitute 1 for a, 
—-4 for b, and b for c. 
Notice that the two bs 
are not the same. 


x 


Reflecting on the Reasonableness of the Results / fee 


This proves our geometric conjecture. It tells us that lower lines have 
two intersections, that higher lines have no intersections, and there is 
one line between them that has only one intersection. Our geometric 


conjecture also tells us which lines they are. To determine the 
equation of the tangent, substitute b = 4 into the equation of the 
family, y = 2x + b. The result is y = 2x + 4. All of this matches what 
we see in the diagram. 


1. Graph the parabola y = x? and the line y = 4x. The line intersects the Selecting Strategies, 
parabola twice. Visualize the family of lines with slope 4. How many Resour, 
; : ; ‘ Technology, 
intersections does each line have with the parabola? and Toole 
a) Study your graph and make a conjecture that answers the question. To create graphs like 
b) Represent the family of lines algebraically, then prove your sinobgeane sal 
conjecture. Illustrate your solution with a diagram. snreadhaet or 
graphing software. 
2. a) Graph the parabola y = (x + 1)? + 1, and some members of the Some programs, such 
family of lines with slope —2. as Graphmatica, can 
b) Represent this family of lines algebraically. 3 sh aay ea 
c) Determine the number of intersections of the line and the parabola. curves with one 
Illustrate your solution with a diagram. command, 
3. The graphs of the curve y = 1 and the line y = —4x are shown at the 


right. The line does not intersect the curve. Visualize the family of 
lines parallel to y = —4x. How many intersections does each line have 
with the curve? 

a) Study the graph, then make a conjecture that answers the question. 


b) Represent the family of lines algebraically, then prove your 
conjecture. 


. Graph the parabola y = x* and some members of the family of 


parabolas y = -(x — 1)? +k. 
a) Make a conjecture about all the possible intersections. 
b) Use the equations to prove your conjecture. 


c) For what value(s) of k are the curves tangent to each other? 


Problems 5 and 6 refer to the problem on|page 237} To solve these 
problems, use the three graphs in the margin on the next page. 
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5. Instead of moving the line parallel to itself, we could rotate it about y 
the origin. This creates a family of lines where the slope m is 
a parameter. 


y=mx 


a) Study the graph at the right and make a conjecture that answers y = x(6 - x) 
this question. How many intersections does each line have with 
the parabola? 


b) Use the equations to prove your conjecture. 


c) What is the equation of the line that is tangent to the parabola? 


> 


The second and third graphs at the right illustrate other possibilities 


for the situation on|page 237} Each graph shows a family of parabolas. 
The equation of the family appears below the graph. Choose one graph. y fy=2x 


a) Describe the family of parabolas. 


b) Make a conjecture that answers this question. How many 
intersections does each parabola have with the line? Ss 


c) Use the equations to prove your conjecture. 


d) What is the equation of the parabola that is tangent to the line? 


e) On the diagram, all the parabolas open down. Parabolas that open 
up are also members of the family. How are these parabolas 
affected by your analysis? 


Challenge Problems 


7. Graph the circle x? + y* = 2 and some members of the family of 10!” 
lines y=-x +b. 


y=x(k—-x) 


y = 2x 


a) Make a conjecture about all the possible intersections. 


b) Use the equations to prove your conjecture. 


ge 


Graph the circle x? + y? = 1 and some members of the family of 
parabolas y = x? + k. 


a) Make a conjecture about all the possible intersections. 


b) Use the equations to prove your conjecture. 


y = ax(6-x) 


c) Write a summary of your results. Illustrate your results on a 
diagram large enough to show all the possible intersections 
clearly. 


9. In terms of the parameter a, when does this system of equations have 
0, 1, 2, 3, 4, or 5 solutions? 


Pax 


(x-a’+y=1 
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Review Exercises 


Mathematics Toolkit 
Algebra Tools 


e A quadratic function in the form y = ax” + bx + c can be changed to the form 
y = a(x — p)* + q by completing the square. See[page 207|for an example. 


e The graph of a quadratic function in the form y = a(x — p)? + q is a parabola 
with vertex (p, g) and axis of symmetry x = p. The parabola opens up when 
a > 0 and opens down when a < 0. 


¢ The zeros of the quadratic function y = ax? + bx +c are the real roots of the 
quadratic equation ax* + bx + c = 0. The zeros are the x-intercepts of the graph. 


¢ The quadratic formula states that the roots of the quadratic equation ax? + bx +c = 0, 
b+ Vb? = 4ac 
a 
When b? — 4ac > 0, there are two different real roots. 
When b* — 4ac = 0, there are two equal real roots. 
When b? — 4ac < 0, there are two complex roots that are conjugates. 


a #0, are x = ———_—_ 


¢ In the complex number system, the number j is defined so that i* = —-1. 
e An expression of the form a + bi, where a and b are real numbers and 
i? =—1, is a complex number. When b = 0, then a + bi is a real number. 


e¢ Two complex numbers that differ only in the sign of the term containing / are 
conjugates; for example, 3 + 2i and 3 — 2i. 


Functions and Relations 


e To add, subtract, and multiply complex numbers, use the rules of — and i* = -1. 


a ann, 


e To simplify 


, multiply by = . To simplify — 


4.1 1. For each quadratic function: 
i) Write it in the form y = a(x — p)? + q. 
ii) Identify the coordinates of the vertex. 
iii) Identify the equation of the axis of symmetry. 
iv) Identify the zeros of the function. 
v) Sketch the graph. 
aya 5xt4n-5 b) y = 3x? — 8x + 12 c) y = 2x7 + 4x-6 


d) y = 3x°- 12x +9 e) y= x? + 6x —5 f) y =—-2x?- 4x +6 
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Review Exercises 


2. Without sketching the graph, determine the maximum or minimum value of 
each function, state whether it is a maximum or minimum, and write the 
corresponding x-value. 


a) y = 3x7 +42x+147 b) y=—2x7+12x-14 0) y=-—x%+x-1 


~ 


A rock is thrown into the air from a bridge and falls to the water below. The 
height of the ball, / metres, relative to the water t seconds after being thrown 
is given by h = —5t? + 20t + 15. 


a) Determine the maximum height of the rock above the water. 
b) How long does it take the rock to reach the maximum height? 


c) After how many seconds does the rock hit the water? 


4.2 4. Solve each quadratic equation. 


a) a7—8a+15=0 b) x* — 13x +30 =0 c) 2a* + 15 = 13a 


d) 2+ 5x = 3x" e) 2m? + 12m = -10 f) x? -6x+10=0 
4.3 5. Simplify. 

a) /-16 b) /—36 c) /—48 d) /—12 e) (5i)” 

f) (iP g) (-v3i) ow (V5) 4 2 


6. Solve, then check. 
a) x7 + 14x +40 =0 
d) x7 +2x-5=0 


b) x7 - 8x+ 12 =0 
e) x7 -2x+5=0 


ce) x°- 6x- 14 =0 
f) x7 + 12x +45 =0 


Functions and Relations 
4.4 — 7. Simplify. 
a) (6 + 2i) + (3 — 4i) 


b) (9 — 7i) — (2 + 33) c) 6i(2 + 3%) 


d) 4i(7 — 2i) e) (4 — 37)(5 + 2i) f) (6+ 1)(5 — i) 
g) (2+ 5i)* h) (3 - 7i)* i) (7 — 21)(7 + 2i) 
8. Simplify. 
15 16 5 -2i 6+3i 
aia ») SF 0S 0) 
20 5 1lt+i 2-31 
ree a TT; S421 
9. Determine the reciprocal of each number. 
a) i b) —2i c)2+i d) 4-3i 
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Self-Test 


1. Knowledge/Understanding Write each quadratic function in the form 
y=ax-py tq. 
a) y = 2x — 8x + 18 b) y = 3x7 + 11x +4 
c) y = —2x2 + 10x — 12 d) y= 5x? -3x-7 


2. For each function in exercise 1, state: 
i) the maximum or minimum value of the function 
ii) whether it is a maximum or minimum 


iii) the x-value where this maximum or minimum occurs 


3. Application A ball is thrown into the air from a building and falls to the 
ground below. The height of the ball, / metres, relative to the ground 
t seconds after being thrown is given by h = —5?? + 30t + 35. 
a) Determine the maximum height of the ball above the ground. 
b) How long does it take the ball to reach the maximum height? 
c) After how many seconds does the ball hit the ground? 


4. Communication To solve each equation below, examine the graph of 
a corresponding function. Write to explain how each graph and equation 
are related. 
a) x*-2x-3=0 b) x7 = 4x-4 c) 7 +x+1=0 
i) ii) NP] nine iii) \ y] 


N a y=x7-4x+4 ry=xr txt] 
Pays 2e=3 | Z 
5. Solve each quadratic equation. 
a) 9x7 - 16 =0 b) x°-5=0 c) 3x7 +21 =0 
d) a~ =a+20 e) 2k? —5k =3 f) 9x7 + 30x + 25 = 0 
6. Solve, then check. 
a) x7 + 144=0 b) (a- 2 =6 c) (k + 1)? = -9 
d) x7+2x+2=0 e) 2x7 —3x+5=0 {) 2x7 +2x-3=0 
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7. Simplify. 
a) /—25 b) /—-12 c) (6i)" d) (—2i)° 


8. Thinking/Inquiry/Problem Solving Determine the sum and product of the 
roots of the quadratic equation ax? + bx + c = 0. 


Functions and Relations 


9. Simplify. 
a) (3+i)-(2+5i) + (6 — 4i) b) 2i(5 — 61) 
c) (6 + 7i)(6 — 7i) d) (4 — 31)? 


10. Simplify. 
ee yan Sy a je = a) =— 


2i 


11. Determine the reciprocal of each number. 
a) 5i b) 4 — 33 


Assessment Tasks 
1. For each value of t, the equation y = x* — 2tx defines a parabola. 
a) On the same grid, draw the parabolas for t = 0, +1, and +2. 


b) Let ¢ represent time. For each value of t, we have a parabola; as time 
proceeds, the parabola moves. You will investigate the path followed by 
the vertex of the parabola. 

i) Determine the coordinates of the vertex in terms of t. 
ii) Describe the path of the vertex as t changes. Determine the equation of 
this path, then graph it on the grid in part a. 


in) 


. A U-shaped trough is made from a piece of sheet metal 
20 cm wide. Equal widths of x centimetres are bent up 
on either side. The cross section is a rectangle without 
a top. The carrying capacity of the trough is defined 
as the area A square centimetres of this rectangle. 

a) Is a carrying capacity of 40 cm? possible? If so, 
what is the corresponding value of x? 


20 — 2x 


b) Repeat part a for a carrying capacity of 80 cm’. 


c) What is the maximum carrying capacity of the trough? What is the 
corresponding value of x? 


d) Show that the problem of whether a given value of A is possible reduces 
to the mathematical problem of whether a certain quadratic equation has 
real roots. Explain your reasoning. Solve this quadratic equation, then 
determine the possible values of A. What is the nature of the roots of the 
quadratic equation at the point of maximum capacity in part c? 
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Trigonometric Functions 


INSIGHTS 

INTO A 

RICH 

PROBLEM iy ; 
. integers. 


According to the Pythagorean Theorem, a triangle with sides in the 
ratio 3 : 4: 5 is a right triangle. These numbers are consecutive 


At thejend of this chapter,] you will investigate other triangles with side lengths that 


involve other consecutive integers; such as 2:3: 4 and 4:5: 6. You will use 
trigonometry to calculate the angles in these triangles to discover they have some 


surprising properties. 


Curriculum Expectations 
By the end of this chapter, you will: 


Determine the sine, cosine, and tangent 
of angles greater than 90°, using a 
suitable technique, and determine two 
angles that correspond to a given single 
trigonometric function value. 


Solve problems in two dimensions and 
three dimensions involving right 
triangles and oblique triangles, using the 
primary trigonometric ratios, the cosine 
law, and the sine law (including the 
ambiguous case). 


Define the term radian measure. 


Describe the relationship between radian 
measure and degree measure. 


Represent, in applications, radian 
measure in exact form as an expression 
involving 7% and in approximate form as 
a real number. 


Determine the exact values of the sine, 
cosine, and tangent of the special angles 
0, = oe a = and their multiples less 
than or equal to 27. 

Prove simple identities, using the 
Pythagorean identity, sin? x + cos 
and the quotient relation, tan x = 


ale 
sin x 
cOsx"* 


Solve linear and quadratic trigonometric 
equations on the interval 0 < x < 27. 
Demonstrate facility in the use of radian 
measure in solving equations. 


Necessary Skills 


1. Review: Trigonometric Ratios in Right Triangles 
Remember the primary trigonometric ratios in a right triangle. 
Take Note 


Trigonometric Ratios in a Right Triangle 


length of side opposite ZA 


sinA = length of hypotenuse 
; : hypotenuse : 
Ke length of side adjacent to ZA opposite 
a a length of hypotenuse 
ae length of side opposite ZA S adjacent 


~ length of side adjacent to ZA 
To solve a right triangle means to determine all unknown side and 
angle measures. 


The calculator keys are for the TI-30X HS. If your calculator is 
different, refer to its manual. 


Solve AABC, given AC = 4.0 cm, BC = 1.5 cm, and ZB = 90°. 


Solution 
Use the Pythagorean Theorem to determine AB. 
AC? = AB? + BC? 


4 02 = AB2 ne 1.52 1.5 cm. 
AB? = 16 — 2.25 : 
= 13.75 na 
“U0 cm 
AB = V'13.75 n 
= 3.7081 
AB is approximately 3.7 cm. 
Use the sine ratio to determine ZA. 
oe ee opposite 
hypotenuse 
-2 Key in: 1.5 J4G®) 
= 0.375 Then key in: 4) (sn) Ge) LO) G8) 
ZA = 22.0243° 


ZA is approximately 22°. 
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Use the angle sum of a triangle to determine ZC. 


Since ZB = 90°, and ZA + ZB + ZC = 180’, 
then ZA + ZC = 90° 
ZC = 90° — 22° 
= 68° 
ZC is approximately 68°. 


Exercises 
1. Determine the measure of ZA in each triangle. 
a) 6OC b) 
A 
4.5 cm 
3.5 cm 
C“35em 2 


4.5 cm 


2. Determine the length of side a in each triangle. 


a) b) C 
B 
4.9 cm 
c 
P a 
LI 8 
Cc 2.8 cm ~ A 41 B 


Discuss 

Explain the use of the 
keys Ca). 

What other ways 
could you have 
solved AABC? 


ct) C B 
4.5 cm 3.5. cm 
A 
c) 
Bo“ WC 
54° 
2.4cm 
A 


3. Choose one part of exercise 2. Determine the length of side c in two 


different ways. 


4. Solve each triangle. 


a 10.6 cm b 
) ie D ) G 6.1 cm = H 
F 
J 
d e 
) P yg 
6.2 cm 
4.3 cm 3.3cm 
Q T 
2.8cm ~R 


yA 


5.7 cm 
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Necessary Skills 


5. Solve each AABC. In each triangle, ZB = 90° 


a)c =4.8cm,a=2.3 cm b) c= 11.4cm, b = 13.7 cm 
c)a=5.2cm,b=84cm d) ZA = 43°,a=2.3 cm 
e) ZA = 32°,c =5.6cm f) ZA =71°,b=9.3 cm 


2. Review: The Sine Law in Acute Triangles 


Remember the Sine Law in an acute triangle. 


Take Note 


Sine Law G 
snA _ sinB _ sinC b 
a = mc a 
on = Se 


sinA sinB sinC 


To use the Sine Law, we need to know: 
e the measures of two sides and one non-included angle, or 


¢ the measures of two angles and one side 


In AHJK, ZJ = 75°, HJ = 8.3 cm, and HK = 10.4 cm; calculate the measure 
of ZK to the nearest degree. 


Solution H 
Use the Sine Law. 


snK _ sinJ 


k Jj ean 10.4 cm 


Substitute the known measures. 
sinK _ sin75° 


8.3 10.4 
Multiply each side by 8.3. 
snk = 2280 Key in: 8.3 0") 75 (0 DCD 10.4 @&) Discuss 


J K 


10.4 An alternative key 
= 0.770 88 Then key in: @@) Css) Ga) C4) C8) sequence to 
ZK = 50° determine ZK is 
GD 8.3) 750) 
G) 10.40) GC). 


Which sequence do 
you prefer? Explain. 
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In ADEF, ZD = 46°, ZE = 59°, and DE = 9.8 cm; calculate the length of DF. 


Solution 


To use the Sine Law, we need to know the measure of an angle and its 
opposite side. First, calculate the measure of ZF. 


Use the sum of the angles in a triangle to calculate ZF. 


ZF = 180° — 46° — 59° E 
= 75° 3 
59 
Use the Sine Law. 9.8 cm 
e _ if 
sinE  sinF 
e _ 98 46° 
sins sin 75° e 7 
Multiply each side by sin 59°. 
= 30" Key in: 9.8) 59 OG) 5 & 


= 8.6966 
The length of DF is approximately 8.7 cm. 


Exercises 


1. Determine the measure of 7A in each triangle. 


12.8cm tds 4.5cm 
4.1cm 


10.4 cm 


2. In exercise 1, determine the length of side b in each triangle. 
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Necessary Skills 


3. Determine the length of side a in each triangle. 


a) b) C c) 
A pe 3.9m 


io) 


8.7 cm 


4. In exercise 3, determine the length of side c in each triangle. 


5. Solve each triangle. 


a) D b) c) 
gry E G P 
11.8 cm J on 12.3 cm 
Day 
84° 
- y 8.4cm m 
F 
6. Solve each triangle. 
a) APQR with ZP = 33°, ZR = 71°, q = 13.5 cm 
b) ASTU with ZT = 82°, s=9.4cm, t= 12.8cm 
c) AVWX with ZV = 41°, ZX = 88°, v= 14.3 cm 
3. Review: The Cosine Law in Acute Triangles 
Remember the Cosine Law in an acute triangle. 
Take Note 
Cosine Law c 
a’ = b’ +c? — 2becosA b 4 
or, b* = a* + c* — 2accosB 
or, c? = a? + b* — 2abcosC = e 
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To use the Cosine Law, we need to know: 
e the measures of two sides and their included angle, or 


e the measures of three sides 


In ACDE, ZC = 56°, CE = 4.7 cm, and CD = 8.5 cm; Cc 
calculate the length of DE. 

4.7 cm 
Solution 8.5cm 
Use the Cosine Law. E 


C= d* +e? — 2decosC 


F D 
Substitute the known measures. 


c? =4.7° + 8.57 — 2(4.7)(8.5) cos 56° Key in: 47 @)JGI)85@)C)2 
Cx) 4.7) 8.5 (9s) 556 @®) 
= 49.660 487 Then key in: @4) 2?) 4) C4) G8) 
c = 7.047 
The length of DE is approximately 7.0 cm. 


In AGHJ, GH = 8.1 cm, GJ = 5.9 cm, and HJ = 9.2 cm; calculate the 
measure of ZG to 1 decimal place. 


Solution 
Use the Cosine Law. G 
es =p oy 2hj cosG 
; 8.1cm 5.9cm 
Substitute the known measures, then solve for cos G. 
9.2? = 5.97 + 8.17 — 2(5.9)(8.1) cos G . F 
9.27 — 5.9? — 8.17 = -2(5.9)(8.1) cosG 9.2m 
Divide each side by —2(5.9)(8.1). 
9.2? -5.97- 8.17 _ 
Gone = 8G 
cos G = 0.165 097 
ZG = 80.497° 


The measure of ZG is approximately 80.5”. 
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Necessary Skills 


Exercises 


1. Determine the length of side a in each triangle. 


a) A b) Cc c) B 
2.5 cm 
3.6 cm 
4.6 cm Oca a a 
A 
A 
B 4.8 cm 
a B 5.9 cm 
Cc Cc 


2. In exercise 1, determine the measures of ZB and ZC in each triangle. 
Which law will you use? Justify your answer. 


3. Determine the measure of ZA in each triangle. 


4.5 cm 4.9 cm  \ 1.9 cm 11.2 cm 10.1 cm 
y 


6.4cm 12.4 cm 


4. In exercise 3, determine the measures of ZB and £C in each triangle. 
Which law will you use? Justify your answer. 


5. Solve each triangle. 


a) 
Cc 10.3 cm 
3.7 cm 7.3. cm 6.1 cm 
49° 
D 
5.1cm 8.0 cm 


5.4cm 


6. Solve each triangle. 
a) ABCD with b = 10.2 cm, c = 9.4 cm, d = 3.1 cm 
b) AEFG with ZF = 71°, g = 9.6 cm, e = 12.5 cm 
c) AHJK with h = 23.0 cm, j = 24.0 cm, k = 25.0 cm 


7. Do the Cosine Law and Sine Law apply to right triangles? Explain your 
answer and include examples. 
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5.1 The Sine and Cosine of an Obtuse Angle 


We have used trigonometry to solve problems that 
involve triangles, but none of those triangles has 
contained an obtuse angle. Before we can solve 
problems that involve obtuse triangles, we need to 
define the trigonometric ratios of an obtuse angle. 


The trigonometric ratios have been defined as ratios of 
the side lengths of a right triangle. Since a right triangle 
does not contain obtuse angles, trigonometric ratios of 
obtuse angles have no meaning according to these 
definitions. We shall redefine the trigonometric ratios 

in a way that applies to both acute and obtuse angles. 
The new definitions involve a coordinate grid. 


Draw a semicircle with centre O(0, 0) and radius 1 unit. 

Let P(x, y) be any point on this semicircle in Quadrant I. 

Let A be the point (1, 0). Join OP, and let ZPOA = @. 
Construct PN perpendicular to the x-axis, to form right APON. 


In APON, ZPON = 6, and OP = 1 y 


Quadrant I 
Use the definitions of the cosine and sine ratios. P(x, y) 
cos 8 = or = ox =x (the first coordinate of P) 
sin 9 = a = = =y (the second coordinate of P) x 


N_ A(I,0) 
We redefine cos @ as the first coordinate of P, and sin 8 

as the second coordinate of P. These definitions are 

consistent with the right-triangle definitions because 

we used the right-triangle definitions to obtain them. 


Suppose P rotates to Quadrant II, where OP = | and ZPOA = @is an obtuse 
angle. We define cos 6 as the first coordinate of P, and sin 0 as the second 
coordinate of P. 


Quadrant IT Quadrant I 
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Take Note 
Definitions of the Cosine and Sine of an Angle between 0° and 180° 


Point P is a point on a semicircle with centre O(O, 0) and radius 1 unit. 
Point A has coordinates (1, 0), and ZPOA = @. 


The following definitions are valid when 0° < 6 < 180°. In these definitions, 
: : the radius OP must 
We define: cos @ is the first coordinate of P. ea - ‘ 
sin @ is the second coordinate of P. 
y 
P(cos 8, sin 6) P(cos 0, sin 0) 
1 
0 x. x 
O A A 
Special cases: 
cos0° = 1 cos 90° = 0 cos 180° = -1 
sin0” = 0 sin 90° = 1 sin 180° = 0 


With these definitions, it does not matter whether P is in Quadrant I or II. It 
does not matter whether @ is acute or obtuse. In Quadrant I, @ is acute. In 
Quadrant II, @ is obtuse. 


Finding sines and cosines of obtuse angles 


To determine the sine and cosine of an obtuse angle, use a calculator. 


For example, to determine sin 144° and cos 144°: 
Key in: (ss) 144 to display 0.587785252 
Key in: 144 to display —0.809016994 


Rounded to 4 decimal places: sin 144° = 0.5878 and cos 144° = —0.8090 
Sin 144° is positive, but cos 144° is negative. 


Finding angles with given sines and cosines 


To determine an angle when its sine or cosine is known, use a calculator. 
Care must be taken in some situations, as Example 1 shows. 


For each equation, determine the value(s) of @ to the nearest degree. Assume 
that 0° < @ < 180°. Draw a diagram to explain what each equation means. 


a) cos 8 = 0.8 b) cos 8 = —0.8 c) sin@ = 0.8 
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Solution 
In each case, draw a semicircle with centre O(O, 0) and radius 1 unit. 
a) cos 0 = 0.8 
Key in: (24) (vs) 0.8 @2) to display 36.86989765 
Hence, 6 = 37° 


Draw a vertical line at x = 0.8, to meet the semicircle at P. 
Join PO. cos 6 = 0.8 means that @ is the angle where the 
x-coordinate of P is 0.8. 


b) cos 0 = -0.8 x=-0.8 y 
Key in: (2) (os) L4_) 0.8 2") to display 143.1301024 
Hence, 6 = 143° PK 
Draw a vertical line at x = —0.8, to meet the semicircle at P. 143° 
cos 8 = —0.8 means that @ is the angle where the 08 0 x x 
x-coordinate of P is —0.8. 
c) sin@ = 0.8 
Key in: () (sy) 0.8 @®) to display 53.13010235 
Hence, 6 = 53° 


Draw a horizontal line at y = 0.8, to meet the semicircle at P. Since this 
line intersects the semicircle at two points, there are two possible positions 
for P. Each position corresponds to an angle @ so that sin 6 = 0.8. One 
angle @ is acute, and the other is obtuse. 


Py P2 


y=0.8 


0.3 | 


O A B 


The calculator displays only one value of @, for the acute angle. This is 
approximately 53°. Since the calculator cannot display two different results 
for the same keystrokes, use the 53° angle to determine the other angle. 


Points P; and Pz are symmetrically placed on either side of the y-axis. 
This means that ZP2OB = 53° 

Hence, ZP20A = 180° — 53° = 127° 

Therefore, when sin 6 = 0.8, then 6 = 53° or 8 = 127° 


sin 8 = 0.8 means that @ is the angle where the y-coordinate of P is 0.8. 
Since there are two positions for P, there are two values of 0. 


5.1 THE SINE AND COSINE OF AN OBTUSE ANGLE 255 


In Example 1, note that the keystrokes (sn) represent (s"*). Similarly, 


represent (cos), 


In Example Ic, the equation sin 6 = 0.8 has two solutions. Since the second 
solution was obtained by subtracting the first from 180°, the two solutions have 
a sum of 180°. You will obtain similar results for any other equation that is 


similar to sin 8 = 0.8. 


Take Note 


Sine of Obtuse Angles 

Any equation of the form sin 8 = k, where 0° < @ < 180°, 
has two solutions for @. 

To determine these solutions: 

e Use the key to obtain one solution. 


e Subtract the first solution from 180° to obtain the second solution. 


Solution 
a) cos 8 = 0.5329 


The positive cosine indicates that the angle is acute. 


Key in: 0.5329 to display 57.79839364 
0 =57.8° 
b) cos 8 = —0.5329 


The negative cosine indicates that the angle is obtuse. 


Key in: 0.5329 to display 122.2016064 
6 = 122.2° 


c) sin 8 = 0.5329 


Key in: (sw) 0.5329 to display 32.20160636 
There are two solutions: 
0 = 32.2° 0 = 180° — 32.2° = 147.8° 
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The positive sine indicates that the angle could be acute or obtuse. 


Given that 0° < @ < 180°, determine the value(s) of 0, to 1 decimal place. 
a) cos 8 = 0.5329 b) cos 8 = —0.5329 c) sin @ = 0.5329 


Discuss 

How could you use a 
calculator to check 
the answers? 


Relating sines and cosines 


The diagrams on page 254 are repeated below, with perpendiculars drawn from 
P(cos @, sin @) to the x-axis. 


P(cos 0, sin 0) P(cos 0, sin 0) 


O| x* N A N x O A 


On each diagram, AONP is a right triangle with hypotenuse 1 unit and legs 
x units and y units. According to the Pythagorean Theorem, x” + y* = 1. 


Since x = cos @and y = sin @, this means that: Discuss 
(cos 6)? + (sin 6)2 il In the second diagram 
above, x is negative. 
For any 0, the sum of the squares of the sine and cosine is 1. Does this affect the 
result that 
Since the expressions (cos 9)? and (sin 6)? occur frequently, we write cos? 6+ sin? @ = 1? 
them as cos? @ and sin’ @. Thus, cos? 6 + sin? @ = 1 Explain. 


The result above is called the Pythagorean identity. An identity is an 
equation that is satisfied for all values of the variable for which the 
equation is defined. 


Take Note 


Pythagorean Identity 
cos? 0 + sin? 6 = 1 


Al 


1. Determine the sine and cosine of each angle to 4 decimal places. 


a) 0° b) 10° c) 19° d) 27° e) 35° 

f) 46° g) 63° h) 77° i) 81° j) 90° 
2. Determine the sine and cosine of each angle to 4 decimal places. 

a) 120° b) 165° c) 121° d) 96° e) 158° 

f) 143° g) 101° h) 180° i) 132° j) 176° 
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3. a) Predict whether each value will be positive or negative. Sketch each angle 
on coordinate axes. 
i) sin 98° ii) sin 113° iii) cos 62° 
iv) cos 143° v) cos 92° vi) sin 49° 


b) For part a, write to explain how you predicted which values are negative. 


4. Determine the sine and cosine of each angle to 3 decimal places. Then 
sketch each angle on coordinate axes. Show the coordinates of the endpoint 
of the 1-unit line segment that forms that angle with the positive x-axis. 


a) 110° b) 95° c) 138° d) 73° e) 142° 
f) 35° g) 172° h) 54° i) 129° j) 151° 


LB) 


5. Knowledge/Understanding Each angle @ is between 0° and 180°. Solve 
each equation. Which equations result in two different values for 0? 


a) sin 8 = 0.7071 b) cos 8 = -0.5 c) sin 8 = 0.9269 
d) cos 8 = —0.7071 e) sin 8 = 0.8660 f) cos9 =-1 
g) sin = + h) cos @ = 3 i) cos 9 = -3 


> 


Communication For exercise 5, write to explain why there are two values 
of 6 for some equations, and only one value of @ for other equations. 


7. Given that 0° < @ < 180°, determine the value(s) of 6. 
a) sin 8 = 0.9063 b) cos 8 = 0.5736 c) cos 6 = —0.7321 
d) sin 8 = 0.4283 e) sin 8 = 0.5726 f) cos 0 = —0.3747 
g) sin @ = 4 h) cos 0 = 4 i) cos 9 = —4 
i) sin@ = + k) sin @ = + I) cos @ = -2 


ad 


Select two parts from exercise 7, one that involves a sine and one that 
involves a cosine. Write to explain how you decided the number of possible 
angles, and how you found them. 


so 


Verify that cos? @ + sin? 6 = 1 for each angle 0. 
a) 30° b) 72° c) 115° d) 164° 
10. Application 
a) Determine the sine and cosine of each angle. 
i) 30° ii) 45° iii) 60° 
b) Describe how some of the sines and cosines in part a are related. 
Use diagrams to illustrate your explanation. 
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11. 


12. 


13. 


14. 


15. 


16. 


ic) 


17. 


Angle @ is acute. 
a) sin 6 = 0.7; calculate cos @ to 3 decimal places. 


b) cos 8 = 0.3; calculate sin 6 to 3 decimal places. 


Angle @ is obtuse. 
a) sin 8 = 0.2; calculate cos @ to 3 decimal places. 


b) cos 8 = —0.6; calculate sin @ to 3 decimal places. 


Angle @ is between 0° and 180”. 
a) sin 8 = 0.25; calculate cos 8 to 3 decimal places. 
b) cos 8 = 0.65; calculate sin @ to 3 decimal places. 
On a grid, draw a semicircle centre O, radius 1 unit. Label points AC, 0), 
BC-l1, 0), and C(O, 1). 
a) Use the diagram to determine each pair of ratios. 
i) cos 0°, sin 0° ii) cos 90°, sin 90° iii) cos 180°, sin 180° 
b) Use a calculator to check the results of part a. Explain how the ratios in 
each pair are related. 
a) Determine the sine and cosine of each angle. 
i) O° ii) 20° iti) 40° iv) 60° v) 80° 
vi) 100° vii) 120° viii) 140° ix) 160° x) 180° 


bh) Identify pairs of angles that have the same sine. How are the angles related? 


c) Use the angle pairs you identified in part b. How are the cosines of the 
angles in each pair related? 


d) What can you conclude about the sines and cosines of acute and 
obtuse angles? 
Thinking/Inquiry/Problem Solving Use the results of exercise 15a. 


a) Investigate the relationship between the sine and cosine of 
complementary acute angles. Write a result that you think is true for 


every acute angle @, then use a diagram to explain why your result is true. 


b) Use a table to summarize the relationships among the trigonometric ratios 


of an angle @ and its complementary and supplementary angles. 


The trigonometric ratios were defined on|page 246|for acute angles in a 


right triangle. On|page 253} the sine and cosine of an acute angle were 
defined as the coordinates of a point P(x, y) that is 1 unit from the origin in 


Quadrant I. Explain why the two definitions are equivalent. 
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Previous Section 


5.2 The Cosine Law and Sine Law in Obtuse Triangles 


In Necessary Skills, |pages 248-252, you reviewed the Sine Law and Cosine 


Law in acute triangles. Now that we have defined the sines and cosines of 
obtuse angles, we can apply these laws to solve problems that involve 
any triangle. 


Sine Law A 
snA _ sinB _ sinC 
ab ¢ 
a _ b_ _ ic 
Of snA  sinB ~~ sinC y b 


Cosine Law 
a’ = b? +c? —2bcecosA B A Cc 
or, b? = a* +c? —2accosB 
or, =a +b* -2abcosC 


Take Note 


Sine and Cosine Ratios of Angles between 0° and 180° 


For 0° < 8 < 90° For 90° < 6 < 180° 
© sin @ is positive © sin @ is positive 
© cos @ is positive © cos @ is negative 
In AABC, AB = 2.8 cm, ZABC = 119”, A b 
and BC = 2.7 cm; determine the length of CA. 
‘ 2.8 cm Cc 
Solution 07 om 
Since we know two sides and their included angle, B 
use the Cosine Law. 
b* = a? +c? — 2accosB 
= 2.7? + 2.8° — 2(2.7)(2.8) cos 119° 
Key in: 2.7 #0 C+) 2.8 0-0 2 Cx) 2.7 CE) 2.8 Coos) 119 OB) 
b* = 22.460 321 46 Discuss 
oe = —) (ama Solve the equation for 
Then key in: @4) 3) (4) 4) @®) b before using the 
b = 4.739 calculator. Which 

: : keystrokes would you 

CA is approximately 4.7 cm. eins 
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A bridge, AB, is to be built across a river. A 
The points B and C are 49.4 m apart, 
ZACB = 34.1°, and ZABC = 42.6’. 
How long will the bridge be? 


Solution 
Since we know two angles and one side, use the Sine Law. 


To use the Sine Law, we need the measure of the angle opposite BC. 
Use the sum of the angles in a triangle. 


ZA = 180° — 34.1° — 42.6° 


= 103.2" 
Use the Sine Law. 
c _ a 
sinC  sinA 
a eee Multiply each side by sin 34.1°. 
sin 34.1 sin 103.3 
goes, Key in: 49.4 (w ) 34.1 OG) Discuss 
sin 103.3 Cen) 103.3 In the keystrokes, why 
= 28.4589 did we include 
The bridge will be about 28.5 m long. Liensnsn 


The Ambiguous Case 


Suppose we are given these dimensions of AABC: 
a=3cm,c=5cm, and ZA = 30°. 


When we attempt to draw this triangle, we see that two different triangles can 
be drawn with these measurements. 


B B 


3cm 
A Cc A Cc 


Since we are given two sides and the non-included angle, we use the Sine Law 
to solve the triangle. As we do so, we need to calculate the measures in 
both triangles. 


5.2 THE COSINE LAW AND SINE LAW IN OBTUSE TRIANGLES 


261 


i) Determine sin C. 


a) B 
5cm ai 
A au C 
Solution 
a) Use the Sine Law. 
i) sinC _ sinA 
Cc ~ a 
sinC _ sin30° 
Bo 
sac = a2 
= 0.8333 
ii) Use the key. 
ZC = 56.4427° 


ZC is approximately 56.44". 


iii) First calculate ZB. 
ZB = 180° — 30° — 56.44° 
= 93.56° 
Use the Sine Law 


to determine b. 
b a 


sinB  sinA 
b -_ 3 
sin93.56° _sin30° 
Hee SU EE 
sin 30 
= 5.988 


AC is approximately 6.0 cm. 


Previous Section 


In AABC, c = 5 cm, a = 3 cm, and ZA = 30”; for each possible AABC, 


ii) Calculate the measure of ZC to 2 decimal places. 
iii) Determine the length of AC to 1 decimal place. 


b) B 


b) Use the Sine Law. 


i) sinC = sinA 
Cc a 
sinC _ sin30° 
5 8 
ance ae 

= 0.8333 


ii) From part a) ii, ZC = 56.44° 


But, from the triangle, ZC is obtuse. 


So, ZC = 180° — 56.44° 
= 123.56° 
iii) First calculate ZB. 
ZB = 180° — 30° — 123.56° 
= 26.44° 
Use the Sine Law 


to determine Db. 
b a 


sinB.~ sinA 
b =. 3 
sin26.44° sin 30° 
_ 3sin26.44° 
~ sin 30° 
= 2.6716 


AC is approximately 2.7 cm. 


The word “ambiguous” means “more than one meaning.” In Example 3, 
AABC is ambiguous because two different triangles can be drawn with the 


given measurements. 


When you use the Sine Law to solve a triangle, always sketch the triangle to 


check whether it is ambiguous. 
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5.2 Exercises 


Al 


1. Calculate the length of AC in each triangle. 


a) b) A 4.0 cm 
c B 160° 
A 
B 
4.0 cm 5.0cm 5.0. cm 5.0cm 
B 
Cc 


2. Calculate the length of PQ in each triangle. 


a) Q b) R c) P 
P 3 40° 
60 4.0cm : Sem 
80° 5.0 cm 110° 
P 
R Q R Q 


3. Calculate the measure of ZA in each triangle. 


a) 4.0cm__p c) cy 35cm n 
A 
3.5cm 5.0 cm of cm 
Cc B 


4. Calculate the measure of ZP in each triangle. 


a) 3.5cm b) c) 
Q P C-- p 35cm __P 
Q 
4.5 cm 4.5 cm, 4.5cm R 
40° 
R R 


oO 


5. Solve each triangle. 


a) E 1b) G 
D 
18.7 cm 8.5 cm 
10.5 cm 130° ww 
H I 


F 
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6. Knowledge/Understanding For each AABC, two sides and a 
non-included angle are given. Determine two possible measures for ZC 
and for AC. 


a) AB = 3.2 cm, ZA = 28°, BC = 2.4 cm 
b) AB = 9.4 cm, ZA = 47°, BC = 8.6 cm 

7. Draw AABC with ZB = 90°. What happens to the length of AC in 
each situation below? Use the triangle and the Cosine Law to explain. 
a) Suppose ZB is increased, but sides AB and BC stay the same. 
b) SupposeB is decreased, but sides AB and BC stay the same. 


8. Solve each triangle. 
a) AABC in which AB = 10.3 cm, BC = 14.4 cm, and CA = 23.0 cm 
b) AEDF in which ZE = 38°, ZF = 48°, and f = 15.8 cm 
c) AGHJ in which ZG = 61°, h = 5.3 cm, and j = 3.1 cm 
d) AKMN in which MN = 12.5 cm, KM = 9.6 cm, and 2M = 42° 
e) APQR in which QR = 28.5 cm, RP = 23.6 cm, and ZP = 72° 
f) ASTU in which ST = 6.8 cm, TU = 3.5 cm, and ZS = 22° 


9. Solve APQR in which PQ = 8.6 cm, ZQ = 122°, and QR = 9.2 cm. 
10. Solve AABC in which AB = 4.4 cm, ZB = 141°, and AC = 7.9 cm. 


11. Application A tunnel is to be built through a hill to connect points A and B 
in a straight line (below left). Point C is chosen to be visible from both A 
and B. Measurements are taken, and ZC = 98.5°, CA = 2.92 km, and 
CB = 3.68 km. Calculate the length of AB. 


ps 3.6cm 


1.9 cm 


2.92 km 


98.5° 
3.68 km C 


12. Determine the length of each diagonal in parallelogram ABCD (above right). 
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13. Three circles with radii 3 cm, 4 cm, and 5 cm touch each other externally. 
Calculate the measures of the angles of the triangle formed by joining the 
centres of the circles. 


Note: From now on, you may need to use the Pythagorean Theorem, the sine, 
cosine or tangent ratio in a right triangle, or the Sine Law, or the Cosine Law to 
complete each exercise. 


14. Two sides of a parallelogram measure 8.0 cm and 10.0 cm. The longer 
diagonal measures 15.5 cm. 
a) Determine the measures of the angles of the parallelogram. 


b) Determine the length of the other diagonal. 
15. A rectangular prism has length 10 cm, 
width 8 cm, and height 5 cm. \ 7 
a) Calculate the length of the diagonal shown cA 
in red. This is a body diagonal. 
b) Calculate the measure of angle @. WV. 


16. Thinking/Inquiry/Problem Solving The sides of a quadrilateral, in order, 
are 2.96 cm, 3.75 cm, 3.49 cm, and 3.06 cm. The angle between the first two 
sides is 121.1°. Calculate the measures of the other three angles. 


17. Communication Two angles in a triangle measure 24° and 38°. The longest 
side is 24 cm longer than the shortest side. Write to explain how you would 
determine the length of the shortest side. 


18. A square pyramid has a base with side length 10.5 cm (below left). The 
slant height of the pyramid is 19.5 cm. 
a) Calculate the height of the pyramid. 


b) Calculate the angle @ between one face and the base. 


slant height 102" 


i 


19. Two small beaches are on opposite sides of a lake (above right). The 
distances from a dock at one end of the lake to the beaches are 1.2 km and 
890 m. Determine the distance between the beaches. 
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20. A cylinder (below left) has radius 4.8 cm and height 9.2 cm. What is the 
radius of the smallest possible sphere that can enclose the cylinder? 


21. For the garage (above right), calculate the angle @ between the sloping 
sections of the roof. 


‘22. A circular ring with radius 20 cm is suspended from a point vertically above 
its centre by six cords. Each cord is 80 cm long. The cords are attached at 
equally spaced intervals around the ring. 

a) Calculate the angle between each cord and the vertical. 
b) Calculate the angle between two adjacent cords. 


c) How far above the ring is the point where the six cords are joined? 


ic) 


23. Each of three people on level ground measures the angle of elevation of a 
balloon, B, as 71° (below left). The balloon is 64.0 m high. The angle 
between the lines of sight from a person at P to the people at Q and R is 82’. 
Calculate the distance QR. 


B 
ae 
(Sp 
LO ee] 
R 82° 
71° Q 


24. An airplane travels in a straight line at an average speed of 850 km/h at a 
constant height over level ground (above right). It is due south of a point P on 
the ground from which its angle of elevation is 59°. Ten seconds later, it is due 
west of P at an angle of elevation of 51°. Calculate the height of the airplane. 


25. Refer to the triangles in Example 3. Use the Cosine Law to calculate the two 
possible lengths of AC. 
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Self-Check 5.1, 5.2 


—_ 


. Determine the sine and cosine of each angle. 
a) 84° b) 171.2° c) 97° d) 134.3° 


i) 


. Explain the relationship between the Pythagorean Theorem and the identity 
sin? 6 + cos? 6 = 1. 


oo 


. Determine the value of x in each triangle. 
b) 


4 


= 


. Explain why cos 20° > cos 50°. Use a diagram in your explanation. 


v1 


Suppose you are given AABC, in which AB = BC = 5 cm; AC = 8 cm, 
and ZABC = 110°. Explain what is wrong with this information. 


[=>] 


. Solve each triangle. 


6.7 mm 


9.5cm 11.4mm 17.2m 
23.1m 
10.7 cm 


. Solve AABC in which BC = 6.0 cm, AC = 4.0 cm, and ZABC = 30°. 


~ 


ge 


Solve AABC in which AB = 4.1 cm, ZABC = 139°, and AC = 7.5 cm. 


ys 


In AKPM, KP = 32.0 cm, ZP = 29°, and KM = 27.0 cm. Calculate two 
possible values for PM. 


1 


. A radar station is tracking two ships. At noon, the ships are 5.0 km and 
7.0 km from the radar station. The angle between the lines of sight to the 
ships is 110°. How far apart are the ships at noon? 


1 


—_ 


. A parallelogram has vertices A(3, 3), B(8, 0), CC, -6), and D(-4, —3). 
Calculate the length of each diagonal. 


12. The dimensions of the base of a rectangular pyramid are 10.0 cm by 7.0 cm. 
The length of each edge is 16.0 cm. Sketch the pyramid, then calculate its height. 
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5.3 Angles in Standard Position 


Up to now, we have used trigonometry to solve triangles. For this purpose, we 
require values of cos @ and sin @ where 0° < @ < 180°. In[Chapter 6} we will 

use trigonometric functions to model quantities that vary periodically. To do this, 
we require values of cos @ and sin @ that are not restricted to 0° < 8 < 180°. 

In this section, we will define angles in standard position, for any value of 0. 


Point P(x, y) is a point that moves around a circle with centre O(0, 0) and radius 
1 unit. This circle is called the unit circle. Point P starts at A(1, 0) on the x-axis. 
For any position of P, an angle @ represents the amount of rotation about the 
origin. We say that the angle @ is in standard position, where OA is the initial 
arm and OP the terminal arm. 


When @ > 0, the rotation When @ < 0, the rotation 
is counterclockwise. is clockwise. 


y 
P(x, y) 
PQ, y) 
x x 
A(1, 0) O A(1, 0) 
0 


initial arm 


terminal arm 


When P moves around the circle, the motion is repeated after P has rotated 
360°. When any angle @ is given, we can always determine other angles for 
which the position of P is the same. All these angles are in standard position. 


Given an angle of 50° ... add 360°, ... add 360° again, 
50° + 360° = 410° 410° + 360° = 770° 
y a y 
( P(x, y) e PQ, y) (. PC, y) 
Xx xX xX 
O ACI, 0) ACI, 0) ACI, 0) 
50° 410° 710° 


The angles above are in standard position, and have the same terminal arm. For 
this reason, they are called coterminal angles. When an angle is in standard 
position, other angles that are coterminal with it can be found by adding or 
subtracting multiples of 360°. 
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Take Note 


Coterminal Angles 
Point P moves around a unit circle. 


e Two or more angles in standard position are coterminal angles 
when the position of P is the same for each angle. 


e When an angle has measure @ degrees, then the measure of any 
coterminal angle is (@ + 360n) degrees, where n is an integer. 


For each angle: 
a) 0 = 140° b) 8 = —40° 
i) Draw the angle @ in standard position. 
ii) Determine two other angles coterminal with @. Illustrate each angle 
with a diagram. 
iii) Write an expression to represent any angle coterminal with 6. 


Solution 
a) i) 140° ii) 140° + 360° = 500° 140° — 360° = —220° 
y 


y y 
P(x, KK P(x, y) 0 P(x, y) ~~ 
140° 500° 
X XxX 


iii) Any angle coterminal with —40° is represented by (—40 + 360n) degrees, 
where 7 is an integer. 


xX 
O 
—220° 
iii) Any angle coterminal with 140° is represented by (140 + 360n) degrees, 
where nv is an integer. 
b) i) -40° ii) —40° + 360° = 320° —40° — 360° = —400° 
y y y 
a 40° 320° (oa, ey 
\ x xX x 
O } O 
P(x, y) P(x, y) P(x, y) 
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Suppose P has rotated —830° about O(0, 0) from A(1, 0). 
a) How many rotations have been made? 
b) In which quadrant is P located? 


c) Draw a diagram to show the position of P. 


Solution 


a) P has made a clockwise rotation of 830°. Since a complete rotation is 
360°, divide 830 by 360 to obtain 830 + 360 = 2.3056. 
Since the result is between 2 and 3, P has made 2 complete rotations 
around the circle, and part of a third rotation. 


b) Two complete rotations amount c) y 
to 2(360°), or 720°. The additional 
rotation beyond 720° is 
830° — 720° = 110°. x 
Since 90° < 110° < 180°, A 
P is in Quadrant II. 830 


P(, y) 


5.3 Exercises 


Al 


1. For each angle in standard position, determine @ in degrees. 


a) y b) y c) y 
(vy (AN. of 
x P Le) x P x 
Gh A(1, 0) A(1, 0) Se (1, 0) 
P 


2. Sketch each angle @ in standard position. 
a) @= 70° b) 8 =-110° ct) @=-155° d) 8 = 220° 
e) 8 = 90° f) 0 = -45° g) 8 = 120° h) 6 = —270° 
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.B 


3. 


4. 


oa 


~ 


oo 


ys 


1 


[—] 


1 


—_ 


12. 


Knowledge/Understanding For each part of exercise 2, determine two 
angles that are coterminal with 0. 


For each angle @ in standard position, determine two other angles that are 
coterminal with 0. 


a) y b) y c) 


(la, SIN 
Qe 


. Determine two angles that are coterminal with each angle 6. 


a) 8 = 180° b) 8 = 90° c) 8 = -60° d) 0 = 360° 


Communication Choose one angle from exercise 5. Write to explain how 
you determined two coterminal angles. 


. Point P is on the terminal arm of an angle @ in standard position. Suppose 


P has rotated 440°. 
a) How many rotations have been made? 
b) In which quadrant is P located? 


c) Draw a diagram to show the position of P. 


. Repeat exercise 7 for each angle of rotation for P. 


a) 380° b) —460° c) 760° d) —900° 
Sketch each angle @ in standard position. 
a) 8 = 500° b) 8 = 650° ct) 86 = —300° d) 8 = -80° 

. Write an expression to represent any angle coterminal with each angle @. 
a) 0 = -45° b) @ = 150° c) 8 = 240° d) 8 =-30° 
e) 8 = 180° f) 0 = -45° g) 8 = 450° h) @ = -80° 


. Application An angle @ is in standard position on a coordinate grid. Point 


P(—3, —4) is on the terminal arm of 6. Determine the measure of 0. 


Thinking/Inquiry/Problem Solving Angle @ is in standard position on a 
coordinate grid. The terminal arm of @ is in Quadrant II on the line with 
equation 3y + 2x = 0. Determine the measure of angle 0. 
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5.4  Trigonometric Functions of Angles in Standard Position 


In|Section 5.1, we defined cos @ and sin @ for 0° < 6 < 180°. In|Chapter 6} we 


will use trigonometry to model quantities that vary periodically. To do this, we 
need definitions of cos 6 and sin @ for any value of @, not just those between 0° 
and 180°. We will now extend the previous definitions. 


Visualize a point P rotating around the unit circle, 
and forming an angle @ in standard position. 

For any position of P on the unit circle, 

we define: 


cos @ is the first coordinate of P. 


sin @ is the second coordinate of P. 


=e , where cos 0 # 0 


tan 8 = 
cos 0 P(cos 6, sin) 


Unit circle 


When P is in Quadrants I or II, the definitions of cos @ 


and sin @ are the same as those in|Section 5.1 


When P is in Quadrant I, 9 = ZPON, which is y 

an acute angle. According to the definitions in P(cos 6, sin 8) 

Necessary Skills,]page 246 
tan 6 = tan ZPON 


__ length of side opposite ZPON x 
length of side adjacent to ZPON A(1, 0) 


second coordinate of P 
first coordinate of P 


ne , where cos 0 #0 
cos @ 


Hence, the right-triangle definition of the tangent of an 
angle is a special case of the new definition. 


As P rotates around the circle, the values of cos 0, sin 8, and tan 8 change 
periodically. You can use a calculator to determine these values for any given 
angle. Some typical values are illustrated on the next page. 
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Y p0.42, 0.91) P(-0.94, 0.34)|” y y 
¥65> 220 (ok 
xX Xx xX xX 
ie A O A a 
1 
P(-0.77, —0.64) P(0.57, -0.82) 
cos 65° = 0.42 cos 160° = —0.94 cos 220° = —0.77 cos 305° = 0:57 
sin65° = 0.91 sin 160° = 0.34 sin 220° = —0.64 sin 305° = —0.82 
o _ sin65° o _ sin160° o _ sin220° o _ sin305° 
tan 65° = cos 65° tan 160° = cos 160° tan 220° = cos 220° tan 305° = cos 305° 
= 2.14 = —0.36 = 0.84 =-1.43 
Special cases of these definitions occur when the terminal arm coincides with 
an axis. In these cases, the angles are multiples of 90°. 
y y. y. y y 
FO) P(-1, 0) 
(\ . er 
x x 1 x ae x Fi x 
Ne, EZ ag 0° 
60° 
P(O, —1) 
cos0° = 1 cos 90° = 0 cos 180° = -1 cos 270° = 0 cos 360° = 1 
sin0° = 0 sin90° = 1 sin 180° = 0 sin 270° = -1 sin 360° = 0 
tan0° = 0 tan 90° is tan 180° = 0 tan 270° is tan 360° = 0 
undefined. undefined. 


Recall that a function is a rule that gives a single output for every valid input number. 
We say that cos 0, sin 9, and tan @ are trigonometric functions of @ because we can 
use the following definitions to determine a value for each expression for any angle 0. 


Take Note 


Trigonometric Functions of an Angle in Standard Position 
P(x, y) represents any point on the unit circle and @ is the measure of an angle 


in standard position. 


7 P(cos @, sin 0) y 


Ly by: 
x a x . x x 
A A O JA at IN 
| \ 
P(cos @, sin 6) P(cos 6, sin 8) P(cos @, sin 6) 


We define: cos @ is the first coordinate of P. ~<———_ In these definitions, 
the radius OP must 


be 1 unit. 


sin @ is the second coordinate of P. 


sin 0 


tan 0 = , where cos 0 # 0 
cos 8 
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Determine the sine, cosine, and tangent of each angle to 2 decimal places. 
Draw a diagram to illustrate each angle. 


a) 70° b) 170° c) 250° d) 310° 
Solution 
Use a calculator. 


a) sin 70° = 0.94 »  P(0.34, 0.94) 


cos 70° = 0.34 
tan 70° = 2.75 
Xx 
A 
b) sin 170° = 0.17 y 
cos 170° = —0.98 
tan 170° = —0.18 ° 
P(-0.98, 0.17)/ 1 170 
X 
O A 


c) sin250° = —0.94 
cos 250° = —0.34 
tan 250° = 2.75 


P(-0.34, —0.94) 


d) sin 310° = -0.77 y Discuss 
cos 310° = 0.64 
tan 310° = -1.19 


The values of each 

trigonometric 

function are positive 
x in some quadrants 
and negative in 
others. For each 
function, how can 
P(0.64, —0.77) you remember in 
which quadrant it is 
positive, and in which 
it is negative? 
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As P rotates around the circle, past 360°, the same coordinates are encountered 
again. Hence, in Example /, there are infinitely many angles that have the same 
sine as 70°, the same cosine as 250°, and the same tangent as 310°. 


These values are also equal to sin 70°. 
sin (70° + 360°), or sin 430° 
sin (430° + 360°), or sin 790° 


These values are also equal to cos 250°. 
cos (250° + 360°), or cos 610° 
cos (610° + 360°), or cos 970° 


These values are also equal to tan 310°. 
tan (310° + 360°), or tan 670° 
tan (670° + 360°), or tan 1030° 


We now consider how to determine an angle when its sine, cosine, or tangent 
is given. 


An equation, such as sin 8 = 0.2, cos 0 = —0.3, and tan 8 = 0.4, has infinitely 
many solutions. Each solution is an angle in standard position with its terminal 
arm in one of four quadrants. The table below illustrates the sign of each 
trigonometric function value in each quadrant. 


Quadrant | Quadrant II Quadrant Ill Quadrant IV 
y Bs J y 
P P 
0 0 
x ! \ x x 
A Oo JA A O A 
P P 
sin 0 + + - - 
cos 8 + = = + 
tan @ + - + - 
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Determine two angles between 0° and 360° that have each trigonometric 
function value. Write the angles to the nearest degree. 


a) sin @ = 0.72 b) cos 8 = 0.39 c) tan 8 = 2.73 

Solution 

a) sin @ = 0.72 y 
Since sin @ is positive, @ lies in Quadrant I or II. Po ioe P; 
Key in: (sn) 0.72 to display 46.05448044 


6 = 46° 


46° 
The angle in Quadrant I is approximately 46°. 
Another value of @ can be determined by combining the 


diagrams of angles in Quadrants I and II. 
By symmetry, the angle in Quadrant II is 
180° — 46° = 134° 

Two angles are approximately 46° and 134’. 


b) cos 0 = 0.39 


Since cos @ is positive, @ lies in Quadrant I or IV. 


46° 
O 
Key in: 0.39 to display 67.0455006 by 
0 = 67° x * = 
250° 


The angle in Quadrant I is approximately 67°. 

Combine the diagrams for Quadrants I and IV. 

By symmetry, the angle in Quadrant IV is 360° — 67° = 293° 
Two angles are approximately 67° and 293°. 


c) tan 8 = 2.73 
Since tan @ is positive, @ lies in Quadrant I or III. 

Key in: 2.73 to display 69.88219898 

G70 


The angle in Quadrant I is approximately 70°. 
Combine the diagrams for Quadrants I and III. 


P 
By symmetry, the angle in Quadrant II is : 
180° + 70° = 250° Discuss 
Two angles are approximately 70° and 250°. For each of sin @, cos 8, 


and tan 6, what are two 
other values of 6 that have 
the same trigonometric 
function value? 


The results of Example 2 can be summarized. 
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Take Note 


Solving sin 0 =k, cos 0 =k, and tan 0 =k 


e When sin 0 = k, two values of @ that satisfy this equation are 


6 and 180° — @. 
© When cos 0 = k, two values of 6 that satisfy this equation are 
6 and 360° — @. 


e When tan 6 = k, two values of @ that satisfy this equation are 
6 and 180° + @. 


Determine two angles between 0° and 360° that have each trigonometric 
function value. Write the angles to the nearest degree. 


a) sin 0 = —0.45 b) cos 8 = -0.76 c) tan @ = —3.42 
Solution 
a) sin @ = —0.45 y 


Since sin @ is negative, @ lies in Quadrant III or IV. 
Key in: 4) (sn) 4) 0.45 (2) to display —26.74368395 
g=—27 
One angle is approximately —27°. 
However, this angle is not between 0° and 360°. 
To obtain the angle in Quadrant IV, add 360°. 
6 = -27° + 360° 
= 333° 
To obtain the angle in Quadrant III, subtract -27° from 180°. 
6 = 180° — (-27°) 
= 207° 
Two angles are approximately 207° and 333°. 


cos @ = —0.76 y 


Since cos @ is negative, 8 lies in Quadrant II or III. 
Key in: (2) (os) 4 _) 0.76 @2) to display 139.4641979 
@= 139° 
The angle in Quadrant II is approximately 139°. 
To obtain the angle in Quadrant III, subtract 139° from 360°. 
6 = 360° — 139° 
= 221° 
Two angles are approximately 139° and 221°. 


b 


— 
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c) tan 8 = —3.42 
Since tan @ is negative, @ lies in Quadrant II or IV. 
Key in: (24) CG) 4) 3.42 @) to display —73.70120362 
6=-74 
One angle is approximately —74°. 
This angle is not between 0° and 360°. 
To obtain the angle in Quadrant IV, add 360”. 


6 = -74° + 360° 

= 286° 
To obtain the angle in Quadrant II, add —74° to 180°. 
6 = -74° + 180° 

= 106° 


Two angles are approximately 106° and 286’. 


5.4 Exercises 


Al 


1. In each diagram, determine sin 9, cos 9, and tan 0. 


a) ” p(0.6, 0.8) ) P(-0.6, 0.8)|” c) y d) y 


x x x 


P(—0.8, -0.6) P(0.8, -0.6) 


2. Determine each value to 3 decimal places. 


a) sin 63° b) cos 63° c) tan 63° 
d) sin 151° e) cos 151° f) tan 151° 
g) sin 227° h) cos 227° i) tan 227° 
j) sin 302° k) cos 302° 1) tan 302° 
3. a) Determine each value. 
i) sin 0° ii) cos 0° iii) tan O° 
iv) sin 90° v) cos 90° vi) tan 90° 
vii) sin 180° viii) cos 180° ix) tan 180° 
x) sin 270° xi) cos 270° xii) tan 270° 
xiii) sin 360° xiv) cos 360° xv) tan 360° 


b) From the results in part a, explain why the tangent function values of 
two angles are undefined. 
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4. 


.B) 


5. 


[=>] 


oo 


wo 


10. 


Determine each value to 3 decimal places. 


a) tan 48° b) sin 57° c) cos 71° 

d) sin 157° e) tan 148° f) cos 171° 
g) cos 278° h) sin 257° i) tan 248° 
j) sin 357° k) tan 338° 1) cos 321° 


Knowledge/Understanding For each expression below: 


i) Determine its value to 3 decimal places. 
ii) Determine two other angles that have the same trigonometric 
function value. 


a) sin 47° b) cos 56° c) tan 33° 

d) sin 108° e) cos 162° f) tan 154° 
g) sin 189° h) cos 211° i) tan 254° 
j) sin 325° k) cos 294° 1) tan 281° 


. Without using a calculator, determine whether each quantity is positive or 


negative. Explain your answer. 
a) sin 282° b) cos 156° c) tan 230° 
d) tan 139° e) sin 141° f) cos 312° 


. Communication Suppose point P starts at A(1, 0) and makes one complete 


rotation counterclockwise around the unit circle. Describe how the values of 
each trigonometric function change as @ increases from 0° to 360°. 


a) sin @ b) cos 8 c) tan @ 


. Determine an angle between 0° and 90° that has each trigonometric function 


value. Write the angle to the nearest degree. 
a) tan 0 = 2.3 b) sin @ = 0.3 c) cos 8 = 0.7 
d) sin@ = 0.6 e) cos 8 = 0.2 f) tan 0 = 0.8 


. Determine an angle between 90° and 180° that has each trigonometric 


function value. Write the angle to the nearest degree. 

a) sin 8 = 0.42 b) tan 8 = —0.35 c) cos 8 = -0.58 

d) tan 9 = -1.25 e) cos 8 = -0.45 f) sin 8 = 0.75 
Determine an angle between 180° and 270° that has each trigonometric 
function value. Write the angle to the nearest degree. 

a) cos 0 = —0.82 b) tan 8 = 2.21 c) sin @ = —0.57 

d) tan 0 = 0.66 e) cos 8 = -0.21 f) sin 8 = -0.45 
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11. Determine an angle between 270° and 360° that has each trigonometric 
function value. Write the angle to the nearest degree. 


a) tan 8 = —0.83 b) cos 8 = 0.74 c) sin @ = -0.19 
d) tan 9 = —-4.75 e) sin 8 = —0.69 f) cos 8 = 0.35 
12. Determine two angles between 0° and 360° that have each trigonometric 
function value. Write the angles to the nearest degree. 
a) cos 80 = 0.42 b) sin 8 = 0.29 c) tan 8 = 1.37 
d) sin 8 = 0.82 e) cos 6 = 0.73 f) tan 0 = 2.48 


13. Determine two angles between 0° and 360° that have each trigonometric 
function value. Write the angles to the nearest degree. 


a) sin 0 = -0.47 b) tan 8 = —0.92 c) cos 8 = -0.91 
d) sin 8 = —0.85 e) cos 8 = —0.29 f) tan @ = —5.7 
14. Thinking/Inquiry/Problem Solving The graphing calculator screens below 


show squares whose vertices lie on a unit circle with centre O(0, 0). The 
measurements at the bottom left of each screen refer to the vertex marked 
with the cursor. They show the corresponding angle in standard position, in 
degrees, and the x-coordinate to the nearest thousandth. The y-coordinate of 
the vertex is in the middle, at the bottom of the screen. For each square: 


i) Write the coordinates of each vertex. 
ii) Write the angles in standard position, in degrees, corresponding to 
each vertex. 
iii) Write the cosine and the sine of each angle in part ii. 


a) 1.55 


—2.35 


15. Use the diagram in exercise 14a. Determine each pair of values. 
a) cos 150° and sin 150° b) cos 330° and sin 330° 
c) cos 60° and sin 60° d) cos 240° and sin 240° 

16. Use the diagram in exercise 14b. Determine each pair of values. 
a) cos 110° and sin 110° b) cos 290° and sin 290° 
c) cos 20° and sin 20° d) cos 200° and sin 200° 
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17. The point R(2, 6) lies on the terminal arm of an angle @ in standard position. 
Determine the value of each trigonometric function to 3 decimal places. 


a) sin 0 b) cos 8 c) tan 0 


18. The point S(3, —5) lies on the terminal arm of an angle @ in standard position. 
Determine the value of each trigonometric function to 3 decimal places. 


a) sin@ b) cos 8 c) tan dé 


19. The terminal arm of an angle @ lies in Quadrant IV on the line with equation 
5x + 12y = 0. Determine the value of each trigonometric function. 
a) sin @ b) cos 8 c) tan @ 

20. Application The angle @ is in Quadrant I, and cos 6 = =. 


a) On a grid, draw a diagram to show the angle in standard position and a 
point Q on its terminal arm. 


b) Sketch a circle on which Q lies. What is the radius of this circle? 
c) Calculate sin 0. 


d) Determine possible coordinates for Q. 


21. The angle @ is in Quadrant II, and cos 6 = -<. 


a) On a grid, draw a diagram to show the angle in standard position and a 
point D on its terminal arm. 


b) Sketch a circle on which D lies. What is the radius of this circle? 
c) Calculate sin 0. 


d) Determine possible coordinates for D. 


22. The angle @ is in Quadrant III and sin 8 = —z. A point E lies on the 


terminal arm. Determine possible coordinates for E. 


23. The angle @ is in Quadrant IV and tan 6 = -2. A point F lies on the 


terminal arm. Determine possible coordinates for F. 


24. You can use a calculator to determine the sine, the cosine, or the tangent of 
any angle in standard position. Determine the largest angle your calculator 
will accept. 


25. Triangle CBO has vertices C(—3, 0), B(—3, —7), and O(0, 0). A circle, radius 
1 unit, centre O(O, 0), intersects OB at P. Point A has coordinates (1, 0). 


Angle AOP is @. 


a) Determine the coordinates of P, then use the coordinates to determine 
sin 9 and cos @. 


b) Compare the values of sin @ and cos @ with those you would obtain by 
using the lengths of the sides of ACBO. What do you notice? 
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5.5 Sine, Cosine, and Tangent of Special Angles 


When you use a calculator to 
determine trigonometric function 
values, the results are approximate to 
9 decimal places. These values are 
accurate enough for most purposes. 
For some special angles, exact values 
can be determined from geometric 
relationships. 


Angle 45° and its multiples 


This diagram shows a unit circle and 
the angle 45° in standard position. 


Since ZPON = 45° and PN is 
perpendicular to OA, 
then APON is a right isosceles triangle. 


Then, ON = NP y 
Use the Pythagorean Theorem in APON. 4 
ON? + NP* = OP? V2 
x 
20N? = 1 A(1, 0) 
ae 
ON’ = 5 
tls 
ON = Fi 
= we ob 
So, NP = ON = Fa 


The coordinates of P are (= =): 


1 1 


Hence, cos 45° = Wei and sin 45° = Fa 
1 
tan 45° = ~2 
43 
=1 


We can determine the sine, cosine, and tangent of any multiple of 45° by 
drawing the right isosceles triangle in different positions. This triangle is called 
a 45-45-90 triangle. 


282 CHAPTER 5 TRIGONOMETRIC FUNCTIONS 


Determine cos 135°, sin 135°, and tan 135°. 


Solution y 


Draw a diagram. 


Since ZPOA = 135”, then ZPON = 45° 
APON is a 45-45-90 triangle with 


: 1 1 
sides Tae and |. 


Since P is in Quadrant II, cos 135° is negative, 
sin 135° is positive, and tan 135° is negative. 


Hence, cos 135° = = Discuss 
J2 
I How could you check 
sin 135° = 25) the results? 
tan 135° = -1 


In Example 1, ZPON is called the reference angle. A reference angle is the 
acute angle between the terminal arm and the x-axis. 


Angle 30° and its multiples 
This diagram shows a unit circle and the angle 30° y 
in standard position. 


Since ZPON = 30° and PN is perpendicular to OA, 
then APON is a 30-60-90 triangle. 


By reflecting APON in the x-axis, an equilateral APOP’ 
is formed, in which ZPOP’ = ZOPP’ = ZOP’P = 60°. 


N is the midpoint of PP’. 


Hence, P’N = NP = > 


Use the Pythagorean Theorem in APON to determine the length of ON. 
ON? + NP? = OP? 


ON? +2 =1 
23 

ON =| 
on = 3 

2 


aa 2) 
eae aa 


The coordinates of P are ( 
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Cy J3 » oo | o 5 

Hence, cos 30° = a sin 30° = 5 and tan 30° = f 
1 2 
=-—-x —> 
2° V3 

ss 

V3 


To determine the sine, cosine, and tangent of 60°, 
reflect the 30-60-90 triangle in the line y = x. 
By symmetry, ZPOA = 60° 


. 1 
The coordinates of P are Ge =) 
v3 
Hence, cos 60° = >, sin 60° = ae and tan 60° = —- 
2 


The trigonometric function values of special angles are summarized below. 


Take Note 


Sine, Cosine, and Tangent of Special Angles 
Values for 30° and 60° 


Remember the sides of a 30-60-90 triangle are 1, >. Ae 

Remember that sines and cosines of 30° and 60° involve > and wa 

Memorize sin 30° = > then cos 30° = we 

For 60°, interchange the values: For a tangent value, 
; E ni R 1 divide the sine value 

sin 60° = a and cos 60° = on by the cosine value, 


where possible. 
Values for 45° 
Remember the sides of a 45-45-90 triangle are 1, = Teh 
Remember that sin 45° = cos 45° = —L, 
V2 
Values for 0° and 90° 
Use the coordinates of the points (1, 0) and (0, 1). 


Remember that cos @ is the first coordinate and sin @ is the 
second coordinate. 


So, cos 0° = 1, sin0° = 0; and cos 90° = 0, sin 90° = 1 


By drawing the 30-60-90 triangle in different positions, we can determine the 
cosine, sine, and tangent of any multiple of 30° and 60°. 
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Determine cos 240°, sin 240°, and tan 240°. 
Solution 
Draw a diagram. y 


The reference angle is ZPON = 240° — 180° = 60°. 
APON is a 30-60-90 triangle with sides >. 1, and a 


Since P is in Quadrant III, both cos 240° and 
sin 240° are negative, while tan 240° is positive. 


Hence, cos 240° = -5, sin 240° = 3, and tan 240° = /3 


The trigonometric function values of 45° and 30° and their multiples are either 


1 
+ — 
0, ae 


angles whose trigonometric function values can be expressed in this way. 
Other examples occur in the exercises. 


A] 


1. a) Draw a diagram to show each angle in standard position. 
i) 225° ii) 210° iii) 315° iv) 240° 
v) 150° vi) 120° vii) 135° viii) 300° 


b) State the reference angle for each angle in part a. 


, +1, or simple expressions that involve radicals. These are not the only 


2. Knowledge/Understanding State each exact value. 


a) sin 45° b) sin 135° c) sin 225° d) sin 315° 
e) sin 30° f) sin 150° g) sin 210° h) sin 330° 
i) sin 60° j) sin 120° k) sin 240° 1) sin 300° 


3. Repeat exercise 2, replacing each sine with tangent. 


4. Repeat exercise 2, replacing each sine with cosine. 


.B 


5. Communication What is the advantage of using geometric relationships 
instead of a calculator to determine trigonometric function values of 
special angles? 
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6. Application 


a) Triangle ABC is a 45-45-90 triangle. Verify that 
sin2A + sin2B + sin2C = 4sinA sinB sinC 


b) Determine whether the equation in part a holds for each triangle. 
i) a 30-60-90 triangle ii) an equilateral triangle 


7. Thinking/Inquiry/Problem Solving Notice that sin 45° = rie Ge = v2 
f2 3 


So, we may write sin45° = ss and sin 60° = < Look at the numbers in 


these expressions. The denominators are the same and the numbers under 
the radical signs are 2 and 3. 


a) Find out if this is part of a pattern that includes the values of sin 0°, sin 30°, 
and sin 90°. 


b) Find a similar pattern for cosines. 


c) Find a pattern that involves tan 30°, tan45°, and tan 60°. Describe the pattern. 


8. The graphing calculator screens below show regular polygons whose 
vertices lie on a unit circle with centre O(0, 0). For each regular polygon: 
i) Write the coordinates of each vertex. 
ii) Write the angles in standard position that correspond to each vertex. 
iii) Write the cosine, the sine, and the tangent of each angle in part ii. 


a) 1.55 b) 1.55 


—2.35 —2.35 


c) ) 


—2.35 —2.35 


9. Evaluate each expression. Do not use a calculator. 
a) sin 30° + cos 30° b) sin 60° + tan 30° c) sin 120° + cos 120° 
d) sin 300° + tan 225° e) cos 135° + tan 60° f) tan 150° + cos 330° 


10. Use a calculator to verify each result. 


= +v2 b) cos 22.5° = V2+v2 = 61 


a) cos 15° c) cos 36° 
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Self-Check 5.3 — 5.5 


1. Sketch each angle in standard position. 
a) @= 50° b) 6 = 240° c) 8 = 130° 
d) 8 = -60° e) 8 =—-120° f) 0=510° 


i) 


. Determine two angles that are coterminal with each angle 6. 
a) 8 = 270° b) @=75° ct) 8 = 150° d) @ = —120° 


~ 


For each expression below: 


i) Determine its value to 3 decimal places. 
ii) Determine three other angles that have the same trigonometric 
function value. 


a) sin 24° b) cos 72° c) tan 38° 

d) sin 137° e) cos 97° f) tan 146° 
g) sin 230° h) cos 266° i) tan 198° 
j) sin 304° k) cos 293° 1) tan 320° 


4. Without using a calculator, determine whether each quantity is positive or 
negative. Explain your answer. 
a) sin 274° b) cos 98° c) tan 241° 
d) cos 165° e) sin 352° f) tan 174° 


5. Determine an angle between 90° and 180° that has each trigonometric 
function value. Write the angle to the nearest degree. 


a) sin 8 = 0.82 b) tan 0 = —0.62 c) cos 8 = —0.75 


6. Determine the angles between 0° and 360° that have each trigonometric 
function value. Write each angle to the nearest degree. 
a) cos 0 = 0.46 b) sin 0 = —0.24 c) tan @ = 1.64 
7. State each exact value. 
a) cos 150° b) cos 210° c) cos 225° 
d) tan 330° e) tan 120° f) sin 150° 


co 


. a) Show that sin 30° + sin 30° ¥ sin 60°. 
b) Show that cos 30° + cos 60° # cos 90°. 
c) Show that tan 45° + tan 45° # tan 90°. 


9. Explain how you could use an isosceles right triangle to determine the exact 
values of cos 45°, sin 45°, and tan 45°. 
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5.6 Radian Measure 


Remember that a degree is a unit of angle measure defined by using 360° for 
a complete rotation. On a calculator, you will notice another unit of angle 
measure called a radian. In many situations, radians are more useful than 
degrees. After you learn what a radian is, and how it is related to degrees, 
we will explain why it is a useful unit for angle measure. 


Investigation 
What Is a Radian? 


You will use a calculator to determine how many degrees there are in one 
radian. Instructions for the TI-83 Plus and TI-30X IIS calculators are 
given. Other calculators have similar features, but they may be accessed 
differently. Consult your manual if necessary. 


On the TI-83 Plus calculator On the TI-30X HS calculator 
1. To find what one radian is, use a 1. To find what one radian is, use a 
calculator to enter one radian, calculator to enter one radian, 

then convert it to degrees. then convert it to degrees. 
Follow these steps. Follow these steps. 
a) Make sure your calculator is a) Press (es). Use Ce) if 
in degree mode. Use the necessary to underline DEG. 
MODE menu to do this. Press (@®). The calculator is in 
b) Press 1 3 to degree mode. 
display 1". b) Press 1 then C®) until 
c) Press (esta). The number of r for radians is underlined. 
degrees will be displayed. Do not clear the display. 
c) Press to display 
the angle in degrees equal to 
one radian. 


2. How many degrees are there in one radian? 


~ 


You should have found that one radian is slightly less than 60°. 

So 3 radians are slightly less than 180°. That is, 180° is a little more 

than 3 radians. 

a) What number is a little more than 3 and has something to do with circles? 


b) Use your calculator to convert 90° to radians. What is 180° in radians? 
Does the result confirm your answer to part a? 
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A radian is a unit, different from a degree, for measuring angles. In the 
Investigation, you should have found that one radian is approximately 
57.295 78°. Instructions for converting radians to degrees were programmed 
into a calculator’s processor chip using the following definition, which was 
established before calculators were invented. 


Take Note 


Radian Measure 


One radian is the measure 
of an angle subtended at the 
centre of a circle by an arc 
equal in length to the radius 
of the circle. 


Consider equilateral AABC with Push point A down slightly so that 
rigid sides AB and BC. There is a AC bends outward and forms part of 
hinge at B, and side AC is flexible. a circle, centred at B. 
A re 
3” é LO 


This angle is one radian. 


One radian is slightly less than 60°. 
Hence, 3 radians are slightly less than 180°. 
That is, 180° is slightly more than 3 radians. 


In the formulas for the circumference and area of a circle, remember 
mT = 3.1416. It turns out that 180° is 2 radians and we can show this as follows. 


Angle ABC is the same fraction of a complete rotation as arc AC is of 
the circumference. 
ZABC arc AC 


360° ial circumference ces 
lradian _ or 7 
360° sar 
Multiply each side by 360°. A Cc 
: 180° 
1 radian = — 
1 
Multiply each side by 7. 
mT radians = 180° 
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Since 1 radians = 180°, 27 radians = 2 x 180° 


= 360° 
Similarly, 
= radians = a = radians = ue 
2 a) ~ 4 
= 90° = 45° 
Wyte 180 ™ wadiane — 180° 
z radians = aes 6 radians =e 
= 60° = 30° 


These results are summarized below. 


Take Note 


Angle Measures in Degrees and Radians 


Degrees 0° 45" 90° 135° 180° 360° 
tT tT 3m me 
Radians 0 A 5 a Tt 2n 
Degrees 0° 30° 60° 90° 120° 150° 180° 360° 
Radiance pO ye ee ae ae Qn 


6 3 2 3 6 


m radians are 180° and this fact is used to convert between angle measures. 


Express each angle to 2 decimal places. 


a) 4 radians in degrees b) 138° in radians 
Solution 
a) 1 radians = 180° b) 180° = 7 radians 
- 180° Pe: Te 4 
1 radian = a 1 hi radians 
4 radians = 4(2) 138° = 138(=) radians 
Tt 180 
= 229.18° = 2.41 radians 


In Example Ia, the number of degrees is much greater than the number of 
radians. We multiplied 4 by a which makes the number larger. In part b, 
the number of radians is much less than the number of degrees. We multiplied 
138 by Tre which makes the number smaller. 


We can use radian measure to derive a formula that relates the length of an arc 
of a circle to the radius and the angle subtended by the arc at the centre. 
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Let a represent the length of an arc that subtends an 
angle @ radians at the centre of a circle with radius r. 
The ratio of the arc length to the circumference is 
equal to the ratio of the angle at the centre to a 
complete rotation. That is, 


arc length __ angle at centre 
circumference 20 
2s oe 
2mr 20 
a=réa 


Take Note 


The Arc Length of a Circle 


The arc length a subtended by 
an angle @ radians in a circle with 
radius r is given by the formula: 


a=ro 


If degree measure had been used to develop the arc length formula, we would 


have obtained the formula a = saqte for arc length. When radian measure is 


used, the formula is simpler. Other formulas that involve angles in mathematics 
also become simpler when radians are used instead of degrees. One of these 
occurs inexercise 21] Hence, radian measure is useful because it simplifies 
formulas that involve angles. Also, it is customary to use radian measure when 
we apply trigonometric functions to model quantities that vary periodically. 


A circle has radius 6.5 cm. Calculate the length of an arc of this circle subtended 
by each angle. Express each length to the nearest tenth of a centimetre. 


a) 2.3 radians b) 75° 
Solution 
a) Use the formula a = r 0. 
a = (6.5)(2.3) 
= 14.95 


The arc length is approximately 15.0 cm. 
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b) To use the formula a = r@, the angle must be in radians. 
180° = 7 radians 


1° = — radian 
(50 adians 


75° = 75 (%) radians 
= 1.309 radians 
Substitute in the formula a = ré. 
a = (6.5)(1.309) 
= 8.5085 
The arc length is approximately 8.5 cm. 


Angles in standard position with the same terminal arm are coterminal angles. 
When an angle measured in radians is in standard position, other angles that are 
coterminal with it can be found by adding or subtracting multiples of 27. 


Begin with an angle ... add 27 radians, ... add 27 radians again, 
BR yadi Bree OT 8 pj, Ln 
of 7 radians ... q tem ri 4 +20 ri 
y y y 
P(x, y) P(x, y) P(x, y) 
x x x; 
ACI, 0) O A(1, 0) ACI, 0) 
Tt F on : 17% : 
z radians is radians = radians 


Take Note 


Coterminal Angles Measured in Radians 


When an angle has measure @ radians, then the measure of any 
coterminal angle is (@ + 2n7) radians, where n is an integer. 


5.6 Exercises 


Al 


1. Convert to radians. Express each angle in terms of 7. 
a) 30° bh) 60° c) 90° d) 120° e) 150° f) 180° 
g) 210° h) 240° i) 270° j) 300° k) 330° 1) 360° 
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2. Convert to radians. Express each angle in terms of 7. 


a) 45° b) 135° e) 225° d) 315° 


oo 


. Convert to degrees. 


a) 7 radians b) = radians c) = radians d) = radians 


e) = radians f) SE radians g) ms radians h) = radians 


i) * radians i) ” radians k) * radians Hy) on radians 


> 


. Determine how many radians there are in each rotation. 


a) one full turn b) one-half turn c) one-quarter turn 


oa 


. Sketch each angle in standard position. Determine two angles that are 
coterminal with each angle. 


a) 7 radians b) + radians c) 3 radians d) > radians 


e) = radians f) radians g) = radians h) = radians 


[=>] 


. Determine two angles that are coterminal with each angle. 


a) = radians b) Su radians c) a radians d) a radians 


e) “ radians f) = radians g) 7 radians h) 27 radians 


.B) 


7. Knowledge/Understanding Convert to radians. Express each angle to 
2 decimal places. 


a) 105° b) 220° ¢) 57.3° d) 131° e) 82° 
g) 64° h) 23.1° i) 140° i) 60° k) 1 


8. Convert to degrees. Express each angle to 1 decimal place. 
d) 1.6 radians 
h) 27 radians 


b) 4 radians 
f) 1.2 radians 


a) 3 radians c) 2.1 radians 


e) 0.5 radians g) 6.6 radians 


9. Convert to degrees. 


lla 


a) 5 radians b) — radians c) = radians d) 4 radians 


e) a radians f) = radians g) a radians h) a radians 


10. Communication 
a) Choose an angle in degrees. Write to explain how to convert degrees 
to radians. 
b) Choose a different angle in radians. Write to explain how to convert 
radians to degrees. 
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11. Sketch each angle in standard position. 
a) “ radians b) —7 radians c) “= radians d) 2 radians 
e) a radians f) um radians g) —27 radians h) -2 radians 
12. Determine the length of the arc that subtends each angle at the centre of a 
circle with radius 4.0 cm. 
a) 2.5 radians b) 3.2 radians c) 1.7 radians 
d) 6.2 radians e) 4.5 radians f) 0.9 radians 


—_ 


3. Determine the length of the arc of a circle, radius 15.0 cm, that subtends 
each angle at the centre. 


a) 130° b) 70° c) 100° d) 155° 
e) 210° f) 90° g) 330° h) 300° 


—_ 


4. a) Write an expression for each distance from B 
A to B. 
i) along the segment AB 
ii) along the circular arc from A to B 


b) How many times as long as the straight-line /\ 


distance is the distance along the circular arc 0 r 
from A to B? 


—_ 


5. Determine the angle at the centre of a circle, radius 6.0 cm, for each arc 
length. Express each answer in degrees and radians. 


a) 3.0 cm b) 7.0 cm c) 12.5 cm d) 16.4 cm 


—_ 


6. The area of a circle is 38.0 cm’. Determine the length of one-quarter of 
the circumference. 


_ 
~“ 


. The hypotenuse of an isosceles right triangle is the chord of a circle. The 
legs of the triangle are radii of the circle. The length of the chord is 8 cm. 
What is the length of the arc subtended by this chord? 


ad 


8. Application The moon travels in a nearly circular orbit around Earth. The 
radius of the orbit is approximately 384 400 km. The moon orbits Earth 
once every 27.3 days. 


moon now 


moon | h later 


Earth 
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a) Consider two positions of the moon at times 1 h apart. What is the 
measure, in radians, of the angle subtended at Earth? 


b) About how far does the moon travel in 1 h in its orbit around Earth? 


19. Thinking/Inquiry/Problem Solving When an object moves in a circle, 
its angular velocity is the angle per unit of time through which it rotates 
about the centre. 

a) A bicycle wheel has diameter 60 cm. Determine its angular velocity, in 
radians per second, when the bicycle travels at 20 km/h. 

b) Write an expression for the angular velocity, in radians per second, for 
a bicycle wheel with diameter d centimetres when the bicycle travels at 
x kilometres per hour. 


20. 


o 


Santa’s Village is in Bracebridge, Ontario. It is advertised as being halfway 
between the Equator and the North Pole; that is, at a latitude of 45°. 
Geographers use lines of latitude to measure how far a place is from the 
Equator, as shown in the diagram. Determine the shortest distance from 
Bracebridge to the North Pole. The radius of Earth is 6378 km. 


North Pole 
ane’ Village 
waa 
South Pole 


ic) 


21. a) Derive a formula for the area, A, of a sector of a circle with radius, r, 
formed by an angle @ radians. 


b) Derive a similar formula when the measure of the angle is in degrees. 


c) Explain how the results of parts a and b justify the use of radian measure 
instead of degree measure. 
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5.7. Trigonometric Functions of Angles in Radians 


In{Chapter 6 we will use trigonometric functions to model quantities that vary 
periodically. Although it is possible to do this using angles in degrees, it is 
customary to use angles in radians. Therefore, in this section we will work 
with trigonometric functions of angles in radians instead of degrees. The only 
difference from previous work is that the angles are in radians. 


It is usual to omit the word “radians” when we refer to an angle in radians. 

For example, when we refer to an angle of 2.4, it is understood that the angle is 
in radians. From now on, when the unit of an angle is not given, the angle is 

in radians. 


Here are some typical trigonometric function values of @ in radians. 


” p(0,36, 0.93)  P(-0.90, 0.43) 


(my 


Xx 
Ly : 
P(-0.65, —0.76) P(0.47, —0.88) 
cos 1.2 = 0.36 cos 2.7 = —0.90 cos 4.0 = —0.65 cos 5.2 = 0.47 
sin 1.2 = 0.93 sin 2.7 = 0.43 sin 4.0 = —0.76 sin 5.2 = —0.88 
tan 1.2 = 2.57 tan 2.7 = -0.47 tan 4.0 = 1.16 tan 5.2 = —1.89 


The diagrams above review the sign of each trigonometric function value in each 
quadrant. We use these signs to determine the possible measures of an angle in 
radians, when a trigonometric function value is given. 


Determine two angles between 0 and 27 that have each trigonometric 
function value. Write the angles to 2 decimal places. 


a) sin 9 = 0.37 b) cos 8 = 0.54 c) tan 8 = 2.49 


Solution 


Make sure the calculator is in radian mode. 


a) sin 8 = 0.37 
Since sin @ is positive, @ lies in Quadrant I or II. 
Key in: +) Gs") 0.37 @) to display 0.379009021 
6 = 0.38 
The angle in Quadrant I is approximately 0.38. 
Consider angle @ in Quadrants IJ and II. 
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By symmetry, the angle in Quadrant II is  — 0.38 = 2.76 
The two angles are approximately 0.38 and 2.76. 


b) cos 8 = 0.54 


Since cos @ is positive, 0 lies in Quadrant I or IV. 
Key in: (4) (os ) 0.54 2) to display 1.000359217 
6 = 1.00 1 


The angle in Quadrant I is approximately 1.00. 

Consider angle @ in Quadrants I and IV. 

By symmetry, the angle in Quadrant IV is 27 — 1.00 = 5.28 
The two angles are approximately 1.00 and 5.28. 


c) tan @ = 2.49 


Since tan @ is positive, @ lies in Quadrant I or III. 
Key in: (24) ( ) 2.49 2) to display 1.188905868 
6 = 1.19 T 


The angle in Quadrant I is approximately 1.19. 
Consider angle @ in Quadrants I and II. 


By symmetry, the angle in Quadrant III is 7 + 1.19 = 4.33 
The two angles are approximately 1.19 and 4.33. 


The results of Example 1 can be summarized. 


Take Note 


Solving sin 0 =k, cos 0 =k, and tan 0 =k 

e When sin 6 = k, and @ is in radians, two values of @ that satisfy 
the equation are @ and 1 — @. 

¢ When cos 6 = k, and @ is in radians, two values of @ that satisfy 
the equation are @ and 27 — 0. 

e When tan 0 = k, and @ is in radians, two values of @ that satisfy 
the equation are 0 and 7 + @. 


Determine two angles between 0 and 27 that have each trigonometric 
function value. Write the angles to 2 decimal places. 


a) sin 0 = —0.68 b) cos 8 = -0.42 c) tan @ = -1.85 


P2 
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Solution 


Make sure the calculator is in radian mode. 


a) sin 0 = —0.68 


Since sin @ is negative, 0 lies in Quadrant III or IV. 


Key in: Caw) 0.68 to display —0.747762635 
6 = -0.75 

One angle is approximately —0.75. 

However, the angle is not between 0 and 27. 

To obtain the angle in Quadrant IV, add 27. 


6 = -0.75 + 20 

= 5.54 
To obtain the angle in Quadrant III, subtract -0.75 from 7. 
6 = 1 — (-0.75) 

= 3.89 


The two angles are approximately 3.89 and 5.54. 
b) cos 80 = —0.42 


Since cos @ is negative, @ lies in Quadrant II or III. 
Key in: 0.42 to display 2.004241647 
6 = 2.00 
The angle in Quadrant II is approximately 2.00. 
To obtain the angle in Quadrant III, subtract 2.00 from 27. 
6 = 2m — 2.00 
= 4.28 
The two angles are approximately 2.00 and 4.28. 


c) tan 8 = -1.85 


Since tan @ is negative, 0 lies in Quadrant II or IV. 
Key in: 1.85 to display —1.075244653 
6 = -1.08 
One angle is approximately —1.08. This angle is not 
between 0 and 27. To obtain the angle in Quadrant IV, 
add 27. 
6 = -1.08 + 20 

= 3,21 
To obtain the angle in Quadrant II, add —1.08 to z. 
06=n— 1.08 

= 207 
The two angles are approximately 2.07 and 5.21. 
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Discuss 


How can you check 
the results? 


Remember, from |Section 5.5} that we determined the trigonometric function 
values for certain special angles. In that section, the angles were expressed in 
degrees. We can also express the angles in radians, with the following results. 


Take Note 


Sine, Cosine, and Tangent of Special Angles in Radians 


Values for = and = 
6 3 WF 
Le nas eal ee 
Remember that an 30°, so sin Ae and cos ae 
For 2, interchange the values: For a tangent value, 
e V3 ¥ 1 divide the sine value 
sin 5 Sa and cos a= 5: by the cosine value, 
where possible. 
Values for + 
° * 1 
Remember that = = 4 in 2 = = : 
emembe Fi 5°, sos pe eS Zi 


Values for 0 and ~ 


Use the coordinates of the points (1, 0) and (0, 1). 


Remember that cos @ is the first coordinate and sin @ is the 
second coordinate. 


So, cosO = 1, sin0O = 0; and cos + = 0, sin > =a 


Determine sin i. cos oe and tan anu 


6 6 6 


Solution 
Draw a diagram. y 


The reference angle is ZPON = 27 — an = 2 


APON is a 30-60-90 triangle with sides > 1, and = 


Since P is in Quadrant IV, both sin at and 
lla : ‘ llx. ae 
tan | are negative, while cos “is positive. 


Hence, sin i = 


1 
C3 
elt ae 
2 

1 

V3 


6 


Un _ 
tan —— = 
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1. Determine each value to 3 decimal places. 


a) sin 1.3 b) cos 0.9 c) tan 0.6 
d) tan2.6 e) sin 1.9 f) cos 2.8 
g) cos 3.6 h) tan 4.1 i) sin 4.3 
j) sin 5.1 k) tan 5.7 1) cos 5.3 
2. Determine the sine, cosine, and tangent of each angle to 3 decimal places, 
where possible. 
Tt 31 
a) 0 b) = c) 7 d) is e) 27 
3. State each exact value. 
: 1 T 1 
a) sin z b) tan a c) cos = 
Tt +. JU 1 
d) tan a e) sin ra f) cos mi 
- 1 Tt F v1 
g) sin z h) tan = i) cos re 
j) cos7 k) tanO 1) sin > 


4. For each expression below: 


i) Determine its value to 3 decimal places. 
ii) Determine two other angles that have the same trigonometric function 
value. Write the angles to 3 decimal places. 
a) sin 2.3 b) tan 3.6 c) cos 4.8 


d) cos 1.7 e) sin5.9 f) tan0.9 


s 


Knowledge/Understanding Determine two angles between 0 and 27 that 
have each trigonometric function value. Write the angles to 2 decimal places. 


a) sin @ = 0.71 b) tan 0 = 2.98 c) cos 8 = 0.34 
d) tan 6 = 1.72 e) cos 8 = 0.90 f) sin @ = 0.23 


> 


Determine two angles between 0 and 27 that have each trigonometric 
function value. Write the angles to 2 decimal places. 


a) tan 8 = —1.80 b) cos 0 = —0.62 c) sin 8 = —0.54 
d) tan 6 = —0.98 e) sin @ = -0.15 f) cos 8 = —0.33 
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7. 


oo 


10. 


11. 


12. 


State each exact value. 

a) cos * b) sin 2 c) tan = 

d) sin i e) cos “ f) tan an 

g) tan an h) sin = i) cos = 
. State each exact value. 

a) sin & b) cos a c) tan = 

d) cos = e) sin a f) tan # 

g) sin == h) cos = i) sin = 

j) cos a k) tan = I) tan a 


. Communication State the exact value of the sine, cosine, and tangent of 


each angle. Write to explain how you determined each value. 


St St St 
Determine two angles between 0 and 27 that have each trigonometric 
function value. Write the angles to 2 decimal places. 
‘wpe 2 A ee 
a) sin@ = 5 b) sin 8 = 5 
c) tan@d=1 d) tan 0 = —/3 
e) sin@ = —-4L f) cos9=-1 


V2 


Application A table has the shape of a regular octagon of side length 1.2 m. 
The table seats 8 people, one at the centre of each side. 


a) Calculate the distance between 2 people seated opposite each other at 
the table. 


b) What is the area of a circular cloth that overhangs the table by 5 cm? 


Thinking/Inquiry/Problem Solving 


a) Use a calculator to determine the values of @ in radians for which 
sin 8 = tan @ = @ to: 
i) 1 decimal place ii) 2 decimal places iii) 3 decimal places 


b) Explain why sin @ = tan @ = @ for small values of 0. 


5.7 TRIGONOMETRIC FUNCTIONS OF ANGLES IN RADIANS 


301 


Previous Section 


5.8  Trigonometric Equations 


An equation that involves one or more trigonometric ratios of a variable is a 
trigonometric equation. 


These are trigonometric equations. These are not trigonometric equations. 
3sin@+cos@=0 2x + Stan4 = 1.5 
6+sin@ =2 x —cost =0 


3sin? 0+ 2cos@—1=0 


Solve the equation sin 8 = B for0 < 0 < 2n. 


Solution 
sin 0 = 3 
Since sin @ is positive, @ is in Quadrant I or II. 
Since sin > = - O= z is the angle in Quadrant I. 
To determine the angle in Quadrant II, subtract from 7. 
aa & 
O=T 
_ 2m 
=5 , 
The solutions are 0 = and - 
Solve the equation cos @ = 25 forO < @< 2n. 
Solution 
Sy 
cos 0 = Fa 


Since cos @ is negative, 8 is in Quadrant II or III. 

: Te 1 F : : wT 
Since cos a ae the solution involves multiples of re 
From the diagram, 


in Quadrant II: 0 = 1 — ms 


_ 38 
—s 
in Quadrant I: @ = 17+ i Discuss 
_ 3n How could you check 
— ae the solutions? 
The solutions are 0 = = and a 
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The trigonometric equations in Examples 1 and 2 are linear. We can also solve 
quadratic trigonometric equations. 


Solve the equation 2 sin? @ — sin @— 1 = 0 for 0 < @ < 2n. 


Solution 


The equation 2 sin? @ — sin @— 1 = 0 is similar to the quadratic equation 
2m? -m-1=0. 


The left side of the equation factors: (2m + 1)(m— 1) = 0 


Similarly, 2 sin? 6 — sin @ — 1 = 0 can be factored as 
(2sin 8+ 1)(sin@- 1) =0 
Either 2sin@d+1=0 or sn@—1=0 
2sin@ =—-1 sin 8 = 1 
sin 0 = -5 Since sin > = 1, one solution is 06 = . 


Since sin @ is negative, 
@ is in Quadrant III or IV. 


Since sin = = > the solution 


involves multiples of - 


From the diagram, y 


in Quadrant II: 6 = 1+ ; 
= 
6 
in Quadrant IV: 6 = 27 -— z 
11x 


6 
The solutions are 0 = a a and *. 


Recall the Pythagorean identity: sin’ @ + cos? @ = 1. 
This identity may be used to simplify a quadratic trigonometric equation. 


Example 4 


Solve the equation 6 sin’ @ — cos - 4 = 0 for 0 < @ < 2r. 


Solution 
6 sin’ @—cos 0-4 =0 
Rearrange the Pythagorean identity: sin? @ = 1 — cos* 0 
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Substitute for sin? 6 in the equation. 
6(1 — cos’ 0) — cos9-4 =0 
6 — 6cos* @- cos9-4=0 
—6 cos” @— cos8+2=0 
Multiply by —1. 
6cos* 8+ cos 9-2 =0 
Factor. 
(3cos 8+ 2)(2cos@-—1)=0 


Either 3cos9+2=0 or 2cos9=1 
3cos 0 = —2 cos 0 = 5 
cos 9 = —2 
3 
Since cos @ is negative, 0 is Since cos @ is positive, @ is 
in Quadrant II or HI. in Quadrant I or IV. 
Key in: (24) (os) 4) 2 C=) 3 Since cos F = > O= F is the angle 
to display 2.300523983 in Quadrant I. 
6 = 2.30 


The angle in Quadrant II is 
approximately 2.3. 


To obtain the angle in Quadrant III, To obtain the angle in Quadrant IV, 
subtract 2.3 from 27. subtract a from 27. 
6=2n-2.3 @=2n-F 

= 3.98 


Discuss 


At the top of the 
page, why did we 
substitute for sin? 6? 
Could we have 
substituted for cos 0 
instead? Explain. 


The exact solutions are 0 = 5 and a the approximate solutions 
are @ is 2.30 and 3.98. 
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1. Solve each equation for 0 < @ < 27. 


a) sind = 0 b) cos8 = 0 c) tan@ =0 
d) sind = 1 e) cos 0 = 1 f) tand = 1 
2. Solve each equation for 0 < @ < 27. 
a) cos 6 = “3 b) sin @ = = c) tan@ = /3 
Wie = aye ae 
d) sin @ = Fa e) cos 8 5 f) tan @ Ue 
3. Solve each equation for 0 < @ < 27. 
oaths WO ae a 
a) cos 8 = 5 b) sin @ Fa c) tan @ Fi 
d) sing = 3 e) sin@ =-1 f) tan @ = —J/3 
g) tan@ = -1 h) cos 8 = -1 i) cos 9 = “3 
"4. Solve each equation for 0 < @ < 2z. 
a) cos 0 = + b) sin @ = > c) tan @ = 3 
oe: ak a2 
d) sind = = @) cos 0 = = f) tan @ ; 
g) tand =4 h) cos 9 = > i) sing =+ 
4 4 
5. Knowledge/Understanding Solve each equation for 0 < 6 < 2n. 
a) tan @ = —3 b) cos @ = > c) sin @ = —= 
a =e a: es 
d) cos@ = 5 e) tan = 7 f) sin @ = 3 
oe: ee = 3 i yal 
g) sin @ = di h) tan 8 = i i) cosO = i 


6. Communication 
a) Solve the equation tan 6 = 2 forO < @< 2m. 
b) Explain why there is no real number @ that satisfies either sin 9 = 2 
or cos 0 = 2. 


7. Solve each equation for 0 < @ < 27. 


a) (sin @ — 1)(sin@ + >) =( b) (cos 6 + 3 )(cos O+ >) =0 
c) (tan 6 — 1)(tan@ + /3) =0 d) (cos 6 — 3 (cos @-—1)=0 


e) (sin @ + +5)(sin 6 - 3) =0 (tan 6+ 1)(tan 6 ~~) = 0 
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8. Factor each expression. 


a) cos*x + 2cosx b) sin?x + 5sinx + 6 
c) 2 sin’ x + sinx — 6 d) 3cos*x — 2cosx—1 
e) 2cos*x — 7cosx +3 f) 6 sin? x + sinx — 1 
9. Solve each equation for 0 < 6 < 2n. 
a) cos” 9 + 2cos 0 = 0 b) sin? 0+ 5sin@ +6 =0 
c) 2sin* A+ sind-6 =0 d) 3cos* @-2cos8-1=0 
e) 2cos* @—-7cos8+3=0 f) 6sin? 6+ sin@-1=0 
10. Solve each equation for 0 < @ < 27. 
a) sin’ @— sin@ = 0 b) cos? @ + cos 8 = 0 
c) 2sin* A+ sin@-—1=0 d) 2sin? @-sin@d-1=0 
e) cos* 0+ 3cos8+2=0 f) sin? 0+ 2sin@-3 =0 
g) 2cos*8+3cos6+1=0 h) 2cos? @-— 3cos9+1=0 
i) sin? @ + 3sind+2=0 j) sin? 0+ Ssin0+6 =0 
k) 4cos* @-4cos9+1=0 1) 4sin?@-1=0 
11. Solve each equation for 0 < @ < 2m. 
a) tan? 9 — tand = 0 b) tan? @ + tan @ = 0 
c) tan?@-—1=0 d) tan? 6 — (/3 + 1)tand + V3 =0 
e) 2tan? 6 = 3tan@— 1 f) 3tan? 6 = 2tan@ +4 
12. Application Write a trigonometric equation that has each given root. 
- _2 =i 
a) 0=0 1 er c) 0 a 
-= == sok 
d)O=— e) O= 7 NoO=5 
13. Thinking/Inquiry/Problem Solving Write a trigonometric equation that 


has each pair of roots. 


es 
14. Solve each equation for 0 < @ < 2m. 

a) 2sin @ = 1 — cos* @ b) 2cos @ = 1 — sin? 6 

c) cos? 8 — sin? @ = 1 d) sin? @ — cos* 6 = 1 

e) 2cos?@—sind-1=0 f) 4sin?@+4cos@=5 
15. Solve each equation for 0 < @ < 2m. 

a) 6cos* 6+ sind-4=0 b) 6sin?@+cos9@—-5 =0 

c) 2cos? @ — sin@-2 =0 d) 18sin* 6+ 3cos@-—17=0 

e) 3cos @sin? 8 — cos 8 = 0 f) 4sin @cos* @ = 2sin@ 
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5.9 Trigonometric Identities 


From|page 257| recall the definition of an identity: an equation that is true for 
all values of the variable for which both sides of the equation are defined. 


Here are examples of algebraic identities. 
2x + 3x = 5x 
(x+ 1-1 =x-1 


The left side of the identity equals the right side for all permissible values of x. 
Previously, you encountered the Pythagorean identity: cos” @ + sin? @ = 1 


sin 0 
cos 0” 


The definition of tan @ is called the quotient identity: tan 0 = cos 6 # 0 


We can use the Pythagorean identity and the quotient identity to prove 
other identities. 


To prove an identity, we show that each side of the identity simplifies to the 
same expression. 


ay) 
: : — on2 pg — sind 
Prove the identity 1 — sin“ @ = ae 


Solution 


1-sin? 9 = “4% 
tan? 6 


Use the Pythagorean identity on the left side. 
Use the definition of tan @ on the right side. 
Restrict the values of @ to those for which tan @ is defined, and tan 6 # 0. 


: Discuss 
Left side Reason 
a - : Why are there 
1 — sin’ 6 = cos” @ Pythagorean identity ractrichonsien 


the value of 6? 


Right side Reason 


2 2 
“a8 = ne Quotient identity, tan 9 # 0 
cos? @ 
2 
= sin’ @ x aie To divide by a fraction, invert 
then multiply. 
= cos” 0 Divide numerator and denominator 


by sin? 6, sin @ + 0. 


Since both sides simplify to the same expression, the identity is proved. 
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1. Prove each identity. 


a) sin 9 = tan Ocos 8 b) cos 0 = 


2. Explain how an identity is different from an equation. 


3. Prove each identity. 


1 : = 1 : =o oe : 
a) =p (l + sin @) = 1+ b) sin O(1 + ) =1+sino 


1 
sin 0 sin 0 


1 = Po sin 0 = 
c) cos o(. - 1) =1-cos@ d) Se Tey 


4. Knowledge/Understanding Prove each identity. 


a) tan? g = 1= 80s" b) sin @tan 0 = i= cos'6 

gy ne = Lee d) 1 — tan @ = ~tan@(1- 1) 
5. Prove each identity. 

a)sin tan + 1, = SSL yy Lend _ Las 

oy ting — Se d) (4; + tan @)(1 sin 8) = cos 6 
6. Prove each identity. 

lee tee Lr 

sia? 8 = FG i) ae com 


7. Application 


a) Prove this identity. 
sin 8+ cos 8 = sin 6 cos 6( des Geel ) 


sin @ cos 0 


b) Predict a similar identity for the expression sin @ + tan @, then prove 
it is correct. 


c) Establish another identity, similar to those in parts a and b. 
8. a) Prove this identity. 


20 1 1 
oes (4 Ni = 1) 


1 <8 
—,, then prove it is correct. 
tan? 9’ P 


b) Predict a similar identity for 
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9. Prove each identity. 
a) (1 + tan’ 6)(1 — cos? @) = tan? @ 


b) (1+, | )d = sin? @) = | 


an? 0 tan? 0 


10. Prove each identity. 
1 _ 1 
tan@ sin @cos @ 
1 1 _ 1 
) cos? 6 - sin? 0 sin? @cos 6 


es —_= (iamo+ 1)" 


sin? 6 cos? 0 tan 0 


d) sin? @ = cos ( — cos 0) 


a) tan @ + 


li 
cos 0 


11. Communication Prove the identity ae 7 awe a — a 


Write to explain why the identity is not true for 0 = and = 


12. a) Prove the identity i <5 qe =< = a5 


1 1 
1+cos@ * 1—cos@° 


b) Establish a similar identity for 


13. Prove each identity. 
gy Lenn cos 8 jo Ee 1+sin6@ 


cos@ 1 -—sin@ 1 —sin @+cos@ cos 0 


14. Prove each identity. 
a) (cos @— sin @)* = 1 — 2sin @cos @ 
b) cos* @ — sin* @ = cos? 9 — sin” @ 
tan? @ 


ees 
—, = sin 
c) 1 + tan? 6 : 6 
je ees 1 cos 0 
sin 0 cos 0 sin 0 


15. Thinking/Inquiry/Problem Solving Determine an identity (different from 
any in these exercises) that involves all 3 trigonometric ratios. 


a) Verify your identity numerically. 

b) Prove your identity algebraically. 

c) Write to explain how you found the identity. 
—sin@ 


16. Prove the identity =tang+—L. 


+sin@ cos 0 
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Self-Check 5.6 — 5.9 


1. Convert to radians. Express each angle in terms of 7. 


a) 15° b) 105° c) 40° d) 310° 
2. Convert to degrees. 

a) * radians b) z radians 

c) a radians d) ut radians 


3. Determine the length of the arc that subtends each angle at the centre of a 
circle, radius 3.0 cm. 


a) 2.4 radians b) 3.9 radians c) 195° d) 320° 
4. State each exact value. 

a) cos F b) sin = c) tan oe 

d) sin om e) cos = f) tan Oe 


5. Explain how you know that i is in Quadrant III. 


6. Determine two angles between 0 and 27 that have each trigonometric ratio. 
Write the angles to 2 decimal places. 


a) tan 0 = 1.84 b) sin 6 = 0.49 c) cos 8 = 0.08 
d) sin 8 = -0.25 e) cos 0 = —0.63 f) tan 0 = —2.40 
7. Solve each equation for 0 < @ < 27. 
a) cos @ = = b) tan@ = 1 
c) sin @ = -2 d) (2cos 8+ /3)(cos 8 - 1) = 0 
e) sin (sin O- =) =0 f) (tan 6 — 1)(tan @ + /3) =0 
8. Solve each equation for 0 < @ < 27. 
a) 2sin? 6+ sind-1=0 b) 4cos?@-1=0 
c) sin? @+2sind-3=0 d) 3tan? 9 — 2/3 tand+1=0 
e) cos? @— 2cos8+1=0 f) sin? 0+ 4sin9+2=0 
9. Prove each identity. 
| eee 1 sin 0 l+cos9 _ 2 
a) ee eae b) recuse ° sin@  sin@ 
cos@ _ 1 tanO-—sinO _ 1 
¢) tan O+ 1+sin@  cos@ q) sin? @ ~~ cos O(1 + cos 8) 


10. Is sin 8 = cos @ an identity? Explain. 


310 (CHAPTER 5 TRIGONOMETRIC FUNCTIONS 


Previous Section 


INSIGHTS 


We The 2-3-4 Triangle 


Since 37 + 4° = 5°, a triangle with sides 3, 4, and 5 satisfies the 
Pythagorean Theorem, and contains an angle of 90°. Any triangle whose 
side lengths are in the ratio 3 : 4: 5 is similar to this triangle. All these 
similar triangles are called 3-4-5 triangles. We represent these lengths 

on a diagram without units, as shown. For example, all the triangles with 
the following side lengths are 3-4-5 triangles, and this diagram represents 
all of them. 


3cm, 4cm, 5cm 
6cm, 8 cm, 10cm 
1.5m, 2.0m, 2.5m 


Property of a 3-4-5 triangle 
A 3-4-5 triangle is a right triangle. 


Formulating Questions 


The numbers 3, 4, and 5 are consecutive integers. Other triangles can Cc 
have sides that are consecutive integers. Here are the problems we 2 
shall investigate. : 


e Do the angles in a 2-3-4 triangle have any special properties? 


> 


e What other problems does this bring to mind, and what results 
can we find? 


Representing the Angles in Mathematical Form 


The diagram (above right) shows AABC with sides 2, 3, and 4. We can 
calculate the angles using the Cosine Law three times. 


a =b? +c —2becosA b? =a +c —2accosB 
2? = 37 + 47 — 2(3)(4) cosA 3? = 2? + 4? — 2(2)(4) cosB 
_ 9+16-4 2 4p 1¢—9 
OS cosB = ——_- — 
aes as 
~ 8 ~ 16 
A = 28.955 024 37° B = 46.567 463 44° 


C=a +b —2abcosC 
A? = 2? + 3* — 2(2)(3) cosC 


_ 4+9-16 
cosC = ——,— 
—_1l 
~ 4 
C = 104.477 512 2° 
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For simplicity, we omit the angle signs on ZA, ZB, and ZC. 
The angles are approximately 29°, 47°, and 104’, but no special property 
is evident. Let us calculate the ratios of these angles, dividing the larger 
angle by the smaller angle each time: 
_ 46.567 463 44° 
~ 28.955 024 37° peo 
_ 104.477 5122° . 
“geseTdesage 
104.477 512 2 


= 98.955 024 37° — 7-008 268 8 


SIA BIN Sle 


The decimals in two of the ratios are the same. This could be a 
coincidence, but it is more likely that there is an underlying pattern. 
Since the third ratio is 2 more than the first ratio, we write: 


BC 

ce We 
Multiply each side by A. 

2A+B=C 


This equation illustrates a simple relationship among the angles of a 
2-3-4 triangle. 


Property of a 2-3-4 triangle This property has not 
been proved here. Can 


The angles in a 2-3-4 triangle have this property: you explain why? For a 


2 x (smallest angle) + (middle angle) = (largest angle proof of the property, 
( gle) + ( gle) = (larg gle) apple] 
Interpreting Information and Forming Conclusions 
Our success in finding an angle property for a 2-3-4 triangle Selecting Strategies, 
suggests that we might look for similar properties in other Resources, 
Technology, 


triangles with consecutive integer sides. See problems 1 and 2. aie Yoek 


e You could use the 
Cosine Law 3 times, 
as on page 311. 


The sides of each triangle in problems 1 and 2 are in arithmetic 
sequence. This suggests that we might investigate triangles with 


sides in geometric sequence. See problems 6 and 8. What other ways are 
; ; there to determine 
In the problem on page 311, we started with a side property and the 3 angles? 


You could use a 
scientific calculator to 
do the calculations. 


developed an angle property. This suggests that we could start 
with an angle property and try to develop a side property. The 


angles could be in arithmetic sequence (problems 4a, 7) or in * You could set up a 
geometric sequence (problem 5). spreadsheet to solve 
a triangle when 3 

In problems 1 and 2, you will determine relationships among sides are known. 

angles in a triangle. In any triangle, we know that the angles are * You could construct 
. : 3 ; the triangles, then 

always related: their sum is 180°. In each problem, you will 

. : an ’ make accurate 
determine a relationship different from this. feacuneniantste 


confirm the results. 
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Problems 


1. a) Determine the angles in a 4-5-6 triangle (below left). 


b) Find out whether any angles are related. Describe how these angles 
are related. 


7 6 
6 7 8 
2. a) Determine the angles in a 5-6-7 triangle and in a 6-7-8 triangle 
(above middle and right). 


b) In one of these triangles, the three angles are related. Describe how 
they are related. 


c) Compare the angles in the 6-7-8 triangle with the angles in the 2-3-4 


triangle on|page 311} What do you notice? 


3. A mathematician who read the problem about the 2-3-4 triangle and 
the results of problems 1 and 2 wrote the comments in the margin. 


a) Read the comments. Then explain each statement. 
i) “The Sine Law gives us 3 sinA = 2sinB.” 
ii) “The relationship 2A + B = C gives us 3A + 2B = 180.” 
iii) “3A + 2B = 180 means that sin 3A = sin2B.” 


b) Verify that the values of A and B on|page 31 1|satisfy 
these equations: 


3sinA = 2sinB 
sin 3A = sin2B 


4. a) The 30°-60°-90° triangle is a right triangle with angles in arithmetic 
sequence. Explain why there is no other right triangle with angles in 
arithmetic sequence. 

b) The 3-4-5 triangle is a right triangle with sides in arithmetic 


sequence. Explain why there is no other right triangle with sides in 
arithmetic sequence. 


5. The right triangle shown has angles in geometric sequence. 


a) Write two equations that relate a and r. Solve the equations. Use the 
results to determine the angles in degrees. 


b) In this triangle, the first term of the sequence corresponds to the 
smallest angle. Suppose the first term corresponds to the right angle. 
Would you get the same triangle or a different triangle? Explain. 


The relationship in 
problem 2c is the key 
to proving the angle 
property of a 2-3-4 
triangle. See 
problem 9. 


“The integer sided 
triangle stuff is 
awesome. I’ve never 
seen anything like it 
before. | can hardly 
believe those results, 
but they certainly 
hold. It has that 
‘irresistible’ quality to 
it. Just playing with 
the 2-3-4 triangle, | 
observe that the Sine 
Law gives us: 

3sinA = 2sinB, 
and the relationship 
2A+B=C gives us 

3A + 2B = 180, 


which means that 
sin 3A = sin2B. 

Huh?!! That's quite a 

stunner right there.” 


ar 


,- ar 
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The right triangle shown has sides in geometric sequence. 


a) Write an equation for r. Solve the equation. Use the result to 
determine the angles in degrees. 1 


b) In this triangle, the first term of the sequence corresponds to the 
shorter leg of the triangle. Suppose the first term corresponds to r 
the hypotenuse. Would you get the same triangle or a different 
triangle? Explain. 


=~ 


The 45°-60°-75° triangle has angles in arithmetic sequence. 
In AABC, AB = 1, ZA = 45°, and ZB = 60°. Without using a 


calculator, find exact expressions for: Cc Since the 
trigonometric ratios 
a) the lengths of AC and BC ot Actua cer inae 
b) sin 75°, cos 75°, and tan 75° J/2 and V3, we 
: o é é expect the answers 
c) sin 15°, cos 15°, and tan 15 Ze as. in problem 7 to 
1 involve /2 and V3. 


Challenge Problems 


8. When a, ar, and ar* represent the side lengths of a triangle, we can 
divide them by a to obtain a similar triangle with sides 1, r, and 7”. 
We call this a 1-r-r* triangle. 


a) Explain why there are some values of r that do not correspond to 
triangles. 


b) For what values of r is it possible to have a 1-r-r* triangle? 
Illustrate your solution with some examples. 


so 


In the diagram, CD = CB = 6, DB = 3, and AD = 4. Cc 
a) i) Prove that AC = 8. 
ii) Prove that CD bisects ZACB. 
b) Explain why the results in part a prove the following properties. 
i) In a 6-7-8 triangle, 
(smallest angle) + + (middle angle) = (largest angle) 
ii) In a 2-3-4 triangle, 
2(smallest angle) + (middle angle) = (largest angle) 


10. In the diagram, BC = 4, AC = 5, AB = 6, and point D is on AB Cc 
so that AD = CD. 


a) i) Prove that AD = >. 
ii) Prove that ZDCB = ZA. 


b) Explain why these results prove this property: In a 4-5-6 triangle, 
the largest angle is double the smallest angle. 


K 6 > 
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Review Exercises 


Mathematics Toolkit 
Trigonometry Tools 


Sine Law 

snA _ sinB _ sinC 
a b c 
a b c 

snA  sinB  sinC 


or, 


Cosine Law 
a =b? +c? —2becosA 
or, b* = a? +c* —2accosB 
or, c =a’ +b? -2abcosC 
Radians and Degrees 
Radians and degrees are related by 7 radians = 180”. 
Converting from degrees to radians: Converting from radians to degrees: 


There are fewer radians than degrees. There are more degrees than radians. 
- 


Multiply by ce Multiply by — 


Definitions of sin 0, cos 8, and tan 0 


Point P is any point on the unit circle and @ is the measure of an angle in 
standard position. 


Y P(cos 0, sin 0) y 
sin N 


f 0, P(cos 6, sin @) P(cos 6, sin 8) 


cos @ is the first coordinate of P. 
sin @ is the second coordinate of P. 6 can be in degrees or 


in radians. 
tan 0 = ne where cos 0 # 0 


Trigonometric Functions of an Angle 0 


Quadrant II Quadrant Ill Quadrant IV 
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Review Exercises 


Trigonometric Identities 


The Pythagorean identity: sin’ @ + cos? @ = 1 
sin 0 


The quotient identity: tan 0 = sue 


cos@ #0 


Sine, Cosine, and Tangent of Special Angles 
: 1 1 v3 
pme | o | ¢ | we | Ff] 
1 1 
ee eee 


5.1. 1. Predict whether each value will be positive or negative. Sketch each angle 
on a coordinate grid. 


a) tan 167° b) sin 99° c) cos 132° 

2. Given that 0° < @ < 180°, determine the value(s) of 6 to 1 decimal place. 
a) cos 0 = 0.4772 b) tan 0 = —0.2272 c) sin 8 = 0.5476 
d) tan 8 = 1.6191 e) sin 8 = 0.3486 f) cos 9 = —0.5577 


3. Angle @ is obtuse. 
a) tan 8 = —0.4452; calculate sin @ to 4 decimal places. 
b) sin 6 = 0.9707; calculate cos @ to 4 decimal places. 
5.2 4. A regular tetrahedron ABCD has edge length 2 cm (below left). Calculate 
the angle between AD and the face BCD. 
A 
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. The hour hand of a clock is 5 cm long and the minute hand is 6 cm long 
(bottom right, page 316). Calculate the distance between the ends of the 
hands at 5 o’clock. 


. Solve each triangle. 
a) AABC in which BC = 62.5 cm, ZA = 112’, and ZC = 42° 
b) APQR in which QR = 42.2 cm, PQ = 21.2 cm, and ZP = 100.5° 
c) AXYZ in which XY = 31 mm, XZ = 52 mm, and ZX = 33° 


~ 


. Triangle ABC has area 30 cm”, AC = 9 cm, and BC = 7 cm. Calculate the 
measure of ZACB and the largest possible length of AB. 


5.3 8. Sketch each angle @ in standard position, then write a coterminal angle. 
a) = 170° b) @= 293° c) 8 = -30° d) 8 = -320° 
e) 8 = 450° f) 86 = 600° g) 0 = -370° h) 8 = 200° 
5.4 9. Determine two angles between 0° and 360° that have each trigonometric 
function value. Write the angle to the nearest degree. 
a) sin 8 = 0.42 b) cos 8 = -0.31 c) tan 8 = 3.46 


10. The point P(4, —15) lies on the terminal arm of an angle @ in standard 
position. Determine each trigonometric function value to 3 decimal places. 


a) sin @ b) cos 8 c) tan @ 

11. The terminal arm of an angle @ lies in Quadrant II on the line with equation 
4x + 3y = 0. Determine each trigonometric function value. 
a) sin @ b) cos 8 c) tan 8 


5.5. 12. State each exact value. Do not use a calculator. 
1 


a) cos 135 b) tan 225 c) sin 210 d) aaeot 
13. Simplify each expression. Do not use a calculator. 
a) sin 30° + cos 60° b) tan 45° + tan 225° c) sin 240° + cos 300° 
14. Use a calculator to verify each result. 
. o 1 + J2 Or V3 = 1 
a) sin67.5° = a8 b) tan 195° = Avi 
5.6 15. Convert to radians. Express each angle in terms of 7. 
a) 30° b) 225° ce) 315° d) 210° 
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16. Convert to degrees. Express each angle to 1 decimal place. 
a) 2 radians b) 0.6 radians c) 5.4 radians d) 7 


17. An arc of a circle, centre O, subtends an angle of 1.5 radians at the centre. 
Determine the ratio of the length of arc AB to the length of line segment AB. 


5.7 18. For each expression below: 


i) Determine its exact value. 
ii) Determine two other angles that have the same trigonometric 
function value. 


.. 20 hs 51 
a) sin = b) cos a: c) tan ra 


19. Determine two angles between 0 and 27 that have each trigonometric 
function value. Write the angles to 2 decimal places. 


a) cos 0 = 0.82 b) tan 6 = 1.42 c) sin 8 = 0.43 
d) sin 8 = -0.51 e) cos 8 = -0.21 f) tan 0 = —2.61 


5.8 20. Solve each equation for 0 < @ < 2m. 
a) 7cos 8 = 3 b) 5sin@d-1=0 c) tand + /3 =0 


21. Solve each equation for 0 < @ < 27. Give exact answers where possible. 


a) (2cos 6 — 1)(cos 6 + Ze =0 b) (tan 6 — 1)(tan 0 + /3) =0 


V3 

o) (sin + 4-)(sine-2)=0 cos + V3)(tan 6 + 1) =0 
22. Solve each equation for 0 < 6 < 27. 

a) sin @ —2sin?@=0 b) 2cos* @-3cos@-2=0 

c) 3tan? @ — tan@ =0 d) 8sin?@-6sind+1=0 
23. Solve each equation for 0 < @ < 27. 

a) 2cos*@ = 1-sin@ b) cos9+1-—2sin?@=0 

c) 5cos* @— 12sin0+6=0 d) 5 — 6sin? @-cos@=0 


5.9 24. Prove each identity. 


a) (sin @ + cos 6)? = 1+ 2sin @cos@ b) — — tan Osin 8 = cos @ 


+9 1 = cosO le 
oem a(1+ —rg) =1 a) l+sinO@ cosO tan @ 
25. Prove each identity. 
tanOd-—sin@ _ 1 2 2 sin? 6 = 
) sin? 6 ~ cos O(1 + cos 6) h) tan” @ cos" @ + tan20 | 
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Self-Test 


—_ 


. Knowledge/Understanding Angle @ is obtuse, and cos 8 = —0.7593. 
Determine sin @ and tan 0. 


i) 


. Solve each triangle. 


40 cm 


60 cm 


oo 


. Sketch each angle in standard position, then write two coterminal angles. 
a) 309° b) 148° c) —54° 


= 


. Convert each angle in exercise 3 to radians. 


oa 


. Application The terminal arm of an angle @ lies in Quadrant III on the line 
with equation 5x — 2y = 0. 
a) Sketch a diagram to illustrate the angle 0. 
b) Determine the exact value of each trigonometric function of 0. 


c) Calculate @ to the nearest degree. 


6. Solve each equation for 0 < @ < 27. 
a) tan 8 = 0.24 b) 2sin0d-3 =0 
c) sin (3 — 4cos” 8) = 0 d) (1 + 2sin 6)(2 + sin 6) = 0 


~ 


. Thinking/Inquiry/Problem Solving To get around an obstruction, an oil 
pipeline is constructed in two straight sections, one 3.675 km long and the 
other 4.765 km long. The sections are joined so the angle between the 
sections is 168°. How much more pipe is necessary due to the obstruction? 


8. Communication A decorative glass panel is 608 mm 
surrounded by a metal frame. The panel is * 
made of two congruent circular sectors and 
an isosceles triangle. Write to explain how 
you would calculate the length of the 
metal frame. 


1140 mm 


9. Explain how you could use an equilateral triangle with side length 2 units to 
demonstrate the exact values of the trigonometric functions of 30° and 60°. 
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10. Solve each equation for 0 < @ < 2m. 


a) 2sin? @- sind-1=0 b) sin? @ = 2cos 0-2 
c) 2cos* @-sind+1=0 d) tan? 6+ 2tan@—5=0 
11. Prove each identity. 
: 2 
1+sinO _ 1 1 _ ol 1 
a) tang cos 6 + tan @ b) (tan 6+ 1.) ~ cos? @ A sin? @ 
sin? 9-1 1 1 1 2 


c) = 1 d) 


cos? 0-1 sin? @ - 


1—sin@ > 1+sin@ > cos” @ 
12. A radar scanner rotates at a speed of 30 revolutions per minute. Express its 
rotation in: 


a) degrees per second b) radians per second 


Assessment Tasks 
1. Triangle ABC has side lengths AB = 4, BC = 3, and ZA = 30°. 
a) Use the Cosine Law to calculate the length of AC. 
b) Use the Sine Law to calculate the length of AC. 


c) Draw a diagram to explain your answers to parts a and b. Which method 
of calculation is easier? Explain. 


in) 


. To 4 decimal places, 


cos 10° = 0.9848 = sin 100° 
cos 20° = 0.9397 = sin 110° 
cos 30° = 0.8660 = sin 120° 
From these results, we could conjecture that cos @ = sin(@ + 90°). 


Is this always true? Is it sometimes true? 
Investigate the conjecture. Write a report of your findings. 


On the same grid, sketch the circle x? + y* = 25 and the line y = 10 — 2x. 
Label the points of intersection A and B. Calculate the length of the arc AB. 


~ 
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INSIGHTS 
INTOA 
RICH 
PROBLEM 


Graphing Trigonometric Functions 


There are many physical phenomena that can be modelled by sine or 
cosine functions. One example we use throughout the chapter is a 
weight attached to a spring. For convenience, we assume the weight 


oscillates indefinitely. In reality, forces such as friction and air 
resistance cause the oscillations to decrease over time. 


At thelend of this chapter,] you will consider the effect of these forces and 


determine the equation of motion of a damped spring. 


Curriculum Expectations 
By the end of this chapter, you will: 


e Sketch the graphs of y = sinx and 
y = cos x, and describe their periodic 
properties. 


Determine, through investigation, using 
graphing calculators or graphing 
software, the effect of simple 
transformations on the graphs and 
equations of y = sinx and y = cosx. 


Determine the amplitude, period, phase 
shift, domain, and range of sinusoidal 
functions whose equations are given in 
the form y = asin (kx + d) +c or 
y=acos(kx+d)+c. 


Sketch the graphs of simple sinusoidal 
functions. 


Write the equation of a sinusoidal 
function, given its graph and given its 
properties. 


Sketch the graph of y = tan x; identify 
the period, domain, and range of the 
function; and explain the occurrence 
of asymptotes. 


Determine, through investigation, the 
periodic properties of various models of 
sinusoidal functions drawn from a 
variety of applications. 


Explain the relationship between the 
properties of a sinusoidal function and 
the parameters of its equation, within the 
context of an application, and over a 
restricted domain. 


Predict the effects on the mathematical 
model of an application involving 
sinusoidal functions when the conditions 
in the application are varied. 


Pose and solve problems related to 
models of sinusoidal functions drawn 
from a variety of applications, and 
communicate the solutions with clarity 
and justification, using appropriate 
mathematical forms. 

Communicate solutions to problems and 
to findings of investigations clearly and 
concisely, orally and in writing ... . 


Use graphing technology effectively. 


Necessary Skills 


1. Review: Transformations of Quadratic Functions 


Remember how the graph of y = a(x — p)? + q is related to the 
graph of y = x’. 


x — p = Ois the axis of symmetry. 


y=a(x—p)’+q 
a ae 
Congruent to the Coordinates of 
parabola y = ax? _ the vertex are (p, q). 


axis of symmetry x — p = 0, or x =p 


Sketch the graph of y = 0.5(x — 4)? — 3. 


Solution 
y = 0.5(x — 4)? -3 
Plot the vertex, (4, —3). 
Draw the axis of symmetry, x = 4. 
Determine the y-intercept. 
Substitute x = 0. 
y = 0.5(0 — 4)* — 3 
= 0.5(16) - 3 
=. 
The y-intercept is 5. By symmetry, a third 
point on the parabola is (8, 5). 
Plot the points (0, 5) and (8, 5). 
Draw a smooth curve through these points and the vertex. 


In the Example, the graph of y = 0.5(x — 4)? — 3 is the image of the 
graph of y = x° after a transformation. 
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Exercises 
1. Sketch the graph of each function. 
a) y=(x-2)?-4 b) y = 20r+4)*-2 c)y=—-(x +4) 41 


d) y=—-(x- 6)? +4 e) y=0.5(x-3)-5 fh y=-0.50- 3) -5 
2. Describe the transformation(s) that would transform the graph of y = x? to 

the graph of each function. 

a) y = 3x2 b) y =—x* ce) y = —0.5x” 

d) y=(x+1)?-2 e) y= 2x - 3)? +4 f) y =-2(x - 3)? +4 


2. New: The Domain and Range of a Function 


The use of some calculator keys illustrates the concept of a function. When 
you press (V_), then enter 7.5 (the input number), the calculator displays 
2.738612788 (the output number). But when you press (W_), then enter —4, the 
calculator displays an error message. The input numbers must be valid. For the 
square-root function y = ,/x, the valid input numbers are the values of x so that 
x = 0. The output numbers are the values of y so that y 2 0. 


Take Note 


Definitions of the Domain and Range of a Function 


A function is a rule that gives a single output number for every valid 
input number. 


The set of valid input numbers is the domain of the function. 


The set of output numbers is the range of the function. 


a) Graph the function y = (x — 2 


b) State the domain and range of the function. 


Solution YT TI 

a) The equation y = a(x — p)” + q represents a parabola with | (0,4) 4.4)4 
vertex (p, q). \ Jy = @- 2)? 
Therefore, y = (x — 2)? represents a parabola with vertex (2, 0). = 1— 
Substitute x = 0 to obtain another point on the parabola, (0, 4). ) = 
By symmetry, a third point on the parabola is (4, 4). 


Use these points to graph the parabola. 
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Necessary Skills 


b) We can substitute any real number for x into the equation. 
So, the domain of the function is the set of all real numbers. 
The calculated values of y will be either 0 or positive. 
So, the range is the set of all non-negative real numbers, y > 0. 


In this book, all functions involve the set of real numbers. Functions that 
involve complex numbers occur in university-level mathematics. 


Take Note 


Visualizing the Domain and Range of a Function 


Consider the graph of a function and visualize its shadows on the 
coordinate axes. 


The shadow on the horizontal axis The shadow on the vertical axis 
corresponds to the domain. corresponds to the range. 


Range 


Domain 


Exercises 
1. State the domain and range of each function. 
b) y 


2. Sketch the graph of each function. State its domain and range. 
a)y=x+2 b) y=2-x ct) y=x74+2 
d) y= (+2) e) y= (4-3)? +1 f)y=-@-3P +1 
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3. Determine the domain and range of each function. 
a) y =o" b) y=x?-4 ce) y= (x-2)?-3 
d) y = 0.5x7 +6 e) y= 6-27 f) y=—2(x + 1)? +4 


4. A rectangle has perimeter 20 cm. 
a) Write an equation to express its length as a function of its width. 
b) What are the domain and range of the function? 

5. For each triangle, express y as a function of x. What are the domain and 
range of each function? 


a) ‘ b) y 


3. New: Independent and Dependent Variables 


Consider the equation of a function such as y = x7 + 5. We use this equation to 
determine values of y when values of x are given. Since the value of y depends 
on the value of x, we call y the dependent variable. Since we can substitute any 
value of x in the equation of the function, we call x the independent variable. 


Take Note 


Independent and Dependent Variables 


A function is a rule that gives a single output number for every valid 
input number. 


The variable that represents input numbers is the independent variable 
(the domain). 


The variable that represents output numbers is the dependent variable 


(the range). 
Exercises 
1. Identify the independent variable and the dependent variable for each function. 
a) y = 5x — 2x? b) A = 1000(1.06)” 
_ _ 5000 ee 
0) P= a d) V= >ar 
e) P= 31 hy =-(x +1)? +5 
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2. Identify the independent variable and the dependent variable for each function. 
aT PLoo c) | 


y= 2" 
xX 
0 2 
| 
d) Revenue from Manufacturing Canoes __e) Invest $1000 Per Year for 40 Years 
A 
R 800 000 
—~ 30000 € 600000 
S = 
3 20 000 g 400 000 
o 
& 10.000 = 00 000 
n i 
0 400 800 1200 0) 4% 8% 12% 
Number of canoes Interest rate, compounded annually 
f) Ontario Teachers by Age, 2000 9) Height of a Bouncing Ball 
1.0}! 
T n i 
8000 2 ol\. 
3 Lif 
6000 Eo6h} 1 1A. 
2 elma 
E 4000 2 da 
Zz, e) : | 
2000 9.2} AAR AA, | 
a TO Ww 
0 30 35 40 45 50 55 ol |i [23141516 /7 
Age (years) Time (¢ seconds 
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4. New: Absolute Value 


On the number line below, each of the numbers —4 and 4 is located 4 units from 0. 
We say that each number has an absolute value of 4. The absolute value of a 
number is its distance from 0 on a number line. 


We write: |—4| = 4 and |4| = 4. 


|-4|=4 l4|=4 


The definition of the absolute value of a number depends on whether the 
number is positive or negative. 


Take Note 


Definition of Absolute Value 


If a number is positive or zero, its If a number is negative, its absolute 
absolute value is the number itself. value is the opposite number. 

If x = 0, then |x| = x If x < 0, then |x| =—x 

Simplify. 

a) |12| b) |-7| 

Solution 


a) The absolute value of a positive number is the number itself. 
|12| = 12 


b) The absolute value of a negative number is the opposite number. 
|-7| =7 
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Mark on a number line all the values of x that satisfy each inequality. 
a) |x| <5 b) |x| > 4 


Solution 
a) |x| <5 
The absolute value of x is less than or equal to 5; that is, x lies between 
—5 and 5, inclusive. 
Cae oa eo 
The solid dots at —5 and 5 indicate that they are part of the solution. 


b) |x| > 4 
The absolute value of x is greater than 4; that is, x is greater than 4 or 
less than -4. 
—_——_—O + HH OO 
-6 -4 2 0 2 4 6 Discuss 
The open dots at —-4 and 4 indicate that they are not part of How can you check 
the solution the solutions? 


In Example 2a, we can write |x|] <5 as-S <x <5. 
In Example 2b, we can write |x| > 4 asx > 4 or x < -4. 


Exercises 
1. Simplify. 

a) |—9| b) |4.2| c) |-100| d) |15| e) |-3.14| 
2. Mark on a number line all the values of x that satisfy each equation. 

a) |x| =6 b) |x| = 3 ce) |x-1| =3 d) |x| =x 


3. Mark on a number line all the values of x that satisfy each inequality. 
a) |x| < 1 b) |x| > 2 c) |x| <3 d) |x| =x 
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6.1. = Introduction to Periodic Functions 


In this chapter, we will investigate a certain type of 
change that occurs frequently in the world around us. 
Trigonometry provides a new set of tools for 
modelling quantities that change in a regular way. 


Swinging pendulum 


The photograph shows a pendulum in a clock. 
The graph shows how the distance from the 
pendulum bob to the central position (when the 
pendulum is vertical) changes as the bob 
swings back and forth. 


Motion of a Pendulum 


/ Time (s) 


Displacement (cm) 
Oo 


Hours of sunlight 


Each year, days grow longer as summer approaches, only to shorten as winter 
begins. The number of hours of sunlight follows a regular pattern, as the graph 
of hours of sunlight in Windsor demonstrates. The day number 0 represents 
January 1. 


Hours of Sunlight in Windsor 


Number of hours 


lol | | [io0| | [200! | [3601 | latol | [sé0l | letol | [700] 
Oi 1) hee Day number _ 1 
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Ocean tides 

An ocean tide is another example of a natural event that repeats in a regular and 
predictable way. The graph shows how the depth of the water varies during a 
typical 24-h period at Hopewell Cape, NB, which is on the Bay of Fundy. 


Tides at Hopewell Cape, NB, February 21, 22, 2001 


Musical notes 
Each note in the musical scale has its own frequency. The graph shows the 
sound wave generated by playing middle C. 


o 
z 
Time 
= 
c= bh 
This graph shows the wave that results from playing middle C and G at the 
same time. This motion is also periodic, although each cycle is more complex. 
Time 


Air pressure 
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The graphs in this section suggest the meaning of a periodic function. 


Take Note 


Definition of a Periodic Function 


The graph of a periodic function 
repeats in a regular way. 

The green part of the graph 
represents one cycle. 

The length of one cycle, measured 
along the horizontal axis, is the 
period of the function. 


<— period -— 


Al 


1. Use the graph on|page 329}/that models the motion of a pendulum bob. 


a) What is the maximum distance from the rest position? 
b) What is the period of the motion? What does the period represent? 
c) At what times is the bob 5 cm from the rest position? 


d) For how long during each cycle is the bob more than 5 cm from the 
rest position? 


2. Use the graph on|page 329}that shows the number of hours of sunlight in Windsor. 


.B) 


a) Estimate the number of hours of sunlight on each date. 


i) February 2 ii) July 31 iii) October 31 
b) Estimate the dates when each number of hours of sunlight occurs. 
i) 10h ii) 13h iii) 15h 


3. Communication Places in Northern Ontario, such as Timmins, have longer 


PF} 


days in the summer and shorter days in the winter than places in Southern 
Ontario. This is because Northern Ontario is farther from the equator. 


a) Describe, in general terms, how the graph of the number of hours of 
sunlight in Timmins would be different from the graph for Windsor. 
b) How would the graphs be the same? 


c) What differences would there be in the graphs of sunlight hours for cities 
that are closer to the equator? 


. Thinking/Inquiry/Problem Solving Suppose you lived on the equator. Sketch a 


graph to show how the daily number of hours of sunlight vary during the year. 
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5. Use the graph on|page 330|that shows the tides at Hopewell Cape, NB. 
a) What is the period of the graph? 
b) How shallow is the water at low tide? 


c) A different location has less extreme tides. How would the graph of the 
tides at this location differ from the graph for Hopewell Cape? 


Application Use the graph of a middle C sound wave on[page 330] The 
frequency of the sound is the number of cycles that occur in one second. 
The frequency of middle C is 256 cycles per second (called hertz, 
abbreviated to Hz). 


> 


a) What is the period of the function on the graph? 
b) Describe a simple relationship between period and frequency. 


c) The graph represents a very small fraction of one second. How wide 
should the graph be to represent one second in the horizontal direction on 
the same scale? 


™ 


Knowledge/Understanding These graphs were produced by Graphmatica. 
Determine whether each function is periodic. 

i) If a function is periodic, estimate its period. 

ii) If a function is not periodic, explain why. 


a) b) 


c) d) 


e) 
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6.2. The Sine and Cosine Functions 


We shall define two functions y = cosx and y = sinx, where x is the measure of 
an angle in radians. x and y are the independent and dependent variables in 
these equations. When we write an ordered pair (x, y), it represents the 
coordinates of a point on the graph of one of these functions. 


Take Note 


Definitions of cos x and sinx 
Point P is on the circle with 
centre O(0, 0) and radius 1 unit. 
Point A has coordinates (1, 0), and 
ZPOA = x radians. 

We define: 

cos x is the first coordinate of P. 
sin x is the second coordinate of P. 


P(cos x, sin x) 


ACI, 0) 


Unit circle 


A point that moves around a circle is an example of periodic motion because 
the point returns to its previous positions on each successive rotation. Visualize 
a point P that rotates around the unit circle, starting at A(1, 0). As the angle 

of rotation, x radians, increases, sinx and cosx change in a regular and 
periodic way. 


Graphing the function y = sinx 


Suppose x starts at 0 and increases to 7. Then sinx changes as follows. 


= Bh =» = 
x=0 = 5 x=T 
i 
2X ia 
O A O A O A A 
in0 = Roti in= = inet = 1b int = 
sin0 = 0 sin = 5 sin 5 1 sin = ‘ sint = 0 
We use these results to graph y = sinx forO <x <7. [LPLLILLL_] 
Notice the pattern in the plotted points. | ae 
| y=sinx 
Starting at (0, 0), go 1 right 1 up, then 2 right 1 up, then 2 right |, 
1 down, then | right 1 down. Draw a smooth curve through 
these points. 0 Ed 1 


6.2 THE SINE AND COSINE FUNCTIONS 


333 


Suppose x continues from 7 to 27. Then sinx changes as follows. 


x= xi it x= it x= it 
6 2 


. lin 1 _ 
sin = 5 sin 27 = 0 


We use these results to sketch the graph of y = sinx for m < x < 27. The pattern 
continues. Starting at (7, 0), go | right 1 down, then 2 right 1 down, then 2 right 
1 up, then 1 right 1 up. There are 9 plotted points in all. A graph created using 
these points is called a 9-point sketch. 


As x continues beyond 27, P rotates around the circle again, and the same 
values of sin x are encountered. Hence, the graph can be continued to the right. 
Similarly, the graph can be continued to the left, corresponding to a rotation in 
the clockwise direction. The patterns in the graph repeat every 27 in each 
direction. The period of this function is 27. 


Graphing the function y = cosx 


Suppose x starts at 0 and increases to 7. Then cos x changes as follows. 


2 == a2 aot = 
x=0 x=3 = S x x= 
3 2 
EA ojt JA Ee” A 
z wi i 2 = 

cos0 = 1 COS 3 = 5 cos 5 =0 cos =— 7 cost = 1 
We use these results to sketch the graph of y 
y =cosx forO <x < 7. We use a similar 1 dla 


pattern as before. 
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Suppose x continues from 7 to 2%. Then cos x changes as follows. 


a =4 xa x= it x= 20 
* BN a i 20 


cost = —l 


We use these results to sketch the graph of y = cosx 
for m < x < 2m. The pattern continues as before, 
completing the 9-point sketch. 


As x continues beyond 27, P rotates around the circle 
again, and the same values of cos x are encountered. 
Hence, the graph can be continued to the right. Similarly, 

the graph can be continued to the left, corresponding to a rotation in the 
clockwise direction. The patterns in the graph repeat every 27 in each direction. 
The period of this function is 27. 


Take Note 


Properties of the Functions y = sinx and y = cos x 


Period: 27 


Maximum value of y: 1 
Domain: all real numbers 


For y = sinx: 
x-intercepts: 0, +m, +27, ... 
y-intercept: O 


Minimum value of y: —-1 
Range: -l1<y<1l 


For y = cosx: 
ceed 


3m 450 
2 


x-intercepts: + ye 


Deis 
y-intercept: 1 
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Since the graphs of y = sinx and y = cosx look like waves, we use sine and 
cosine functions in applications that involve quantities that change periodically. 
To do this, we work with functions when their maximum and minimum values 
are different from 1 and —1, and their periods are different from 27. We begin 
with the graphs on page 335, then expand or compress them in vertical or 
horizontal directions, and change their positions relative to the axes. When 
these changes are made to the graphs, corresponding changes occur in the 
equations. In[Sections 6.3]and [6.4] we will investigate how the changes in the 


equations are related to the changes in the graphs. 


Al 


1. In these diagrams, graphs of y = sinx were started using different scales. Copy 
each graph onto grid paper, then extend it for the number of cycles indicated. 
Use a 9-point sketch to plot points for the graph, adjusted to fit the scales. 


a) 2 cycles b) 2 cycles c) 1 cycle 


a y|= |sinx 


x a Kk 
2 0 6 z 


Hd 


In these diagrams, graphs of y = cosx were started using different scales. 
Copy each graph onto grid paper, then extend it for the number of cycles 
indicated. Use a 9-point sketch, adjusted to fit the scales. 


a) 2 cycles b) 2 cycles c) 4 cycles 
y y y 
14. = G08x 1 y= cosx 14 Y= COS x 
0.5 0.5 
0.5 


0 RD 
32 


3. a) Explain why the graph of y = sinx is shaped like a wave. 


b) Explain why the graph of y = cosx has the same shape as the graph of 
y=sinx. 
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.B 


Note: Make sure your calculator is in radian mode. 


4. Use a calculator to determine each pair of values. Draw a unit circle diagram 
to explain the meaning of the results. 


a) sin 0.5 and cos 0.5 b) sin | and cos 1 

c) sin 2 and cos 2 d) sin 2.8 and cos 2.8 

e) sin 4.3 and cos 4.3 f) sin 10 and cos 10 

g) sin (-0.5) and cos (-0.5) h) sin (—3.7) and cos (—3.7) 


oa 


. Graph y = sinx using the window —2 <x $7.4 and-3.1 sy $3.1. 


a) Trace along the curve and observe how y changes. Move the cursor as 
close to 7 as possible. What happens to the value of y? 


b) While Trace mode is active, press to move the cursor to 


the point where x = 7. Is the value of y what you expected? 


c) Repeat part b. Move the cursor to: i =, 21. 


d) On the same screen, graph y = cosx. Then repeat parts a to c. 

e) Use your knowledge of special angles to predict the coordinates of the 
first point where the two graphs intersect. Use a calculator to confirm 
your prediction. 


f—7) 


. In exercise 5, find out what happens when you use the window 
—2m <x < 2m and —-1.5 < y < 1.5. What are the advantages and 
disadvantages of the two different windows? 


~ 


Knowledge/Understanding For the function y = sinx: 

a) What is the maximum value of y? For what values of x does this occur? 
b) What is the minimum value of y? For what values of x does this occur? 
c) What are the domain and range of the function? 

d) What are the x-intercepts of the graph? 

e) What is the y-intercept of the graph? 

f) What is the period? 


oo 


. Repeat exercise 7 for the function y = cos x. 


o 


. Thinking/Inquiry/Problem Solving Suppose a value of x is given. 
Describe a rule to determine whether sin x is greater than cos x, equal to 
cos x, or less than cos x. Illustrate your rule with some examples. 
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10. The graphing calculator screen (below left) shows the coordinates of one 
point on the graph of y = sinx, to the nearest thousandth. Use only the 
information on the screen. Write the coordinates of three other points on the 
graph that have the same y-coordinate as this point. 

15 


W=sintyi Wescostny 


-1.5 -1.5 


11. The graphing calculator screen (above right) shows the coordinates of one 
point on the graph of y = cos x, to the nearest thousandth. Repeat exercise 
10 for this screen. 


12. Choose either exercise 10 or 11. Explain how you determined the coordinates. 


13. Communication Compare the graphs of the functions y = sinx and 
y = cosx. In what ways are they similar? In what ways are they different? 
Explain the similarities and the differences. Use examples to illustrate 
your explanations. 


14. Graph y = sinx. Draw a vertical line at x = This line cuts the first “hoop” 
of the graph into two symmetrical parts. Use the definition of sin x to 
explain why this symmetry is expected. 


15. Application Suppose you do not realize your graphing calculator is in 
degree mode, and you use it to graph y = sinx for —2 < x < 7.4 and 
3.1<y<s3.l. 


a) Predict what the graph would look like. 


b) Use a graphing calculator to check your prediction. 


16. a) Use the Mode menu to display numbers to 3 decimal places. Graph 
ir y =sinx for -2nm < x < 2m and —-1.5 < y < 1.5. Trace to the point where 
" x = 1.069. Observe the corresponding value of y. 
bh) Predict some other values of x that produce the same value of y. Trace to 
these points to verify your predictions. 


17. a) Graph y = cosx using the graphing window in exercise 16. Trace to the 
point where x = 1.069. Observe the corresponding value of y. 


b) Predict some other values of x that produce the same value of y. Trace to 
these points to verify your predictions. 
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c) Compare your answers in part b and exercise 16b. Explain why some 
x-coordinates are the same and why some are different. 


ie 18. Suppose the angle x is in degrees instead of radians. 


a) How would the graph of y = sinx on|page 335|change? 


b) Is the function y = sinx, where x is in degrees, the same as the function 
y = sinx, where x is in radians? Explain. 


19. Compare the two graphs in exercises 10 and 11. The x-coordinates of the 
indicated points are the same. 
a) How are the y-coordinates of these points related? Explain. 


b) Is the relationship you identified in part a true for all points with the same 
x-coordinate on the two graphs, or only for some points? Explain. 


._ 9 
a 20. a) Graph y = sinx for -4.7 < x < 4.7 and —3.1 < y < 3.1. Use the zoom 
— feature to enlarge the part of the graph that contains the origin. Zoom in 
enough times until the visible part of the graph looks like a straight line. 
b) Use Trace and the arrow keys to move the cursor along the graph. What 
do you notice about the coordinates of the points on the graph? Use the 
definition of sinx to explain. 


c) What other properties does the function y = sinx have that are not 


included on |page 335)? 


21. Determine the solution of each system of equations. 
a) y =sinx b) y =cosx c) y =sinx 
yux y=x y =cosx 
22. The diagram at the right shows part of the graph of y 
y = cosx. Write a convincing argument why this graph 
is not part of a parabola. 0.8 


23. Use the diagram in exercise 22. 
a) A chord is drawn at height 0.5. How long is the chord? 0.4 


b) Chords are drawn at heights 0.25 and 0.75. Calculate 
their lengths. 


=z _2 0 x | % 
2 4 2 
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c) The length of a chord is a function of its height. 
i) Graph the function. 
ii) Is the function sinusoidal? Explain. 
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6.3. Graphing Sinusoidal Functions: Part | 


The sine and cosine functions are tools for modelling quantities that change 
periodically. However, we need to transform these functions to match real data. 
For either function, we can change the graph and the equation so the maximum 
and minimum values, and the period, correspond to the quantities in the 
situation. In this section and|Section 6.4} you will investigate the effects of 
certain transformations on y = sinx and y = cosx. These functions and the 
functions that result from the transformations are sinusoidal functions. 


Investigation 


Transforming y = sin x and y = cos x: Part | 


The graphs of y = sinx and y = cosx are shown below. You will graph 
other related equations on the same screen. You will explain how the 
changes in the graphs are related to the changes in the equations. 


2 


—2 


Comparing y = asinx with y = sinx, and y = acosx with y = cosx 
1. Graph the function y = sinx using the window settings shown in the 
screens above. 
2. a) Graph the function y = 2 sinx on the same screen. 


b) Describe how the graphs of y = 2 sinx and y = sinx are related. 
Explain this relationship. 


c) Repeat part a, using numbers other than 2 in the equation. Use both 
positive and negative numbers, including those between —1 and 1. 
Are the results what you expected? Explain. 


3. Repeat exercises 1 and 2 using cosine functions. 


4. What effect does changing the value of a have on the graphs of 
y = asinx and y = acosx? Explain. 
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Comparing y = sinx +c with y = sinx, and y = cosx +c 
with y = cosx 
5. Clear all graphs, then graph the function y = sinx. 


6. a) Graph the function y = sinx + 1 on the same screen. 


b) Describe how the graphs of y = sinx + 1 and y = sinx are related. 
Explain this relationship. 


c) Repeat part a, using numbers other than | in the equation. Use both 
positive and negative numbers, including those between —1 and 1. 
Are the results what you expected? Explain. 


7. Repeat exercises 5 and 6 using cosine functions. 


8. What effect does changing the value of c have on the graphs of 
y =sinx+c and y = cosx +c? Explain. 


Comparing y = sin(x — d) with y = sinx, and y = cos (x — d) 
with y = cosx 
9. Clear all graphs, then graph the function y = sinx. 
10. a) Graph the function y = sin (« - =) on the same screen. 
b) Describe how the graphs of y = sin (« 7 =) and y = sinx are 
related. Explain this relationship. 


c) Repeat part a, using numbers other than = in the equation. Use both 
positive and negative numbers. Are the results what you expected? 
Explain. 


11. Repeat exercises 9 and 10 using cosine functions. 


12. What effect does changing the value of d have on the graphs of 
y = sin(x — d) and y = cos (x — d)? Explain. 


In the Investigation, you made certain changes to the equations y = sinx 
and y = cosx, and found what happened to the graphs. The results are 
summarized on the following pages. 
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The amplitude of a sinusoidal function 


The coefficient a in y = asinx or y = acosx has the effect shown below. The 
number |a| is the amplitude. It represents the distance from any maximum or 
minimum point to the x-axis. 


Take Note 


Graphs of y = asinx and y = acosx 


The graphs of y = asinx and y = acosx are the images of the graphs of y = sinx 
and y = cos x, respectively, under a vertical expansion or compression. 
When a < 0, there is also a reflection in the x-axis. 


amplitude +2 


y=2sinx 


2 


amplitude 0.5 


A weight moving up and down at the bottom of a spring is an example of 
periodic motion. The maximum distance of the weight from the rest position is 
the amplitude of the motion. 


rest position 


Motion of a Weight on a Spring 


Distance from rest position 


Amplitude 
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The vertical displacement of a sinusoidal function 


The constant term c in y = sinx + c or y = cosx +c has the effect shown 
below. The number c is the vertical displacement. It represents the distance the 
graph has been translated vertically. 


Take Note 


Graphs of y = sinx +c and y = cosx +c 


The graphs of y = sinx + c and y = cosx + c are the images of the graphs of 
y = sinx and y = cosx, respectively, under a vertical translation of c units. 


vertical y 
displacement +1 


vertical 
displacement +1 5) 


y=cosx+1 


y=sinx+1 


vertical 
displacement —1 


vertical 
displacement —1 


A weight on a spring illustrates vertical displacement. A graph of the height of 
the weight above the floor against time is sinusoidal. The vertical displacement 
of the motion is equal to the mean height of the weight above the floor. 


rest position 


Motion of a Weight on a Spring 


TC0) a ae 7 


Vertical displacement 


Height above floor (mm) 


Time 


displacement 
floor 


a) Graph the function y = 2sint + 3 over two cycles. 


b) State the amplitude, the vertical displacement, and the period of the function. 
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Solution 
a) Graph y = sint, then expand it vertically by a factor of 2. This produces 
the image y = 2 sintf. Then translate the image 3 units up. 


b) From the graph, the amplitude is 2. The vertical displacement is 3. The period is 27. 


In Example I, the maximum value of the function is 5, and the minimum value 
is 1. The amplitude is one-half the distance from the minimum to the maximum, 
measured vertically. For this function, the amplitude is $(5 — 1), or 2. 


The phase shift of a sinusoidal function 


The constant term din y = sin (x — d) or y = cos (x — d) has the effect shown 
below. The number d is the phase shift. It represents the distance the graph has 


been translated horizontally. 
Take Note 


Graphs of y = sin (x — d)and y = cos (x — d) 
The graphs of y = sin(x — d) and y = cos (x — d) are the images of the graphs of 
y = sinx and y = cosx, respectively, under a horizontal translation of d units. 
y y 
phase shift iz 94 phase shift on 
y = sin(x+ nt) 


phase shift in —2 
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A weight on a spring can illustrate phase shift when time is not measured from 
the rest position. 


Phase shift 


Height above floor (mm) 


Take Note 


Phase Shift of y = sin (x —d) and y = cos (x - d) 

To determine the phase shift of y = sin(x — d), let x — d = 0, then solve for x. 
The phase shift of a sine function is the x-coordinate of a point where the 
sine cycle begins. 


. : 2) 
y= Six y = sin (x — 37) 


Let x - 32 =0 Letx + 32 =0 


Phase shift 


x=3n Phase shift ———————> x =—3n 


To determine the phase shift of y = cos (x — d), let x — d = 0, then solve for x. 
The phase shift of a cosine function is the x-coordinate of a maximum point. 


y = cosx y =cos (x — $n) 


Let x + 37 =0 


1 Phase shift ———————> x = —3n 
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y y=sinx y=sin(x+ 3m) 


3 
y y=cosx y = cos (x aa q0) 
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Graph the function y = 5 cos (x + =) - 5 over 2 cycles. State the vertical 


displacement, the amplitude, and the phase shift. 


Solution 


Graph y = cosx, then compress it vertically by a factor of 5 to obtain the 


image y = > cos x. Then translate the image 5 units left and > units down. 


y = COs 


/ ly = 3 Cosi 


1 
ya zeort+s) 


The vertical displacement is -3, the amplitude is > and the phase shift is =a 


A sinusoidal curve is shown below. For the function defined by this curve: 
a) Write two different cosine equations. 


b) Write two different sine equations. 


Solution 


The graph could be a cosine function, with its phase shift from the y-axis to 
any maximum point. The graph could also be a sine function, with its phase 
shift from the origin to any point where the sine cycle begins on the x-axis. 
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a) The horizontal distances from the y-axis to the maximum points on either 
side of the y-axis are = and 2. Hence, these are two possible phase 
shifts for a cosine function. The corresponding equations are 

3m 5 


y = cos ( i) and y = cos (x + 25). 

b) Two points where the sine cycle begins on the x-axis are (q: 0) and 
(-4, 0). Hence, two possible phase shifts for a sine function are ms 
and =. The corresponding equations are y = sin ( - 7) and 


y= sin (x +). 


cA] 


1. The graph of y = cos x is transformed as described. The equation of its image has 
the form y = acos(x — d) +c. Determine a, c, and d for each transformation. 


a) Translate the graph 3 units up. 
b) Translate the graph + units left. 
c) Expand the graph vertically by a factor of 2, then translate it 3 units down. 


i) 


. The graph of y = sinx is transformed as described. The equation of its image has 
the form y = asin (x — d) +c. Determine a, c, and d for each transformation. 


a) Compress the graph vertically by a factor of > then translate it 3 units down. 
b) Expand the graph vertically by a factor of 2, then translate it 5 units left 


and 2 units down. 


3. Explain the difference between translating a graph up and expanding it vertically. 


.B 


4. Consider a sinusoidal function of the form y = asin(x — d) +c. Write to 
explain how its graph will change for each change described. 


a) The sign of a is changed and c is increased by 2. 
b) d is increased by = and c is increased by 3. 
c) a is doubled, d is decreased by = and c is increased by 1. 


d) a is halved, d is decreased by a and c is decreased by 4. 


oa 


. Explain the difference between amplitude and vertical displacement. Use examples 
to illustrate your explanation. 
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6. In|Example 3| how can you determine the points where the sine cycle begins 
on the x-axis? 


™ 


a) Can the x-coordinate of any maximum point on the graph of a cosine 
function be taken as the phase shift? Explain. 

b) Can the x-coordinate of any point where the graph of a sine function 
intersects the x-axis be taken as the phase shift? Explain. 


ad 


The screen (below left) shows the graphs of y = cosx + c for c = —3, -2, 
—1, 0, 1, 2, and 3. The coordinates of one point on one graph are shown on 
the screen. Write the coordinates of the points on the other graphs on the 
screen that have the same x-coordinate as this point. 

4 


ee WeeLicostn 


gs 


The screen (above right) shows the graphs of y = acosx for a = —3, -2, -1, 
0, 1, 2, and 3. The coordinates of one point on one graph are shown on the 
screen. Write the coordinates of the points on the other graphs on the screen 
that have the same x-coordinate as this point. 


10. a) Use the graphing window in exercise 8. Graph y = sinx + c for c = —3, 
y —2, -1, 0, 1, 2, and 3. Trace to the point on the graph of y = sinx where 
e x = 0.6. Record the corresponding value of y. 
b) Predict the coordinates of a point on each of the other graphs that has the 
same value of x. Trace to these points to verify your predictions. 


11. Repeat exercise 10, using y = asinx for a = —3, -2, -1, 0, 1, 2, and 3. 
12. Inj/Example 2\ the vertical compression was applied before the translations. 


Could the translations be applied before the vertical compression? Explain. 


13. Communication Explain why the graph of a sinusoidal function can have 
more than one equation. Use an example to illustrate your explanation. 


1 


> 


. The screen shows the graphs of y = cos (x — d) 1.5 
for d = —2, —1, 0, 1, and 2. The coordinates of WeecosCH-Ley 
one point on one graph are shown. Write the 
coordinates of one point on each of the other 
graphs with the same y-coordinate as this point. 
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15. For each list, predict what the graphs of the equations would look like. 
Use a graphing calculator to check your predictions. 


a) y=3cosx+3 b) y= 3sinx—3 
y=2cosx+2 y =2sinx —2 
y=cosx+1 y=sinx—1 


16. A sinusoidal function is graphed below. 


a) The function can be considered as a sine function. Determine two 
possible values for the phase shift. What is the equation of the function 
for each phase shift? 


b) The function can also be considered as a cosine function. Determine two 
possible values for the phase shift. What is the equation of the function 
for each phase shift? 


17. Knowledge/Understanding Each function below is sinusoidal. For each 
graph, state: 


i) an equation of the function 
ii) the amplitude 
iii) a possible phase shift 
iv) the maximum value of y, and the values of x for which it occurs 
v) the minimum value of y, and the values of x for which it occurs 
vi) the vertical displacement 
vii) the domain and range 


a) y 


o 
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a 
lg 
a 
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| 
ies) 
j=) 
via 
a 
ee) 
a 
N 
a 
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18. Graph each function over two cycles. Determine its domain and range, its 
phase shift, its amplitude, and its maximum and minimum values. 


a) y = 5sinx b) y = 3cosx c)h=0.25sine+ 4 
d) y= 2cosx-—3 e) y= 4sinx —2 f) y= 1.5cosx+3 
g) y= 5sinx—1 h) s =2+2sin¢ i) f=14+3.5cos¢ 


19. Graph each function over two cycles. Determine its domain and range, its 
phase shift, its amplitude, and its maximum and minimum values. 


a) y = sin ( =7) b) y = sin ( ae) 
0) y = 2sin (x + =) d) y= 3cos(x- 7) +3 
e) y = 2cos (x + ==) -2 f) y= 5Scos(x- 2) +2 


20. Choose either the function y = asin(x — d) + c or the function 
y = acos(x — d) + c. Explain how changing the values of a, c, and d in the 
equation of the function affects its graph. 


21. For the function y = asinx + c, explain how you can determine its 
maximum and minimum values, and the corresponding values of x. 


22. Repeat exercise 21 for the function y = acosx +c. 


23. Application Suppose M and m represent the maximum and minimum 
values, respectively, of a sinusoidal function. Write formulas in terms of 
M and m for: 


a) the amplitude bh) the vertical displacement c) the range 


24. Thinking/Inquiry/Problem Solving 
a) Graph the function y = cos (x - 5) . Visualize other functions you have 
graphed in this section. What conclusion can you make? 
b) Determine the values of d for which the graph of y = cos (x — d) 


coincides with the graph of y = sinx. 


25. a) Graph the function y = sin ( - a) Visualize other functions you have 


graphed in this section. What conclusion can you make? 


b) Determine the values of d for which the graph of y = sin (x — d) coincides 
with the graph of y = cos x. 


26. A function is given by the equation y = 2 sin (x + cee Explain why you 
might prefer to rewrite it using cosine instead of sine. 


ic) 


27. Determine the equation of a function of the form y = sinx + p whose graph 
just touches the x-axis. How many such functions are there? Explain. 
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Self-Check 6.1 -— 6.3 


1. The graph shows how the time of sunset at Saskatoon varies during a 2-year 
period. The times are from a 24-h clock, in hours and decimals of hours. 


Time of sunset at Saskatoon (standard time) 


Z aCCCCCe Coo 
2 Co? tei LR! AOR) 
| | | pel Te 1 ¥ Bi | tei | igi 
gle Tia Tal ey [Te eT | 
0. 80 172. 264 = =355. 445.537, 629 720 
Day number 
a) Estimate the time of sunset on each date. 
i) February 2 ii) July 25 iii) October 30 
b) Estimate the dates when the sun sets at each time. 
i) 8 PM. ii) 7 PM. iii) 6 PM. 


2. The graph (below left) represents data collected on the bird population in a 
certain wilderness area over a period of 5 years. 


a) Estimate the period of the graph. 


b) Estimate the minimum and maximum bird population each year. 


Ll 
10.000 
g 
s 
3 
5 
a 
i—) 
a 
0 


Time (years) 


3. The graphing calculator screen (above right) shows the coordinates of one 
point of intersection of the graphs y = sinx and y = cos x, to the nearest 
thousandth. Use the information on the screen. Write the coordinates of the 
other points of intersection of the graphs on this screen. 


4. The graph of y = cos x is transformed. The equation of its image has the form 
y = acos(x — d) +c. Determine a, c, and d for each transformation. 
a) Translate the graph 5 units down. b) Translate the graph 7 units right. 
c) Expand the graph vertically by a factor of 2. 


5. Graph the function y = 2 cos (x - 5) + 1 over 2 cycles. Determine the domain 
and range, phase shift, amplitude, and maximum and minimum values. 
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6.4 Graphing Sinusoidal Functions: Part Il 


In this section, you will continue the investigation of Section 6.3|to make other 
changes to the equations y = sinx and y = cosx. Remember that the period of a 
periodic function is the length of one cycle, measured along the horizontal axis. 


Investigation 


Transforming y = sin x and y = cos x: Part Il 


Comparing y = sin bx with y = sinx, and y = cos bx with y = cosx 
1. Graph the function y = sinx using the window settings —2m < x < 21. 


Ld 


a) Graph the function y = sin 2x on the same screen. 

b) Describe how the graphs of y = sin 2x and y = sin x are related. 
Explain this relationship. 

c) What is the period of the function y = sin 2x? How is it related to 
the period of y = sinx? 


~ 


Repeat exercise 2, using the equation y = sin ox. 


> 


Repeat exercise 2, using four other coefficients of x. Use positive 
coefficients that are both greater than 1 and less than 1. Are the results 
what you expected? 


5. Repeat exercises 2 to 4, using cosine functions. 


6. What effect does changing the value of b have on the graphs of 
y = sin bx and y = cos bx? Explain. 
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In the Investigation, you made certain changes to the equations y = sinx and y = cosx, 
and found what happened to the graphs. The results are summarized below. 


The period of a sinusoidal function 


The coefficient b in y = sin bx or y = cos bx has the effect shown below. The 
number b represents the factor by which the graph has been compressed or 


expanded horizontally. 
Take Note 


Graphs of y = sinbx and y = cos bx 


The graphs of y = sin bx and y = cos bx are the images of the graphs of y = sinx 
and y = cos x, respectively, under a horizontal compression or expansion. 


Period 27 94 Period 1 Period 27 2+ Period 1 
i< > 


y = sinx y =cosx y = cos 2x 


Paige fee 
y=sin5x 


Period 4a —2 


Period 4x —2 


The motion of a weight on a spring Motion of a Weight on a Spring 
illustrates the period. The period is the 
time for one complete cycle, such as 
the time for the weight to move from its 
maximum length to its rest position to 
its minimum length, to its rest position, 
then back to its maximum length. 


Distance from 
rest position 
fa) 


rest position rest position rest position rest position rest position 


one cycle 
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Take Note 


Period of y = sin bx and y = cos bx 


When b > 1, there is a horizontal When 0 < b < 1, there is a horizontal 
compression. The period is less expansion. The period is greater 

than 27. than 27. 

For example, when b = 3, there is For example, when b = >. there is 

a compression by a factor of >. an expansion by a factor of 2. 

The period of y = sin 3x is 7 the The period of y = sin x is 2 times 
period of y = sinx. the period of y = sinx. 


Qn y =sin 3x 
Period = = 
Period = or 
2 
=4n 
Similarly, the period of y = cos 3x Similarly, the period of y = cos x 
is + the period of y = cosx. is 2 times the period of y = cosx. 


2n y=eos 3x 


Period = a 


In general, the period of y = sinbx and y = cos bx is i b> 0. 


The general form for the sinusoidal function in this text is y = asinb(x — d) +c. 
In this form, we can easily identify the phase shift as d. 


On|page 321, the general form is given as y = asin(kx + d) + c. To determine 
the phase shift when the function is in this form, remove k as a common factor 


from kx + d; that is, y = asin k(x + £) +c. The phase shift is -£. 
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a) Graph the function y = sin2x + 3 over two complete cycles. 
b) State the vertical displacement, the phase shift, the period, and the amplitude. 


c) State the domain and range. 


Solution 
a) Graph y = sinx. Compress the graph horizontally by a factor of > to 
obtain the graph of y = sin2x. Then translate the image 3 units up. 


b) The vertical displacement is 3, the phase shift is 0, the period is 7, and the 
amplitude is 1. 


c) The domain is the set of real numbers. The range is the set of real 
numbers between 2 and 4, inclusive. 


a) Graph the function y = —2 cos 3(x — 1%) over two complete cycles. 
b) State the vertical displacement, the phase shift, the period, and the amplitude. 


ct) State the domain and range. 


Solution 

a) To graph y = —2 cosx, reflect the graph of y = 2. cos x in the x-axis. 
Compress the graph horizontally by a factor of ; to obtain the graph of 
y = —2cos 3x. Then translate the image 7 units right. 


y = —2 cos|x 


y= —2e9s 3 — 2) 
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b) The vertical displacement is 0, the phase shift is 7, the period is 3. and 
the amplitude is 2. 


c) The domain is the set of real numbers. The range is the set of real 
numbers between —2 and 2 inclusive. 


In Examples I and 2, we graphed several functions on the same grid to obtain 
the graph of the required function. To graph only the required function without 
showing any of the preliminary graphs, we begin with a sketch. 


Graph the function y = 3 sin 2(x 7 5) + 4 over two complete cycles. 


Solution 
The function y = 3 sin 2(x - =) +4 has: amplitude 3; period 3, or 7; 


phase shift a and vertical displacement 4. 
Sketch a sinusoidal curve on plain paper. 


Step 1. Use the phase shift. This is a and it is the x-coordinate of a point 
where the sine curve begins its cycle. Mark this on the sketch. 

Step 2. Use the period. This is 7. The point at the end of the cycle is 
T units to the right of the first point. Its x-coordinate is z pe 


= 
Mark this on the sketch. 


Step 3. One-quarter of the period is me The x-coordinate of the first maximum 


Ryde 4 Mark this on the sketch, then change the other 


3 4 
x-coordinates to have the same denominator, 12. They become = 


point is 


Step 4. Think of an arithmetic sequence of 5 terms, beginning with a aS 


aa The x-coordinate of the halfway point is are and the 
x-coordinate of the minimum point is = Mark these on the sketch. 


and 


ending with 


In 
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Transfer the sketch to grid paper. 


Step 5. Draw x- and y-axes, where 12 squares along the x-axis represent 7. 


Each square in this direction represents aa The vertical displacement 
is 4. Draw a horizontal line through 4 on the y-axis. Plot the point 


where the sine curve begins its cycle, ( 


4n 
D4 


). The amplitude is 3. Plot 


the maximum point, (4, ue Plot the halfway point, (=, 4). Plot 


the minimum point, (=, 1). Plot the endpoint of the cycle, (<2, 4). 


Step 6. Use the pattern in the plotted points to draw some corresponding points 
for the next cycle. Draw a smooth curve through the plotted points. 


y 


)+ 


Discuss 


We can write 


y = 3sin2(x- 2) +4 


Ss 


a 

= 2< _ 2u 
x y = 3sin(2x £) +4, 
Which form is better? 


Explain. 


Al 


Jf 1. Write the equation of a sine curve that has each period. 


a) 27 b) 7 


TU 
c) 


a) = 


Jf 2. For each graph, write an equation in the form y = sin bx, then identify the 
period. 


b) 
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3. “The period of a sinusoidal function is the distance between two consecutive 
maximum points.” Do you agree with this statement? Give reasons for 
your answer. 


LB) 


4. Four different transformations of the graph of y = cosx are described below. 
The equation of each image has the form y = acos b(x — d) + c. Determine 
a, b, c, and d for each transformation. 


a) Compress the graph horizontally by a factor of > 

b) Expand the graph horizontally by a factor of 5. 

c) Compress the graph horizontally by a factor of > then expand it 
vertically by a factor of 4. 

d) Expand the graph horizontally by a factor of 2, expand it vertically by a 
factor of 3, then translate it = units right. 


s 


Consider a sinusoidal function of the form y = asin b(x — d) + c. Explain 
how the resulting graph will be related to the original graph for each 
change described. 


a) b is doubled. 
b) bis halved. 
c) a and b are both doubled, and c is decreased by 2. 


d) ais tripled, b is halved, c is increased by 4, and d is increased by = 


6. a) Graph each set of functions on the same grid for-m <x <7. 
1 


i) y = sin2x y =sinx y = sin x 
ii) y = cos 3x y = cosx y = cos =x 


b) Describe the effect on the graph of y = sin bx as b varies. 


c) Describe the effect on the graph of y = cos bx as b varies. 


7. Graph each function, then state its amplitude and period. 
a) y = 2sin2x b) y = 3sinx ct) y= —3 sin3x 


d) y = 4cos x e) y = 5cos 2x f) y = 5608 3x 
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8. Communication Explain why increasing the value of a in the equation 
y = asin bx expands the graph vertically, but increasing the value of b 
compresses the graph horizontally. Assume a > 0 and b > 0. Include some 
graphs in your explanation. 


o 


. Each function below is sinusoidal. For each graph, state: 


i) the amplitude ii) the period iii) a possible phase shift 
iv) the maximum value of y, and the values of x for which it occurs 
v) the minimum value of y, and the values of x for which it occurs 


vi) the vertical displacement vii) the domain and range 
a y b y 
) : LP 
=) 
3 3 


c) y 


x 3h 
2 2 2 


. Write an equation to represent each function in exercise 9. 


1 


[—} 


1 


—_ 


. Knowledge/Understanding Consider the function y = 2 cos 2(x - 5) +4. 
a) State the phase shift, the period, the vertical displacement, and the amplitude. 
b) Graph the function over two complete cycles. 


c) What are the domain and range of the function? 


12. Repeat exercise 11 for each function. 


a) y= 3sin2(x- 7) +3 b) y = 5cos3(x — 7) 

c) y= 2 sin 3(x — =) d) y = 2.5 cos( = #) 
e)y= 0.5 cos 4(x + *) f) y = 4sin3(x - 5) +4 
0) y= —3cos2(x + F) — 6 h) y = 4sin3(x—%) +2 


13. Consider the function y = 2 sin(2x + ae 
a) State the phase shift, the period, the vertical displacement, and the amplitude. 
b) Graph the function over two complete cycles. 


c) What are the domain and range of the function? 
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14. Repeat exercise 13 for each function. 


1 Tl 
a)y= 5 cos(2x = ou b) y= 3 cos(2x + S| 
c) y = 2sin(2x — 7) d) y = 2sin(3x + 5) 
15. Refer tolexercise 2] For each graph, write an equation of the form 
y = cos b(x - d). 
16. Thinking/Inquiry/Problem Solving These graphs were produced by 


Graphmatica. Each pattern shows the graphs of 10 sinusoidal functions. 

For each pattern, write a set of equations that could be used to make a 

similar pattern. 

a) | _ |b) | : 
| | f \ | 


| / ae | 
| { | (Wilh | 


| | 
1 1 | 


1 


~“ 


. Describe what happens to the graph of each function. 
a) y = acos 3(x = =) + 4, as a varies 
b) y = 2cos b(x = z) + 4, as b varies 
c) y = 2cos 3(x — d) + 4, as d varies 


d) y = 2cos 3(x - z) +c, as c varies 


1 


oo 


. Application 


a) Determine the period of the function y = cos 27x. Then graph the 
function over two complete cycles. 

b) Repeat part a for each function. 
F 2 a 21 
i) y = cos 3 ii) y = cos ae 

c) Describe the graph of y = cos ae where p is any real number. 


1 


wo 


. Repeat exercise 18 using sine functions. 


2 


. The screen shows the graphs of y = cos bx 
for b = 2, 1, and 0.5. The coordinates of one THEcostLany 
point on one graph are shown. Write the 
coordinates of a point on each of the other graphs 47 
with the same y-coordinate as this point. 
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21. a) Use the same window settings as in exercise 20. Graph y = sin bx for 
b = 2, 1, and 0.5. Trace to the point on the graph of y = sinx that has 
x-coordinate 0.8. Record the y-coordinate. 

b) Predict the coordinates of a point on each of the other graphs that has the 
same y-coordinate as the point in part a. Trace to these points to verify 
your predictions. 

Oe the function defined by y = cos” x. 

a) Sketch a graph of this function. 

b) Explain why the function is periodic, then determine its period. 

c) Determine the maximum and minimum values of the function, and some 
values of x for which they occur. 


d) This function is sinusoidal. Given this information, use the results of 


part c to write a sinusoidal formula for cos? x. 


e) Write a similar formula for sin’ x. 


23. a) Two of these equations represent the same function. Which two are they? 
i) y = 3sin2(x- 4) ii) y = 3cos2x 
iii) y = 3cos2(x + *) iv) y = 3sin2(x— 7) 
b) Suppose you are given two equations of the form y = asin b(x — d). 
Describe how you could tell, just by looking at the numbers in the 
equations, whether they represent the same function. 


c) Repeat part b, where one equation has the form y = asin b(x — d) and the 
other equation has the form y = acos b(x — d). 


d) Create another set of four equations similar to those in part a, where only 
two equations represent the same function but it is not obvious at first 
which ones they are. 

24. Consider the function y = asin b(x — d) +c, where a > 0. 


a) Write an expression for the maximum value of y. For what values of x 
does this occur? 


b) Write an expression for the minimum value of y. For what values of x 
does this occur? 


25. Repeat exercise 24 for the function y = acos b(x — d) +c, where a > 0. 
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Previous Section 


6.5 Applications of Sinusoidal Functions 


In the preceding sections, the horizontal 

axis of each graph of a sinusoidal function 
was scaled in terms of the irrational number 7. 
These scales are not useful in applications, 
such as those in|Section 6.1} where the 
horizontal axis is usually marked in time 
intervals. In this section, we will modify the 
equations of sinusoidal functions so the 
horizontal axis is marked with whole numbers. 


75 cm 
high position 


50 cm 

rest position 
A weight is supported by a spring. The weight 
rests 50 cm above a tabletop. The weight is 25cm 
pulled down 25 cm and released at time t¢ = 0. low position 
This creates a periodic up-and-down motion. 

It takes 1.6 s for the weight to return to the 

low position each time. 


We sketch a graph of the height of the weight above the tabletop against time, 
then show the coordinates of some maximum and minimum points and the rest 
position. Since the initial position of the weight is (0, 25), and its period is 1.6 s, 
the first maximum is (0.8, 75) and the second minimum is (1.6, 25). 


fot, 73) = 


The mean height is 50 cm and the amplitude is 25 cm. We transfer the 
information on the sketch to grid paper. 


Height of Weight on Spring 
a 
_ al Hs 
= T 7 
te 60 acl | 
= 40 
o 
E99 | 
[TI i 

ree) 1 {| | | p | | | | 3 | 
_| | | Timej(s) | | 
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Let h metres represent the height of the weight above the tabletop after t seconds. 
Since we know the position of the first maximum, we use a cosine function to 
describe the motion. 

The equation of the function has the form h = acos b(t — d) +c. 

The amplitude, a, is 25. 

The phase shift, d, is 0.8. 

The vertical displacement, c, is 50 cm. 

Then, the equation of the function is h = 25 cos b(t — 0.8) + 50, where b is to 

be determined. 


In this equation, the period is a The period of the motion is 1.6 s. 


Therefore, = = 1.6 Discuss 
on = 1 6b Why do we not 
b= on simplify — and 
= 22 eee it 
1.6 write it as a 


The equation of the function is h = 25 cos F(t — 0.8) + 50. 


Notice the meaning of the numbers in this equation. 


= phase shift (time at first maximum) 


h = 25cos (t ~ 0.8) + 50 


| | | 


Amplitude Period Mean position 


When we write this equation, we assume the relationship between the height of 
the weight and time is sinusoidal. It can be shown that this is true. 


Take Note 


The General Cosine Function 

y= acos (x -d) +c 

|a| is the amplitude. 

b is the period, b > 0 

d is the phase shift (the x-coordinate of the first maximum). 


c is the vertical displacement. 


When we work with sinusoidal functions, 7 must occur either on the graph 
or in the equation. To have the horizontal axis marked with whole numbers, 
7 must occur in the equation. 
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Write two other equations for the function h = 25 cos at — 0.8) + 50. 


Use a cosine for one function and a sine for the other function. 


Solution 


For another cosine function, use a different phase shift. Since 
0.8s+ 1.6 s = 2.4 s, the second maximum occurs when ¢ = 2.4 s. 


Another equation is h = 25 cos Ft — 2.4) + 50. 
For a sine function, the cycle starts when h = 50 cm and t = 0.4 s. 


Another equation is h = 25 sin Ct — 0.4) + 50. 


Use the equation of the function h = 25 cos AG — 0.8) + 50. 


a) Calculate the height of the weight above the tabletop after 3.0 s. 


b) Determine one of the times when the height of the weight is 60 cm. 


Solution 


Make sure your calculator is in radian mode. 


Using a graphing calculator Using a scientific calculator 

a) Use the window shown in the a) Substitute ¢ = 3 in the equation. 
screen below. h = 25cos ag — 0.8) + 50 
Graph the function above. ~ 39 322 an 47 
Key in: L:_} 25 Leos} 2 (2m J After 3.0 s, the mass is 
J Lt ees) = 08 approximately 32.3 cm above 
L: J 1.6 Lo) L+ J 50 [araPri) the tabletop. 
Press 3 (enter), 


b) Substitute = 60 in the 


After 3.0 s, the mass is . 
equation, then solve for ¢. 


approximately 32.3 cm above On 


21 
25 cos —(t — 0.8) = 10 
100 yiezSecost2 4th. B04 .6)+5_ 16 ) 


= 2n _ 10 

8 cos ras — 0.8) = 35 
=, To find a number whose cosine 

ke : is = use (24) (cos |) for (cos), 

5 ——— F Key in: (24) os) 10 C=) 25 

Time (s) to display 1.159279481. 
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b) Graph y = 60 on the same screen. Hence, 
Activate the intersect feature. Int —9:8) = 1.159 279 481 
in: TRACE 1.6 
Key in: (2 } (race) 5. Move the + 0.8 x 1159279 481 x 1.6 
cursor to the left of one acai on 
intersection point. Press {Ente}. t = 1.095 208 096 


Move the cursor to the right of 
the point. Press (enter). 


The mass is 60 cm above the 
tabletop at approximately 2.10 s. 


The mass is 60 cm above the 
tabletop at approximately 1.10 s. 


100 

& 

2 

a Discuss 

3 Why do the two 

= 0 qnber section ———+-—— methods produce 
— = different answers 

0 Time (s) 5 for part b? 


In summer, the sun sets later than it does in winter. The time of the sunset can be 
important information for some people including parents, environmentalists, and 

film-makers. The latest sunsets occur around June 21 (the 172nd day of the year), 
and the earliest ones occur around December 21 (the 355th day of the year). 


Sunset times at Parry Sound on these dates in 2001 are given in the table. 


Sunset time 


Date Day of the year (standard time) 
June 21 172 20.18 h 
December 21 355 16.68 h 


You can use these data to write an equation for the time of the sunset at Parry 
Sound on any day of the year. 


Determine an equation for the time of the sunset at Parry Sound on the nth 
day of the year. 


Solution 


Sketch the sinusoidal curve. 
Mark one maximum point (172, 20.18). 
Mark the next minimum point (355, 16.68). 
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The mean sunset time is seta es = 18.43 h. 
This is the vertical displacement. 


20.18 h — 16.68 h 


The amplitude is = 1.75 h. 


The period is 365 days. 
Since we know the coordinates of the first maximum point, use a cosine 


function. The phase shift is the n-coordinate of the first maximum point, 172. 


Show this information on the rough sketch. 


jz fia, aot) 
ih 
| , 1S 
| + — - / - 
jeeeat - ci 
hie 
| / i 
Tf _ fg 
= a — — | EE ———— 
a) tone bec a | 


An equation for the time of the sunset at Parry Sound on the nth day of 
the year is 


= ape 
t = 1.75 cos 365 (n — 172) + 18.43 


We can use the equation in Example 3 to calculate the time of the sunset on any 
day of the year, or to calculate the day(s) when the sun sets at a particular time 
(see exercise 12). When we write the equation in Example 3, we assume the 
variation in the times of the sunset is sinusoidal. This is reasonable because 
sunsets are caused by the motion of Earth in its orbit around the sun. The 
variation in the times of the sunset is caused by Earth’s axis being tilted with 
respect to the plane of the orbit. 


Al 


1. State the amplitude, period, phase shift, and vertical displacement for 
each function. 


a) y = 2cos F(x — 3) +4 b) y = 6cos F(x — 1) + 10 
t) y = 12cos B(x — 1) + 12 d) y = 15 cos = (x — 30) +75 
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2. Identify the period of each function. Then write its equation in the form 


y= cos =x 
2 


3. Each function below is sinusoidal. For each graph, state: 
i) the amplitude ii) the period iii) a possible phase shift 
iv) the maximum value of y, and 4 values of x for which it occurs 
v) the minimum value of y, and 4 values of x for which it occurs 


vi) the range vii) the vertical displacement 
a) 1 y b) y 
fo goo oo oo ene oy 910) ee Cy ee oe 
10 


0 10. 20 30 40 50 


4. Write an equation to represent each function in exercise 3. 


5. Write an equation for each function in the form y = acos aH +c. 
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6. Choose one graph and its equation from exercise 5. Pose a problem for 
which the graph and/or its equation is required in the solution of the 
problem. Solve the problem you posed. 


7. Communication Refer to the graph on|page 362)/and the equation on 


page 363|that show the height of the weight on a spring as a function of 
time. Describe how the graph and the equation would change in each case. 


a) The mean position is 60 cm above the tabletop. 
b) The weight is pulled down 20 cm. 


c) It takes 2.0 s for the weight to return to the low position each time. 


ad 


Application Towers and skyscrapers appear 
to be rigid, but they are designed to sway with 
the wind. Suppose you are standing on the 
glass floor of the CN Tower, which is 342 m 
above the ground. The graph shows how your 
horizontal position might change during a 
strong wind. 


Distance (cm) 


a) Determine the amplitude and the period. 

b) Write an equation for the function. 

c) Suppose you are standing in the Sky Pod, 
which is 447 m above the ground. 
Describe how the graph and the equation 
would be different. 


d) Pose a problem about the motion of the 
CN Tower. Solve the problem you posed. 


so 


Knowledge/Understanding The volume of air in the lungs during normal 
breathing is a sinusoidal function of time. Suppose a person’s lungs contain 
from 2200 mL to 2800 mL of air during normal breathing. Suppose a normal 
breath takes 4 s, and that time ¢ = 0 s corresponds to a minimum volume. 


a) Let V millilitres represent the volume of air in the person’s lungs. Draw a 
graph of V against ¢ for 20 s. 


b) State the period, amplitude, phase shift, and vertical displacement. 
c) Write an equation for the function. 


d) Describe how the graph and the equation would change in each case. 
i) The person breathes more rapidly. 
ii) The person takes bigger breaths. 
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10. Thinking/Inquiry/Problem Solving The pedals of an exercise bicycle are 


11. 


mounted on a bracket whose centre is 30 cm above the floor. Each pedal is 
18 cm from the centre of the bracket. Assume the bicycle is pedalled at 

60 cycles per minute. The centre of the bracket is 100 cm from a wall in 
front of the bicycle. 


Four sinusoidal functions are involved in this situation: 
height of pedal A above the floor ® 
height of pedal B above the floor @ 
distance from pedal A to the wall @ 
distance from pedal B to the wall ® 
Assume pedal A starts at the top when ft = 0. 
a) i) Graph functions © and @ on the same grid for the first few cycles. 
ii) Write the equations of functions © and @. 
iii) Describe how the graphs and equations are related. 
b) Repeat part a using functions @ and @. 


c) Choose either function © or function ®. Describe how its graph and 
equation are related. 


Refer to|Example 2| Suppose your calculator is in degree mode. 


a) How would you modify the equation h = 25 cos = (t — 0.8) + 50 to 
obtain the correct answers to parts a and b? 


b) Check your answer to part a by repeating the solution of Example 2 with 
your modified equation. 
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‘ On ‘ 
12. In/Example 3| the equation tf = 1.75 cos 365 — 172) + 18.43 describes the 
time of the sunset at Parry Sound on the nth day of the year. Use this equation. 


a) Calculate the time of the sunset on August 1 (the 212th day of the year). 
b) Determine one of the dates when the sun sets at 6 P.M. 


c) Pose a problem about the times of sunset in Parry Sound. Solve the 
problem you posed. 


13. On|page 329| there is a graph that shows the number of hours of sunlight in 
Windsor. This graph is repeated below. 
Hours of Sunlight in Windsor 


Number of hours 
loo} 


0 100 200 300 400 500 600 700 
Day number 


a) The maximum number of hours of sunlight is 15.3 h, and occurs on 
June 21 (day 172). The minimum number of hours of sunlight is 9.1 h, 
and occurs on December 21 (day 355). Use this information. Determine 
the period, amplitude, phase shift, and vertical displacement. 

b) Write an equation for the function. 

c) Use the equation to calculate the number of hours of sunlight on April 1 
(day 91). 

d) Determine a day when there are 14 h of sunlight. 


14. The table shows the minimum and maximum number of hours of sunlight in 
Dryden, Ontario. 


Date Day of the year Hours of sunlight 
June 21 172 15.7 
December 21 355 8.1 


a) Determine an equation for the number of hours of sunlight on the nth day 
of the year. 

b) Graph the equation. 

c) Predict the number of hours of sunlight on February 10 (day 41). 

d) Predict a day when there are 14 h of sunlight. 

e) Pose a problem about the number of hours of sunlight in Dryden. Solve 
the problem you posed. 
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15. The world’s highest tides occur at the Bay of Fundy. The following data for 
Hopewell Cape, NB, a popular tourist location, were obtained from the 


Internet. These data were used to draw the graph on|page 330 


Date Time Height 
February 21, 2001 10:54 A.M. 11.43 m High tide 
5:53 P.M. 2.12m Low tide 
11:19 PM. 11.21 m High tide 
February 22, 2001 5:50 A.M. 2.34 m Low tide 
11:34 AM. 11.71 m High tide 


The maximum heights are not the same, nor are the minimum heights. The 
data are not exactly sinusoidal. Therefore, to use a sinusoidal function to 
describe the data, you need to make some changes to the data so they are 
sinusoidal. These changes can be done in different ways. 


a) Use the data to predict the height at 3 P.M. on February 21. 
b) Describe how you changed the data. 
c) Complete part a in a different way, and compare the results. 


d) In parts a and c, you created two possible equations for the graph on 
page 330. Would it matter which equation is used to draw the graph? 
Explain. 


16. Pistons in a car engine move up 
and down many times each second. 20 
The graph shows how the height 
varies with time for the pistons in 
a 6-cylinder engine. 


a) Determine an equation for 
each graph. 


Height (cm) 


b) The frequency of the periodic 
motion is the reciprocal of the 


0.1 
period. Determine the frequency. 


Time (s) 
c) The graph describes the motion 


of all 6 cylinders. Suggest why there are only 3 curves on the graph. 
d) Choose one graph. Describe how the speed of the piston changes. 


e) Determine the maximum speed of the piston, and the times when 
it occurs. 
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6.6 Graphing the Tangent Function 


In|Chapter 5} we defined tan 0 = cad , where @ represents the measure of an 


cos 0 


; i Se . sin x : 
angle in standard position. Therefore, when x is in radians, tan x = ere This 


expression is not useful for graphing the function y = tanx because we would 
have to divide sinx by cosx for every value of x. Although that can be done by 
computers, it is difficult to visualize the result. We need a way to express tan x 
that makes it possible to visualize its graph without having to think about 
dividing sinx by cos x. 


We express tanx using the independent variable only once. This makes it easier 
to visualize the graph of y = tanx. 


Visualize a point P that rotates around a unit circle, 
with centre O(0, 0). Point A has coordinates (1, 0), 
and point P has coordinates (cos x, sinx), where x 
represents the measure of ZAOP in radians. Draw a 
vertical line through A. This line is a tangent to the 
circle because it meets the circle at only one point. 
Let QC, k) be the point where the line through O 
and P intersects the tangent. 


Qd, &) 


P(cos x, sin x) 


Since P and Q lie on the same line through O(0, 0), 
the slopes of OQ and OP are equal. 


Therefore, fous 
1 COs x 
k = tanx 


Take Note 


Coordinate Property of tanx 


Point P is on the unit circle, with Odi, taux) 
centre O(0, 0). 


Point A has coordinates (1, 0) and 
ZPOA = x radians. P 


Q is the point where OP intersects the 
vertical line through A. 


Then, tan x is the second coordinate of Q. ACA, 0) 
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Determine each value to 4 decimal places. Draw a diagram to explain its meaning. 
a) tan 1.2 b) tan 2.3 


Solution 


Make sure the calculator is in radian mode. 


a) tan 1.2 = 2.5722 b) tan 2.3 = —1.1192 
This means that when ZAOP This means that when ZAOP 
is 1.2 radians (about 69°), is 2.3 radians (about 132°), 
the line through O and P the line through O and P 
intersects the tangent at intersects the tangent at 
A(1, 0) at the point with A(1, 0) at the point with 
coordinates (1, 2.5722). coordinates (1, -1.1192). 
The slope of OP is 2.5722. The slope of OP is —1.1192. 


Q(1, 2.5722) 


Discuss 


The word “tangent” 
may refer toa 
trigonometric 
function or to a line 
that meets a circle 
at one point. When 
you read the word 
“tangent”, how do 
you know to which 


Q(1,-1.1192) 


it refers? 
Graphing the function y = tanx 
Suppose x starts at 0 and increases to 7. Then tanx changes as follows. 
x=0 As x increases from 0 to 7 x= ma 
tanx = 0 tan x increases from 0 to 1. tanx = | 
Qd, 1) 
Tw 


a ie 
ey i 0) Re 
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As x increases from odd As x increases from 
T Tv Tq: T 3m 
— to =, tanx tan = is undefined. — to—, tanx 
4 2? 2 a A 
continues to increase. increases to —1. 


P\e 


AG 
Ss 


=a. As x increases from = to T, x=T 


tanx = —-1 tan x increases from —1 to 0. tanx = 0 


Qd, 0) 
=i Qd, -1) 


We use these results to sketch the graph of y = tan x 
for 0 < x < m. No value is plotted for tanx when x = 5 
We say that tan 7 is undefined. As x continues beyond 7, 


the line OP intersects the tangent at A at the same 


E 
2 


locations as before, and the same values of tan x are ly 
encountered. Hence, the graph can be continued to the 
right. Similarly, the graph can be continued to the left, 
corresponding to a rotation in the counterclockwise direction. 


Suppose x < o As x increases and comes closer and closer to e the graph 


, T arr 
comes closer and closer to the line x = > but never reaches this line. 


Suppose x > a As x decreases and comes closer and closer to = the graph 


‘ T ae 
comes closer and closer to the line x = > but never reaches this line. 


For these reasons, the line x = 5 is called an asymptote. 


The graph of y = tanx has asymptotes x = =a x= +o x= +20 re 
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Take Note 


Properties of the Function y = tanx 


an | [2 S 


Period: 1 
Domain: all real numbers except ee +5, GE 
Range: all real numbers 
x-intercepts: 0, +m, +27, ... 
y-intercept: 0 
Asymptotes: x = +4, x = +3% y= $5 
: iF) < ye 


6.6 Exercises 


Al 


1. Explain why each statement is true. 
a) The function y = tan x is periodic. 
b) The period of the function y = tan x is not the same as the period of the 
functions y = cosx and y = sinx. 


c) Tan.x is not defined for all values of x. 


vA 2. In these diagrams, graphs of y = tan x were started using different scales. 
Copy each graph onto grid paper, then extend it for two cycles. 


a) y c) y 


y=tanx 


-|- aaa ]---]---b-- 4 ---f 
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3. Determine each value. Draw a diagram to explain the meaning of each result. 


a) tan 2.7 b) tan 3.9 c) tan (—1.25) d) tan (—4.0) 
3n St T 
e) tan27 f) tan - g) tan a g) tan Ga 
4. The graphing calculator screen shows 3 


the coordinates of one point on the 

graph of y = tanx. Use only the 

information on the screen. Write the -2n 
coordinates of three other points on the 

graph of y = tanx that have the same 
y-coordinate as this point. 


5. Compare the y-coordinate in the screen in exercise 4 with the y-coordinates 
in the screens on|page 338] Write to explain how the three y-coordinates 
are related. 


6. Communication Compare the graph of y = tanx with the graph of 
y = sinx. Explain the similarities and the differences. Use examples to 
illustrate your explanations. 


7. Knowledge/Understanding For the function y = tanx: 
a) Why are there no maximum or minimum values? 
b) What are the domain and range of the function? 
c) What are the x-intercepts of the graph? 
d) What is the y-intercept of the graph? 
e) What is the period? 


8. Describe and account for any symmetry in the graph of y = tanx. 


9. Thinking/Inquiry/Problem Solving 
E When 0 < x < 7 which is greater, sinx or tan x? 


Explain your answer in two different ways. 


10. Application A rocket is launched vertically upward. 
From an observation station 100 m away, the angle of 
elevation of the rocket is measured as it rises. 


a) Write the height of the rocket as a function of 
the angle of elevation, using appropriate variables. 


b) Graph the function in part a for reasonable h 
angles of elevation. 


c) For what heights do you think the graph is useful? 
Explain. 


100 m 
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11. 


12. 


= 13. 


14. 


ic) 


fee = «10. 


Graph y = tanx using the window —4.7 < x < 4.7 and-3.1 < y $3.1. 
a) Trace along the curve and observe how y changes. Move the cursor as 


close to 7 as possible. What happens to the value of y? 


b) While Trace mode is active, press L2r¢_}(_7_} {_+_) 2 [exten] to move the 
cursor to the point where x = o Is the result what you expected? Explain. 


c) Repeat part b, moving the cursor to: me = and eo 


a) Use the Mode menu to display numbers to 3 decimal places. Graph 


y = tanx using the window —2nm < x < 2m and—1.5 < y < 1.5. Trace to 
the point where x = 1.069. Observe the corresponding value of y. 


b) Predict some other values of x that produce the same value of y. Trace to 
these points to verify your predictions. 


a) Use grid paper. Graph y = sinx and y = 2cosx on the same axes for 
O<x<2n. 


b) Use a graphing calculator to make the same graph. 


c) Use Trace and Zoom or the intersect feature to determine all solutions to 
the equation sinx = 2cosx between 0 and 27. 


d) Find a way to check your results. 


A long straight wall runs north and south. A powerful searchlight is 
mounted 20 m west of the wall and rotates counterclockwise (viewed from 
above) with one rotation every 10 s. This is a double searchlight, which 
casts a beam both backward and forward. At time ¢ = 0, the light beam is 
perpendicular to the wall and illuminates a spot, A, on the wall. 


a) Sketch a diagram to illustrate this situation. 


b) Determine an equation for the distance, d metres, of the illuminated spot 
from A after ¢ seconds. 


c) Graph the function in part b. 


Refer tojexercise 18 in Section 6.2 Suppose the angle x is in degrees instead 


of radians. 


a) How would the graph of y = tanx on|page 375|change? 


b) Is the function y = tanx (where x is in degrees) the same as the function 
y = tanx (where x is in radians)? Explain. 


c) For values of x close to 0, how do the values of x, sinx, and tan.x compare? 
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Self-Check 6.4 — 6.6 


. Consider the function y = 4 sin 2(x - 7) +5. 


a) State the phase shift, period, vertical displacement, and amplitude. 
b) Graph the function over two complete cycles. 


c) What are the domain and range of the function? 


Determine the phase shift and the period of each function, then draw 
its graph. 

a) y = sin (2x — 7) b) y= 2cos(3x—-7)+1 

c) y= 2cos(3x-7)+4 d) y=S5sin(4x+ 1) -—3 

The graphing calculator screen shows the 


coordinates of one point on the graph of 

y = sin a Use the information on the screen. 
Write the coordinates of four other points 

on the graph that have the same y-coordinate 
as this point. 


This graph shows how the voltage, V volts, varies with time, ¢ seconds, 


a) Identify the period and amplitude of the function. 


b) What is the peak (maximum) voltage? 


c) Write an equation to describe the graph. 


Use the Mode menu of a graphing calculator to display numbers to 

3 decimal places. Graph y = tanx, using the window —2n < x < 2m, 

—3 < y <3. Trace to the point where x = = Note the corresponding 
y-coordinate. Predict other values of x that produce the same value of y. 
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INSIGHTS 
INTOA 


wee The Equation of a Damped Spring 


PROBLEM i 


A small weight is attached to the bottom of a spring. A vertical ruler is 
fastened so when the weight is pulled down and released, the oscillations 
can be measured with the ruler. 


Representing the Height of the Weight in Mathematical Form 


We can determine an equation for the height of the weight as a function 
of time. Let y centimetres represent the height of the weight from its 
equilibrium (rest) position after t seconds. 


We can sketch a graph that illustrates the motion of the weight y 
over time by making the weight oscillate and plotting some 

ordered pairs (¢, y). For convenience, we take t = 0 at a point 

when the weight is at its equilibrium position and rising. 


The graph looks like a sine function, and in[Sections 6.3] and 
[6.4]we assumed that the variation in the height of the weight 
is sinusoidal. We need calculus to prove this. However, 

an experiment can be performed that makes our choice 

of a sinusoidal function plausible. 


A bicycle wheel is placed vertically. A small stick is tied 

to the rim, perpendicular to the wheel, and the wheel is 

rotated. A light source is placed in the plane of the wheel ca 
to cast a shadow of the wheel on a wall. What you see on a 
the wall is a vertical line (the wheel) and a horizontal bar 

(the stick) moving up and down. We ignore the wheel 

and consider the motion of the shadow of the stick. It 

reverses direction at the top and bottom. Now consider 

the oscillating spring. The comparison is quite striking. 

It is exactly the same motion! 


We could use a sine or cosine function to model the height of the weight. Measuring a and b 
In this case, our choice for tf = 0 makes it more convenient to use the The weight was pulled 
j F ; _ . Wn ! down 60 cm from its 
sine function. The equation has the form y = asin ab where a is the eaililiarionn aicelien, 

amplitude and b is the period. then released. Thus, 
a = 60. Ten complete 
In one experiment, these parameters were measured as a = 60 cm cycles were timed and 


they took 21 s. This 
gives a period of 2.15 
per cycle; so b = 2.1. 


and b = 2.1 s. The equation is y = 60 sin t. 
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Reflecting on the Reasonableness of the Results 


The equation above accurately models the oscillations of the weight for 
only a short period of time. It assumes the amplitude of the oscillations 
remains constant. In reality, the oscillations gradually die down, and the 
60 should be replaced with smaller numbers. This is the phenomenon of 
damping — the effect of frictional forces that rob the system of energy. 


Formulating Questions 


1. How can we model the decrease in amplitude due to the effects 
of friction? 


2. What is the equation of the damped spring? 


Selecting Strategies, Resources, Technology, and Tools 


An equation that accounts for damping will have amplitude that 
decreases with time. 


The standard theory of the damped spring predicts a multiplicative 
decrease in amplitude; that is, the amplitude decreases at a constant 
percent rate. For example, if a decreases by 10% in the first minute, 
it will decrease by another 10% in the second minute, another 10% in 
the third minute, and so on. 


Since we are measuring time in seconds, we need a as a function of ¢ in 
seconds. This means that we need to determine the one-second decrease 
in amplitude. It is difficult to directly measure the decrease over such a 
short interval of time. Instead, we measure the decrease in amplitude 
over a longer period of time and calculate the one-second multiplier 
from it. 


Suppose in the first 10 min, we measure a change in amplitude from 
60 cm to 8 cm. We can calculate the one-second decrease in amplitude 
as follows. 


Let k be the one-second multiplier. 
Originally the amplitude is 60 cm. 
After 1 s, the amplitude is 60k cm. 
After 2 s, the amplitude is 60k? cm. 
After 3 s, the amplitude is 60k? cm. 


After ts, the amplitude is 60k’ cm. 
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What about the 
period? 

How does it change 

as the amplitude 
changes? For example, 
does the period 
decrease as the 
amplitude decreases? 


According to the 
theory of the damped 
spring, the period 

is constant. It is 
independent of 

the amplitude. This 
can be verified 
experimentally by 
timing 10 oscillations 
at different 
amplitudes. 


ts) | atom 
a 
ee a 
| 00 | 8 
This gives a multiplier 


of & over a period 
of 600 s. 


Previous Section 


The amplitude can be represented by the equation a = 60k’. 


To determine k, substitute a = 8 and t = 600. 


8 = 60k? 
600 __ 8 
aie 60 
1 
_ (8 \a0 
~ (4) 
= 0,996 65 


Thus, an equation for the amplitude as a function of time is 
a = 60(0.996 65)’. 


Interpreting Information and Forming Conclusions 


Here is the equation that models the height, y centimetres, of the weight 
from its equilibrium position after t seconds. 

y = asin au, 

b 


initial one-second 
amplitude multiplier 


{ | 


y = 60(0.996 65)’ sin 1 
—_ period 


ere "OT 
exponential periodic 
function function 


A sketch of the graph for the 10-min period of the experiment is 
shown below. 


PAV Wow VV shar is 4 "a 


Aa 


iit 


In addition to the height, y, of the weight, we have also plotted the 
amplitude functions a = +60(0.996 65)’. These curves as the points 


on the graph of the height function. As ¢ increases, sin 1 oscillates 


between —1 and 1; therefore, y oscillates between —a and a. The result is 
a sine curve with an exponentially decaying amplitude. 


A quantity whose 
original amount is 
repeatedly multiplied 
by a number between 
0 and 1 is said to 
exhibit exponential 
decay. The equation 
that represents this 
decay is an example 
of an exponential 
function. You will 
study exponential 
functions in grade 12. 


The equation of the 
damped spring is 
the product of 2 
functions: an 
exponential function 
and a periodic 
function. 


This graph is not 
exactly the graph of 
the equation of the 
damped spring. 

If we drew the real 
graph, it would be a 
grey blur because, 
in 600 s, the spring 
oscillates 286 times 
(2.1 s/oscillation). 
For this graph, we 
multiplied the period 
by 10 so, in 600 s, 
we have only 28.6 
oscillations. That 
allows us to show 
the up and down 
motion more easily. 
Remember, the 
accurate graph has 
10 oscillations for 
every one shown. 
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1. A damped spring with a weight on one end makes 3 cycles in 2 s. 
The oscillation starts (at t = 0) with amplitude 40 cm. After 5 min, the 
amplitude has decreased to 20 cm. Determine the equation of the height 
of the weight, y centimetres, after t seconds under each condition. 
a) The weight starts at its equilibrium position (y = 0) and is rising. 
b) The weight starts at its lowest point (y = —40). 


A damped spring with a weight on one end has a period of 4 s. 
Suppose the oscillation has initial amplitude 50 cm and is reduced 
by 10% each second. The weight starts at its equilibrium position 

(y = 0) and is rising. 

a) Determine the equation of the height of the weight, y centimetres, 
after t seconds. 

b) Draw a graph of y against ¢ for 3 cycles. Begin by drawing the 
amplitude curve and its negative. As a guide, plot the points at 
which the sine function has values 1 or —1. These are the points at 
which the y-graph meets either the amplitude curve or its negative. 

c) Calculate the height of the weight at t = 2.5 s. Mark this point on 
the graph. 


Challenge Problems 


3. a) Determine an equation for the oscillatory curve graphed at the 
right. The amplitude curves are parabolas with vertices (10, 0). a0 


b) Using trial and error, find all the times at which y = -60. 40 
Use the graph as a guide. 


> 


An arm OA has length 1 unit and rotates counterclockwise 

about O with a period of 40 s. At the same time, a spherical ball 
moves at a constant speed back and forth along the arm between 

O and A. The ball takes 10 s to go from O to A and back to O again. 
Suppose at t = 0, the ball starts at O and the arm is horizontal with 
A to the right of O. 


a) Sketch the trajectory of the ball for one complete period of 
the motion. 


b) Suppose the origin of a coordinate system is at O. Determine 7) 
equations for the x- and y-coordinates of the centre of the ball 
as functions of time. 
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Review Exercises 


Mathematics Toolkit 
Trigonometric Function Tools 


The Sine, Cosine, and Tangent Functions 
Point P is on the unit circle, with centre O(0, 0). P(cos x, sin x) 


Point A has coordinates (1, 0), and 
ZPOA = x radians. 


Q is the point where OP intersects the vertical line 
through A. 


We define: cos x is the first coordinate of P. 
sinx is the second coordinate of P. 
tan x is the second coordinate of Q. 


Properties of y = sinx, y = cosx, and y = tanx 


Seg tt 


Period 

Maximum 

value of y 

Minimum = = 
value of y 


all real numbers all real numbers all real numbers except 


$0 498 
2’ 2° 


x-intercepts 0, +n, +27, . 
y-intercept ——— 


es a 


Graphing a Sinusoidal Function 


e The amplitude 
The graphs of y = asinx and y = acosx are the images of the graphs 


of y = sinx and y = cosx, respectively, under a vertical expansion 
or compression. When a < 0, there is also a reflection in the x-axis. 


See|page 342/for the graphs. 
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Review Exercises 


e The vertical displacement 


The graphs of y = sinx +c and y = cosx +c are the images of the 
graphs of y = sinx and y = cosx, respectively, under a vertical 


translation of c units. See|page 343}for the graphs. 

e The phase shift 
The graphs of y = sin(x — d) and y = cos (x — d) are the images of the 
graphs of y = sinx and y = cosx, respectively, under a horizontal 
translation of d units. See|page 344] for the graphs. 

e The period 
The graphs of y = sinbx and y = cos bx are the images of the graphs of 
y = sinx and y = cosx, respectively, under a horizontal compression 


or expansion. See|page 353}for the graphs. 
The General Cosine Function 
y= acos = (x-d) +c 
|a| is the amplitude. 


b is the period, b > 0. 


d is the phase shift (the x-coordinate of the first maximum). 


c is the vertical displacement. 


6.1 1. Use this graph. 


a) What is the maximum value of y? 


b) What is the minimum value of y? 
c) What is the period of the function? 
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2. Is this graph periodic? Give reasons for your answer. 


y = — — — = == oe 


Zi 


|__| 


0 3 T 3m Qn 5a 
5) 


3. Sunspots are dark spots that appear from time to time on the surface of the 
sun. This graph shows how the number of sunspots varied from 1944 to 1998. 
Monthly Mean Sunspot Numbers, 1944-1998 


| Number of sunspots— 


1944 1950 1960 19 0 1980 1990, 2000 
Year 


The graph shows that sunspot activity increases and decreases at 
approximately regular intervals. Estimate the average number of years 
between the times when there is a maximum number of sunspots. 


6.2 


PF) 


. a) On grid paper, sketch y = cosx for -2m < x < 27. 


b) State: the maximum value of y; the minimum value of y; the domain and 
range; the x-intercepts; the y-intercept; and the period. 


s 


a) Graph the functions y = sinx and y = cosx on the same grid or screen 
for0 <x < 2. 


b) How are the two graphs related? 
c) What is the period of each function? 


d) What are the coordinates of the points of intersection? 


. How many times does the graph of y = sinx intersect the x-axis on the 
interval —Sa < x < 52? Explain how you determined your answer. 
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Review Exercises 


6.3 7. Sketch a graph of each function, then write a second equation that describes 
the function. 


a) y=cosx—2 b) y = 2sin ( -7) ct) y=3cos%+n)+1 


8. Match each graph below with its equation. 


i) y = sin (x + 7) ii) y = sin(x— 4) iii) y = sin(x - 7) iv) y = sin(x + 4) 


a) iP 7] 
5) - i 
—n 1 _ i 0 x eu T 
b) ly 
xX 
—1 2n a 0 2m T 
3— $ ; ; 
c) iP 
x 
2 | 
Si m 0 i 2m Nt 


9. For each graph in exercise 8, write a second equation to describe it. 
10. Match each graph below with its equation. 
F : T ne Pen T 
i) y = 2sin(x+ >) ii) y = sin2x +2 iii) y= 2sin(vx- >) +1 


a) y 
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b) y 


2] 


c) y 


11. Graph each function over two cycles. Determine its domain and range, its 
phase shift, its amplitude, and its maximum and minimum values. 
a) y = 2.5cosx b) y= 3.5cosx —2 c) y=15+4+3sinx 
T : Ry! : T 
d) y = cos (x + 2) e) y = 3sin(x- =) f)y=4sin(x—=)-1 
6.4 12. State the amplitude, the period, and the phase shift for each function. 
F T Tt 
a) y = —sin 2(x + 2) b) y = 2cos3(x + <=) 
13. Graph each function, then state its amplitude and period. 
a) y = 3sin2x b) y = 2cos +x ct) y= 5 sin 3x 


14. Consider the function y = 3 sin 2(x + a) — ll, 
a) State the phase shift, period, vertical displacement, and amplitude. 
b) Graph the function over two complete cycles. 
c) What are the domain and range of the function? 
15. Repeat exercise 14 for each function. 
TT : Tl 
a) y = 2c0s3(x—- 7) +2 b) y = 0.5 sin (x + 5) 
: 3 7 
c) y= 3sin2(x+ =) -1 d) y = 4cos3(x--) +1 
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Review Exercises 


. Describe what happens to the graph of each function. 


a) y = asin2(x— +) — 1, as a varies 
b) y= 3 sin b(x - 5) +1, as b varies 
c) y = 2sin3(x — d) — 1, as d varies 


d)y= 4 sin 2(x - a) +c, as c varies 


. On June 21, the 172nd day of the year, a certain town in Ontario has 15.58 h 


of daylight. On December 21, the 355th day, the town has 8.45 h of daylight. 

a) Determine an equation for the number of hours of daylight on the nth day 
of the year. 

b) Use the equation to predict the number of hours of daylight on each date. 
i) March 21 ii) August 10 iii) September 21 


On a typical day at an ocean port, the water has a maximum depth of 18 m 
at 6:00 A.M. The minimum depth of 9 m occurs 6.8 h later. Write an 
equation of the form 4 = acos b(t — d) + c to describe the relationship 
between the depth of the water and time. 


. Technicians often use oscilloscopes to display graphs of voltage against 


time. The display may be sinusoidal. A microphone was connected to the 
oscilloscope, and the voltage, V volts, recorded as a tuning fork was sounded 
for t seconds. The graph shows the display that might result. 


a) Estimate the period. 


b) The frequency of the tuning fork is the reciprocal of the period. Estimate 
the frequency of the tuning fork. 


c) Write an equation that describes the graph. 


6.6 20. Explain why the graph of y = tanx has asymptotes. 
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. Graph y = tanx for the interval -6m < x < 0. 
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Self-Test 


— 


. The graphing calculator screen shows the 
coordinates of point A on the graph of y = sinx. 
Point B has the same y-coordinate as point A. 
Determine the x-coordinate of point B. 


Knowledge/Understanding Three points P, Q, and R lie on the graph of 
y = sinx. The x-coordinate of Q is = Determine the exact coordinates of P, 
Q, and R. 


N 


Application Determine the coordinates of the points of intersection of the 


~ 


graphs of y = 7 and y = sin2x, when 0 < x < 27. 


> 


Consider the function y = cos 2(x + =) —1. 

a) State the phase shift, period, vertical displacement, and amplitude. 
b) Graph the function over two complete cycles. 

c) What are the domain and range of the function? 


People get on a Ferris wheel at the bottom. The graph shows how a person’s 
height above the ground changes during the first two rotations of the ride. 


s 


_| Height (m)_ 


a) Write an equation that expresses a person’s height above the ground, 
h metres, as a function of time, ¢ seconds. 


b) Calculate the person’s height after 15 s. 
c) What is the radius of the Ferris wheel? 
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6. A water wheel, with radius 7 m, has 1 m submerged. The wheel rotates at 
6 revolutions per hour. Time is measured from when point P, on the rim of 
the wheel, is at its maximum height above the surface of the water. 


a) Graph the distance, d metres, of the point P above the surface of the water 
during one complete revolution. 


b) Determine an equation that describes d as a function of time, ¢ hours. 


c) How far is P above the water after 8 min? 


7. Thinking/Inquiry/Problem Solving A tsunami is a fast-moving ocean 
wave caused by an underwater earthquake. The water first goes down from 
its normal level, rises an equal distance above its normal level, then returns 
to its normal level. The period is about 15 min. A tsunami with an amplitude 
of 10 m approached a pier where the normal depth of water was 9 m. 


a) Assume the depth of water varied sinusoidally with time as the tsunami 
passed the pier. Predict the depth of water at each time after the tsunami 
first reached the pier. 

i) 2 min ii) 4 min iii) 12 min 

b) According to this model, what will the minimum depth of water be? 

Explain what this means in terms of the pier. 


8. Graph the function y = tanx for —m < x < 7. Plot and list the coordinates of 
5 points on the graph that have exact values. 


9. Communication Explain how to determine the number of x-intercepts of 
the graph y = sinbx for -2m < x < 2n. 


Assessment Tasks 


1. A bicycle has wheels with radius 30 cm. The bicycle moves along the road 
at a speed of 6 m/s. 
a) Determine the period of rotation of the tire; that is, the time required for 
the tire to make one complete revolution. 
b) The outside of the tire has a speck of paint on it. Determine an equation 
for the height, y metres, of the speck above the road as a function of time, 
t seconds. Assume the speck is at its highest point when ¢t = 0. 


c) Sketch the graph of y against f. 


2. A person is riding on a Ferris wheel that turns at a constant speed. The 
lowest point of the wheel is at ground level. Another person is standing at 
the side of the wheel on a platform 4 m above the ground. She notes the 
times that the person on the wheel is at the same level as she. The intervals 
between two successive times are alternately 6 s and 18 s. 


a) What is the period of the rotation of the Ferris wheel? 
b) What is the radius of the wheel? 
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Transformations of Functions 


INSIGHTS 


INTO A In earlier grades, and in Chapter 4, you studied quadratic functions. 


RICH 


PROBLEM jf 


At theJend of this chapter, you will investigate a quartic function. 


You will use the inverse of a function. 


Curriculum Expectations 
By the end of this chapter, you will: 


e Solve first-degree inequalities and 
represent the solutions on number lines. 


¢ Define the term function. 


e Demonstrate facility in the use of 
function notation for substituting into 
and evaluating functions. 


e Determine, through investigation, the 
properties of the functions defined by 
fs) = Vx and f(x) = — 

e Explain the relationship between a 
function and its inverse, using examples 
drawn from linear and quadratic 
functions, and from the functions 


fx) = VX and f(a) = = 


e Represent inverse functions, using 
function notation, where appropriate. 

e Represent transformations of the 
functions defined by f(x) = x, f(x) = x’, 
f(x) = /x, f(x) = sinx, and f(x) = cosx, 
using function notation. 

e Describe, by interpreting function 
notation, the relationship between the 
graph of a function and its image under 
one or more transformations. 

e State the domain and range of 
transformations of the functions defined 
by fa) =x, f@) = 2°, f@) = Vx, 

F(x) = sinx, and f(x) = cosx. 


e Use graphing technology effectively. 


Necessary Skills 


1. New: The Vertical Line Test 


Remember that a function is a rule that gives a single output number 
for every valid input number. One word is italicized to emphasize an 
important part of this definition. For each input number, there must be 
only one output number. 


Now consider this rule. When you determine the square root of the 
input number, the result is the output number. We make a table of 
values and draw the graph. 


This rule is not a function because each of several input numbers 
has two output numbers. For example, the input number 4 has two 
output numbers, 2 and —2. The points (4, 2) and (4, —2) lie on a 
vertical line. 


In general, when an input number has more than one output number, 
the points that represent these ordered pairs lie on a vertical line. 

So, when a vertical line intersects a graph at two or more points, the 
graph does not represent a function. For this reason, a vertical line 
test can be used to determine whether a graph represents a function. 


Take Note 


Vertical Line Test for a Function 


When a graph is given, visualize a vertical line moving across the graph. 


If the vertical line never intersects If the vertical line intersects the 
the graph in more than one point, graph in more than one point, the 
the graph represents a function. graph does not represent a function. 
Hy ye 
\” A function Nota 
H ae function 
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The equation for the rule above is y = +,/x, or y* = x, where x is an input number 
and y is an output number. We can tell from the equation that, when the input 
number is 4, there are two output numbers, 2 and —2. Therefore, there is an 
equation test for a function that is the algebraic equivalent of the vertical line test. 


Take Note 


Equation Test for a Function 
If there are no values of x that produce more than one value of y when 
substituted into the equation, the equation represents a function. 


If a value of x can be found that produces more than one value of y, 
the equation does not represent a function. 


Does the equation x? + y? = 25 represent a function? Explain. 


Solution 
ery? = 25 
Substitute x = 0. Then y? = 25, so y = +5 


There are two values of y for this value of x. 
The equation does not represent a function. 


Exercises 


1. Is it possible to have a function whose graph is a circle? Explain. 


2. State whether each graph represents a function. Explain. 


a) YT | b) ian 1 c) y 
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Necessary Skills 


d) : Sales e) Cumulative Sales 
2S as 
= S 80 BS 2000 
wx sa 
3s 40 &< 1000 
ES 22 
5a E'S 
Z ae 
0 4 8 Zz 0 4 8 
Time (years) Time (years) 
f) Temperature of ) Price of the Guitar 
Earth’s Atmosphere at the Beginning of a Week 
¢ 120) e 
3 { 80 e 
S 
: e 


Alti 
I Fi ‘ 


oT mperature (°C) | 


na price ($) 


p | 3 | 
Time (weeks) 


3. State whether each equation represents a function. Explain. 
a) y=5x-2 b) y = 2(x -3)? +2 c) y7 =-x 
d) A = 4nr? e) x? -y?=0 )d=— 


2. New: Solving Linear Inequalities 
In an inequality, the “greater than” sign or the “less than” sign is used to relate 


two expressions. 


Consider the inequality: 2<6 

Suppose we 
add 4 to each side: 6< 10 
subtract 4 from each side: —-2 <2 All these 
multiply each side by 2: 4<12 are true. 
divide each side by 2: 1<3 : 


Suppose we 
multiply each side by-2: -4<-—12 1 | 
divide each side by —2: -1<-3 f Both these are fase 
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The results on page 394 suggest that the rules for solving linear inequalities are 
the same as those for solving linear equations, with this exception: 
Take Note 


Solving a Linear Inequality 


When both sides of an inequality are multiplied or divided by a negative 
number, the inequality sign must be reversed. 


Solve each inequality. Illustrate the solution on a number line. 


a)x+6<3-2x b) 24+ 1) $—-24+ 3x 
Solution 
a) x+6<3-2x b) 2044+ 1) S$ —24+ 3x 
x+2x<3-6 2x+2 52+ 3x 
3x < -3 2x —-3x<-2-2 
Divide each side by 3. —x <-4 
| Multiply each side Discuss 
by —1, and reverse How could you 
: : : complete part b 
me mmequality S120, without multiplying 
x24 by -12 
—_——oO—___ t+ <a 
2 -1 0 1 2 3 3 4 5 6 7 8 
The open dot at —1 indicates The solid dot at 4 indicates 
that it is not part of the solution. that it is part of the solution. 
Exercises 
1. Solve each inequality. 
a) 2x+1<9 b)3-x>5 ct) 5 —2x <-342x 
d) 5n+228-3n e) 3-1) <2-x f) 2(¢ +4) s -5-c) 
2. Solve each inequality. Illustrate the solution on a number line. 
a) 3x-S<1 b)1—2x <7 e4r—5 2 Or 3 
d)k+2>8+4+3k e) 24-3) <5x+6 f) -2( —n) > 3(n + 2) 
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7.1 Some Functions and Their Graphs 


In previous grades and 

previous chapters of this book, 
you encountered certain types 

of functions. The graphs of 

these functions have characteristic 
shapes. By transforming the 
graphs in certain ways, 

we can use them to model 

real situations. 


Linear Functions 

The graph of the simplest linear function, y = x, is a straight line with slope 1 
through the origin. By changing the slope and the vertical intercept, we can use 
a linear function to model situations that involve fixed and variable costs. 


Remember that the set of possible input numbers is the domain of the function. 
The set of output numbers is the range of the function. 


ETB) 
C= 80004 4n 


lol | {T5007 | [ooo 1 Tisoo1_| 
| 


EO! ___ Number of copies 
For the function y = x For C = 8000 + 4n 
Domain: all real numbers Domain: 0 < n < 1500 
Range: all real numbers Range: 8000 < C < 14 000 
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Quadratic Functions 
The graph of the simplest quadratic function, y = x”, is a parabola with vertex 
O(0, 0) and the y-axis as its axis of symmetry. By transforming the graph, we 
can use it to model situations that involve projectiles. 

Height of Falling Object 


y 
1 
a a h=-0.497 +.9.0 
24 
umes 4 = 
64 PTA & 
25 
8 S 
ian} 


0 2 4 
Time (s) 
For the function y = x* For h = 0.4977 + 9.0 
Domain: all real numbers Domain: 0 < t < 4.2 
Range: y 2 0 Range:0 Sh <9 


Sinusoidal Functions 


By transforming the graph of y = cos x, we can use a cosine function to model 
quantities that change periodically. 


Number of Hours of Daylight in 
Ottawa During a 2-Year Period 


h 
16 


12 


= 20 
h = 3.4.cos -(n — 172) + 12.2 


0} 100 200 300 400 500 600 700 


For the function y = cos x For h = 3.4cos en — 172)+ 12.2 
Domain: all real numbers Domain: 0 < n < 730 
Range: -1 < y ¥ l,or |y| < 1 Range: 8.8 < h < 15.6 


The following Example illustrates another function whose graph has a 
characteristic shape. 
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a) Graph the function y = V25 — x?. 
b) Describe the graph and account for its shape. 


c) Determine the domain and range of the function. 


Solution 
a) Using a graphing calculator 6 
Since the number under a square root sign cannot be 
negative, 25 — x” cannot be negative. The possible 
values of x are from —5 to 5. The possible values of = 9 
y are from 0 to 5. Use window settings -9 < x < 9, 
—6 < y < 6. Enter the equation Y1 = / (25-X?). 


Using grid paper 6 
Make a table of values, im y ; 
plot the points, then draw a 0 5 vie W285 — x2 
smooth curve through them. 
+3 4 
+4 3 
+5 0 


b) The graph appears to be a semicircle. 
To determine whether it is a semicircle, 
consider any point P(x, y) on the graph. 
The coordinates of P satisfy the equation. 
y=v25 — x2 ol & : 
Square each side. 
y? =25-x7 
x+y? =25 
Take the positive square root of each side. 
Vxr-+y2=5 
This equation states that the length of OP is 5 units. That is, P lies on a 
circle with centre O and radius 5. Since y = 0, all points on the graph 
must be on or above the x-axis. Hence, the graph is a semicircle. 


c) From the graph 
Domain: —5 < x <5, or |x| <5 
Range:0< y <5 


The Example suggests that the graph of the function y = Va — x”, where a is 
constant, is a semicircle. In the exercises of this section and |Section 7.2} you 
will investigate other functions that have graphs with characteristic shapes. 
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1. Refer to the graph on|page 396/that shows the yearbook printing costs. 


a) In the equation C = 8000 + 4n, explain what the numbers 8000 and 
4 represent. 


b) Describe how the graph would change if the numbers 8000 and 4 were 
to change. 


c) Does the graph of the function have a maximum point and a minimum 
point? Explain. 


2. Refer to the graph on|page 397|that shows the height of a falling object. 
a) What was the initial height of the object? 


b) How long did it take for the object to hit the ground? 
c) Describe how the graph would change if the initial height were different. 


oo 


. Knowledge/Understanding Refer to the graph on [page 397|that shows the 

number of hours of daylight in Ottawa. 

a) i) Determine the greatest number of hours of daylight. 
ii) Determine the least number of hours of daylight. 
iii) Determine the mean number of hours of daylight. 

b) Explain the effect of each number in the equation 
h = 3.4cos zn — 172) + 12.2, in relation to amplitude, period, 
phase shift, and vertical displacement. 

c) A location farther south than Ottawa has a lesser variation in the number 
of hours of daylight. Describe how the graph would change if it was 
drawn for this location. 


. Absolute Value Function y = |x| 
If you have a graphing calculator, complete exercises 4 and 6. 
If you do not have a graphing calculator, complete exercises 5 and 6. 
4. Set the graphing window so that -4.7 < x < 4.7 and—-1.5 < y < 4.7. 
a) To enter the equation Y1 = |X|: press (_y-_); to enter the absolute-value 
expression, press (at) (>) 1 (xte-)(_)_). Graph the function y = |x]. 
b) Trace to display the coordinates of points on the graph. Use both positive 
and negative values of x. 


c) Enter the equation Y2 = X to graph the functions y = |x| and y = x on 
the same screen. 


d) Graph y = |x| and y = x on grid paper. 
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5. a) Make a table of values for the function y = |x|, using both positive and 
negative values of x. Then graph the function on grid paper. 


b) Graph the function y = x on the same grid. 


6. Communication Summarize the properties of the function y = |x| as follows. 


a) Describe the domain and range of the function. 
b) Explain how the graph of y = |x| is related to the graph of y = x. 


ct) Does the graph of y = |x| have any of these characteristics? Explain. 
i) lines of symmetry 
ii) maximum or minimum points 
iii) asymptotes 


The Functions y = Va — x? 
7. a) Graph these functions on the same screen. 
i) y= V16—- x2 ii) y= V9 — x2 iii) y = /4 — x? 
iv) y= V1 - x vy y= J 
b) Describe how the graph of y = Va — x? changes as a varies. Include the 
special case where a = 0. 


c) What happens when a < 0? 


The Functions y = /a + x? 
8. Application 
a) Graph these functions on the same screen. 
i) y= V16 4+ x2 ii) y= V9 + x2 iii) y= V4 + x2 

iw) y= V1 4-2 vy y= Vx? vi) y= V-14-2 
vii) y= V—-4 + x? viii) y = V—-9 + x? ix) y = V-16 + x2 

b) Describe how the graph of y = Va + x? changes as a varies. Include the 
case where a = 0, and the cases where a < 0. 


9. Thinking/Inquiry/Problem Solving Graph the function y = 25 — x2. 
Describe how the graph of this function is similar to, and different from, the 
graph of the function in the Example; that is, y = /25 — x?. 


ic) 


10. Functions whose equations have the form y = x“, where a is constant, are 
power functions. 


a) Graph these power functions on the same screen, for x > 0. 


i) y = x9 ian lijyex" 
iv) y =x! v) y = x0 vi) y =x 
b) Describe how the graph of y = x“ changes as a varies, when a > 0 and 


x20. 
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7.2 | Function Notation 


In algebra, symbols such as x and y are used to represent numbers. 
To represent functions, we use notation such as f(x) and g(x). 


For example, we write f(x) = x* + 2x —8. 


The notation f(x) is read “fof x”, or “fat x.” It means that the expression that 
follows contains x as a variable. The notation f(5) means “substitute 5 for every 
x in the expression.” 


fix) Ha? 29x =8 


| | \ 


f(5) = 57 +2(5) - 8 
=25+10-8 
=27 


Given f(x) = 2x? — 3x + 1, determine each value. 


a) f(3) b) f(-3) 0) f(5) d) (V3) 
Solution 
a) f(x) = 2x*- 3x41 b) f(x) =2x?-3x41 
£3) = 23) - 33) +1 f(-3) = 2-3) - 3(-3) + 1 
=18-9+1 =18+9+1 
= 10 = 28 
c) f(x) = 2x*-3x41 d) f(x) = 2x7 - 3x41 
2 
f(2) = 2(2)? -3(2) 41 fW3) = 2073)? - 3V3 +1 
(3) = 265)" 365) meee 
ge 26-454 
ae =7-3V3 
. #7 = 317321) 
= 1.804 


We can use function notation to substitute algebraic expressions for the variable. 
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Given the function f(x) = x* + 1, determine each expression. 


a) f(n) b) f(2x) 0) f(x - 2) d) f(—),x #0 
Solution 
a) f(x) =x? +1 b) f@) =x +1 
f(n)=nr'+1 f(2x) = (2x)? +1 
=4)° +1 
ct) | f(y) =xr' +1 d) f@) =x +1 
f(x—-2)=(@-2) +1 Dy fas 
=x -—4x45 MQ) (2) x 
= “; +4 


1422 
a, a0 
xX 


A function is defined by f(x) = a 


r+’ 


a) Graph the function. 


b) What are the domain and range of the function? 


Solution 
6x 


Write the equation in the form y = sae 


a) Input the function, set the window, then graph the function. 


4 
—4.7 4.7 
Discuss 
The graph shows only 
-4.7 <x < 4.7. How 
=i do we know that the 
: . domain is the set of 
b) In the equation, we can substitute any real number for x. all real numbers? 
So, the domain is the set of all real numbers. iien da watacuthat 
From the graph, the range is —3 < y < 3, or |y| <3. the range is |y| < 3? 
The equation for a function can be written using “y =” or “f(x) =”; as illustrated 


in Example 3. We use both ways in this book. 
We can use function notation to represent a function in the form y = f(x). 
This is useful when there is no equation that relates the variables (see lexercise 9]. 
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Previous Section 


Investigation 1 


Properties of the Function f(x) = ./x 


If you have a graphing calculator, complete exercises 1 and 3. 
If you do not have a graphing calculator, complete exercises 2 and 3. 


“7 1. Set the graphing window so that -4.7 <x < 4.7 and-l <y<5. 


a) Enter the equation Y1 = \’X, then graph the function f(x) = al Xi 


b) Trace to display the coordinates of points on the graph. Record 
these coordinates. 


c) Enter the equation Y2 = X”. Graph the functions f(x) = /x and 
fwM= x” on the same screen. 

d) Graph f(x) = ,/x and f(x) = x? on grid paper. Use the coordinates 
of some of the points you found by tracing. 


i) 


. a) Make a table of values for the function f(x) = ./x, then graph the 
function on grid paper. 


b) Graph the function f(x) = x* on the same grid. 


3. Summarize the properties of the function f(x) = ./x as follows. 
a) Describe the domain and range of the function. 


b) Does the graph of f(x) = ./x have any of these characteristics? Explain. 
i) lines of symmetry 
ii) maximum or minimum points 
iii) asymptotes 
c) Explain how the graph of f(x) = ./x is related to the graph of f(x) = x?. 


Investigation 2 


Properties of the Function f(x) = 


If you have a graphing calculator, complete exercises 1, 3, and 4. 
If you do not have a graphing calculator, complete exercises 2, 3, and 4. 


1. Set the graphing window so that -4.7 < x < 4.7 and—-3.1 < y $3.1. 


a) Enter the equation Y1 = 1/X, then graph the function f(x) = . 


b) Trace to display the coordinates of points on the graph. Trace along 
both parts of the graph. Record the coordinates. Check that some of 


these coordinates satisfy the equation f(x) = -. 


c) Trace to the point where x = O appears at the bottom of the screen. 
What happens to the y-coordinate at this point? Explain. 
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d) The graph appears to have two parts, called branches. Predict whether 
these two branches are connected. To verify your prediction, turn off the 
axes as follows. Press for FORMAT. Choose AxesOff, press 
(exter, then press (craP4), Turn the axes back on before you continue. 

e) Enter the equation Y2 = X. Graph the functions f(x) = . and f(x) =x 
on the same screen. 


f) Graph f(x) = - and f(x) = x on grid paper. Use the coordinates of 
some of the points you found by tracing. 


2. a) Make a table of values for the function f(x) = -, then graph the 
function on grid paper. Since there is no y-value when x = 0, the 
table of values is divided into two separate parts. Your graph will 
also have two separate parts. 


b) Graph the function f(x) = x on the same grid. 


3. Suppose x is a negative number that is much less than 0, such as —100. 
a) How does the value of - compare with the value of x? Explain. 


b) Visualize the values of x increasing from left to right in the table of 
values, or along the graph. What happens to the value of ~ in each case? 
i) when x increases to —1 
ii) when x increases from —1 to 0 
iii) when x increases from 0 to 1 
iv) when x increases to a relatively large value, such as 100 


4. Summarize the properties of the function f(x) = = as follows. 


a) Describe the domain and range of the function. 


b) Does the graph of f(x) = - have any of these characteristics? Explain. 
i) lines of symmetry 
ii) maximum or minimum points 
iii) asymptotes 


c) Explain how the graph of f(x) = ~ is related to the graph of f(x) = x. 


Al 


1. Given f(x) = 2x — 1, determine each value. 


a) f(4) b) f(10) c) f(0.5) d) f(O) e) f(-2) 
2. Given g(x) = x” + x, determine each value. 
a) g(10) b) g(4) c) g(—3) d) g(—0.1) e) (0) 
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3. 


> 


oa 


[=>] 


© 


8. 


9. 


Given h(x) = 3x? + 2x — 1, determine each value. 


a) h(10) b) A(—10) c) A(5) d) h(-1) e) (0) 
. For each function, determine f(2), f(2.5), and f (5). 
a) f(x) =x iaaa c) f(x) = /x 
d) f(x) = 1 e) f(x) = sinx f) f(x) = cosx 
. Knowledge/Understanding For each function, determine g(—1), g(0.5), 
and g(—0.5). 
a) g(x) = 10-x b) g(x) = 37 + 4x c) g(x) = 5(x- 1) 
d) g(x) = (x+ I= 3) e) gx) = = f) g(x) = 4 


. Measurement formulas can be written using function notation. For example, 


the formula for the circumference of a circle with radius r can be written as 
C(r) = 2tr. 
a) Determine each value. 
i) C10) ii) CS) iii) C(2.5) iv) CQ) 
b) Let A(r) represent the area of a circle with radius r. Write a formula 
for A(r). 
c) Determine each value. 
i) ACO) ii) A(5) iii) A(2.5) iv) AC) 


. Communication In an expression such as a(x — 2), both a and x are 


variables. This expression can be expanded using the distributive law to 
obtain ax — 2a. 


a) In|Example 2c\ why did we not write fx — 2f? 


b) How can you tell that a(x — 2) means ax — 2a, but f(x — 2) does not mean 


fx — 2f? 


For each function, determine f(0), f (7), and f (5): 
a) f(x) = sinx b) f(x) = cosx c) f(x) = sin 2x 


d) f(x) = cos (x + *) e) f(x) = sin (4 — x) f) f(x) = sin? x + cos*x 


For each graph of y = f(x), determine f(—2), f(1), and f(3). 
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10. For each graph in exercise 9, solve the equation f(x) = 2. 


11. Graph each function. State its domain and range. 
a) f(x) = 3x —5 b) f(x) =x? -4 c) f(x) = |x| 
d) f(x) = — e) f(x) = sinx Nf) = Vx 
12. Graph each function. State its domain and range. 


a) fx) = 5x- 1 b) f(x) = 0.5x2 + 1 t) f(x) = (x- 27 +1 
d) f(x) = (4+ 3)@-5) e) f() = V9- 2X? f) f(x) = V2x 


13. Given f(x) = 2x + 5, determine each expression. 
a) f(r) b) f(2x) c) f(—x) 
d) f(x — 2) e) f(x”) ) (=) 
14. Given g(x) = x* — 3x + 1, determine each expression. 
a) g(x + 1) b) g(x + 2) c) g(x +3) 
d) g(2x) e) (3x) f) g(x) 
15. Given the function f(x) = x4 , x #0, determine each expression. 
a) f(n) b) f(2x) c) f(x — 2) 
d) f(L — x) e) FX”) ) (=) 
16. Given f(x) = 2x — 1 and g(x) = 3x, determine each expression. 


a) f(g) b) g(f(x)) c) f(f()) 


17. a) Determine a function f(x) so that f(3) = 6. 


~“ 


b) Determine a different function g(x) so that g(3) = 6. 


1 


oo 


. a) Determine a function f(x) so that f(1) = 2 and f(2) = 5. 
b) Determine a different function g(x) so that g(1) = 2 and g(2) = 5. 


19. Determine two different functions f(x) and g(x) so that f(0) = 4 and g(1) =5. 


2 


. Given f(x) = 5 — 2x, determine x for each value of f(x). 
a) 5 b) -1 c) 7 


. Application Remember that the symbol t, was defined in|Chapter 1|to 
represent the general term of a sequence. For example, the arithmetic 


2 


—_ 


sequence 1, 3,5, 7, ... has general term t, = 2m — 1. The symbol ¢,, is a 
variation of function notation, because there is little difference between 
writing ¢, and t(n). However, when we use ¢,,, we know we are dealing 
with a sequence. 


a) Graph the first few terms of the sequence f, = 2n — 1. 
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22. 


23. 


24. 


25. 


b) Graph the function defined by t(n) = 2n — 1, where n is a real number. 


c) Use the definition of a function to explain why any arithmetic sequence 
can be considered to be a function. 


d) Can any geometric sequence be considered to be a function? Explain. 


x 


Consider the function f(x) = 


1+x' 
a) Evaluate each expression. 
) (2) i f(4) ii) (2) + (5) 
ww) £(3) wf(5) vi) £3) + f(5) 


b) Predict the value of f(n) +f (=). Show that your prediction is correct. 


c) For what values of n is the result in part b true? 


Consider the function f(x) = mx + b. Determine m and b in each case. 
a) The graph of the function has slope 2, and f(5) = -1. 

b) The graph of the function has y-intercept 2, and f(2) = 8. 

c) The graph of the function has y-intercept —3, and f(—2) = —3. 


a) The identity function, i(x), is a special case of a linear function. It is 
defined by i(x) = x. 
i) Evaluate i(3), i(4.5), and i(—2.7). 
ii) Graph the identity function i(x). 
b) The constant function is another special case of a linear function. 
For example, we can define the function f(x) to be equal to 5 for every 
value of x. 
i) Evaluate f(2), f(—3.4), and f(5.6). 
ii) Graph the constant function f(x). 


Thinking/Inquiry/Problem Solving 


a) A function f(x) with the property f(—x) = f(x) is an even function. 
i) Find two examples of even functions, then sketch their graphs. 
ii) What special property does the graph of an even function have? 
Why does it have this property? 
b) A function f(x) with the property f(—x) = —f(x) is an odd function. 
i) Find two examples of odd functions, then sketch their graphs. 
ii) What special property does the graph of an odd function have? 
Why does it have this property? 


iC 


26. 


A function y = f(x) is defined to be periodic if there is a number p so that 
f(x +p) =f() for all values of x in the domain. Use this definition to show 
that the functions y = sinx and y = cosx are periodic. 
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Self-Check NS, 7.1, 7.2 


— 


. Solve each inequality. [lustrate the solution on a number line. 


a) 3a-5>2a+4 b) 2(c + 1) < 3(4-c) 
c) -4(1 —2n) > 5—2n d) 4—3x <5x-4 
e) 6m — 3(4 +m) >0 f) 1+ 3(2x-5) <2x4+1)-1 


N 


a) Graph the function y = 3x — 2. 
b) Describe the graph and account for its shape. 


c) Determine the domain and range of the function. 


a) Graph the function y = 2(x — 3)? +5. 


~ 


b) Describe the graph and account for its shape. 


c) Determine the domain and range of the function. 


. a) Graph the function y = V16 — x?. 


b) Describe the graph and account for its shape. 


c) Determine the domain and range of the function. 


. a) Graph the function y = V16 + x?. 


b) Describe the graph and account for its shape. 


c) Determine the domain and range of the function. 


6. Given f(x) = 3x + 1, determine each value. 
a) f(1) b) f(-1) c) f(0) a) f(V2) ——e) f(-V2) 
7. Given g(x) = 2x? — 5, determine each value. 
a) g(0) b) g(0.5) c) (0.5) d) g(V3) se) g(-V3) 
8. Given h(x) = —x* + 4x — 1, determine each value. 
a) h(0) b) h(0.25) se) A(-0.25)_—d) h(/5) e) h(-V/5) 
9. Given g(x) = 2(x - 3)(x2 — 1), determine each value. 
a) g(3) b) g(4) c) (1) d) g(0) e) (10) 
10. Determine f(x — 3) for each function. 
a) f(x) =-3x +1 b) f(x) =x°- 2x +5 
c) f(x) = sinx d) f(x) = cosx 
e) f(x) = = Nf) = vz 
11. The function y = f(x) has f(6) = 2 and f(3) = -4. 
a) Sketch a graph of y = f(x). b) Is the graph unique? Explain. 
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7.3 | Transforming Functions 


In grade 10, you found that when you change the equation y = x’, its graph has 


corresponding changes. Similarly, in}Chapter 6| you found that when you 
change the equations y = sinx or y = cosx, their graphs have corresponding 
changes. These kinds of changes occur with all functions. 


Translating Graphs of Functions 
Remember how the graph of y = (* — 5) 2 [TTNLLELPLOILLLLIT 1 
is related to the graph of y = x’. |_| 

y=(x-5)?+2 


* 


Translate 2 units up. 
Translate 5 units right. 


y=(x-5)?+2 | 
| | x 


Ex 


This equation can be written as follows: 
y-2=(«-5) 


Replacing x with x — 5 translates the graph 5 units right. 
Replacing y with y — 2 translates the graph 2 units up. 


A similar relationship occurs for any function y = f(x). 
y=f(x+1)-3 


\ 


Translate 3 units down. 
Translate 1 unit left. 


This equation can be written as follows: 
y+3=f(x+1) 


Replacing x with x + 1 translates the graph 1 unit left. 
Replacing y with y + 3 translates the graph 3 units down. 


Compressing and Expanding Graphs of Functions 
Remember how the graph of y = > cos 3x 


is related to the graph of y = cosx. 


y= > cos 3x 
‘ 


Compress horizontally by a factor of “. 


Compress vertically by a factor of >. 
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This equation can be written as follows: 


2y = cos 3x 


Replacing x with 3x compresses the graph horizontally. 
Replacing y with 2y compresses the graph vertically. 


A similar relationship occurs for any function y = f(x). 
1 
y = 2f (5) 


\ 


Expand horizontally by a factor of 3. 
Expand vertically by a factor of 2. 


This equation can be written as follows: 
1 1 
2) =F(39) 


Replacing x with ax expands the graph horizontally. 


Replacing y with sy expands the graph vertically. 


Reflecting Graphs of Functions 


Remember how the graph of y = (x — 5)* + 2 is related y 
to the graph of y = (-x —5)? + 2, ory = (x+5)* +2. 5 
y=(x-5) +2 


y= (e+ 542 pe SP po 
Reflect in the y-axis. 


Replacing x with —x reflects the graph in the y-axis. 


Similarly, remember how the graph of y = (x — 5)? +2 y 
is related to the graph of —y = (x — 5)° +2, 5 
or y = (x — 5)*-2. 

-y =(x-5/ +2 


Reflect in the x-axis. 
Replacing y with —y reflects the graph in the x-axis. ie 


-y-=(x- 5)? +2,-or 
ye -@=5)?=2 
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Take Note 


Transformations Applied to y = f(x) 


e Vertical translation of k units 
Replace y with y — k for the image equation y — k = f(x). 
When k > 0, the translation is up. 
When k < 0, the translation is down. 


Horizontal translation of k units 

Replace x with x — k for the image equation y = f(x — k). 
When k > 0, the translation is to the right. 

When k < 0, the translation is to the left. 


Reflection in the y-axis 
Replace x with —x for the image equation y = f(—x). 


Reflection in the x-axis 
Replace y with —y for the image equation —y = f(x), or y = —f(x). 


Vertical expansion or compression 

Replace y with ky for the image equation ky = f(x), or y = =f (x). 
When 0 < k < 1, there is an expansion. 

When k > 1, there is a compression. 

When k < 0, there is also a reflection in the x-axis. 


Horizontal expansion or compression 

Replace x with kx for the image equation y = f(kx). 
When 0 < k < 1, there is an expansion. 

When k > 1, there is a compression. 

When k < 0, there is also a reflection in the y-axis. 


Consider the function f(x) = sinx. 

a) Graph the function for —2m < x < 27. 

b) Graph the image of f(x) = sinx under a translation of 2 units right. 
c) Write the equation of the image function g(x). 


d) What are the domain and range of the image function? 


Solution 


a), b) Remember the graph of y = sinx from|Chapter 6} Choose the 
maximum and minimum points, and the intercepts. Move each point 
= units right. Join the points with a smooth curve. 
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f(x) = sinx g(x) = sin (x + a) 
c) For the image equation, in f(x) = sinx, replace x with x — =. 
The equation of the image function is g(x) = sin (x 7 5) : 


d) The domain of the image function is the set of all real numbers. 
The range of the image function is -1 < y < 1. 


The function f(x) = ./x is given. 

a) Graph the function f(x). 

b) On the same grid, graph the function g(x) = /2x. 

c) Describe how the graph of g(x) is related to the graph of f(x). 


d) What are the domain and range of the function g(x)? 


Solution 

a), b) Remember the graph of y = ./x from 
Section 7.2, Investigation I 
Plot the points (9, 3), (4, 2), , 1), 
(0, 0). Join the points with a smooth curve. 


Multiply each x-coordinate by > to get the 


corresponding points for y = /2x: 
(4.5, 3), (2, 2), (0.5, 1), (0, 0) 
Plot the points, then join them with a smooth curve. 


c) The graph of g(x) = 2x is compressed horizontally by Discuss 
a factor of ~ relative to the graph of f(x) = ./x. What is meant by 
2 “non-negative real 


d) The domain of g(x) is the set of all non-negative real numbers. numbers”? 


The range of g(x) is the set of all non-negative real numbers. 


Examples 1 and 2 involve the functions f(x) = sinx and f(x) = \/x, which you 
investigated in Chapter 6 and Section 7.2, respectively. Transformations can be 
applied to any function with similar results. 
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1. Refer to the translation at the top of |page 409} translate 5 units right and 


2 units up. Write the equation of the image function if we had started with 


each function below instead of y = x?. 


a)y=/x b) y = |x| c) y = cosx 
d) y=x e) y = sinx f) y = f(x) 


i) 


. Refer to the transformation at the bottom of|page 409} compress vertically 
a factor of , and horizontally by a factor of e Write the equation of the 
transformed function if we had started with each function below instead 


of y = cosx. 
a) y = /x b) y = sinx c) y= x" 
d)y=x e) y = |x| f) y =f) 


oo 


. Explain each statement. 


a) On the first graph on|page 409} subtracting 5 from x (which makes x 
smaller) moves the graph right (which makes x larger). 


b) On the last graph on|page 409} multiplying x by 3 (which makes «x larger) 
compresses the graph horizontally (which makes x smaller). 


4. Use transformations to describe how the graph of the second function 
compares to the graph of the first function. 
a) f(x) =x b) fx) = Vx ¢) f(x) = cosx 
g(x) =x-3 g(x) = V¥x-3 g(x) = cos (x — 3) 
d) f(x) = sinx e) f(x) = fly =f@) 
g(x) = sin3x g(x) = 9x? y = f(3x) 


o 


. Knowledge/Understanding Suppose you make these changes to the 
equation of a function. Use transformations to describe what happens 


to the graph. 

a) Replace x with x — 4. b) Replace y with y — 1. 
c) Replace x with 3x. d) Replace y with 2y. 

e) Replace x with oe. f) Replace y with sy. 
g) Replace x with —2x. h) Replace y with —2y. 
i) Replace x with x + 3. j) Replace y with y + 2. 
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6. Suppose you make these changes to the graph of a function y = f(x). 
Write the equation of the image function. 


a) Translate 2 units right. 

b) Translate 5 units down. 

c) Compress by a factor of 7 horizontally. 

d) Expand by a factor of 2 horizontally. 

e) Expand by a factor of 4 vertically. 

f) Compress by a factor of > vertically. 

g) Compress horizontally by a factor of > then reflect in the y-axis. 


h) Expand vertically by a factor of 5, then reflect in the x-axis. 


7. Refer to|Example J on page 411} Repeat this example for each function below. 


a) f(x) = cosx b) f(x) = 2.cosx c) f(x) = 2sinx 


Refer to|Example 2 on page 412} Repeat this example for each function below. 
a) f(x) = x° b) f(x) = sinx c) f(x) =x 
a) Use transformations to describe how the graph of the second function 
compares to the graph of the first function. 
i) y=x ii) y = x? iii) y = x 
y=2x+3 y = 2x* +3 y=2/x%+3 
b) For each pair of functions in part a, write the equations of another pair of 
functions that are related in the same way. 


ad 


so 


10. Graph the functions in each list on the same grid. 


a) y=x b) y=x t) y= x 
y=x-3 y=(x-3)" y=vx-3 
y=x+3 y=(x+3) y=vx+3 


11. a) Graph the function f(x) = cos x. 


b) Use transformations to describe how the graph of g(x) = cos (x = =) iS 
related to the graph of f(x) = cos x. 


c) Graph the function g(x) = cos (x - z) , 
d) State the domain and range of the function g(x). 


e) Describe the symmetry of the graph of the function g(x). 
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12. 


13. 


14. 


15. 


16. 


17. 


18. 


Communication The equation of a function does not have to be written in a 
form beginning with y =. For example, the equation x + y = 1 defines a linear 
function whose graph is shown below. Describe what happens to the graph 
when you make each change to its equation, then graph the image function. 


a) Replace x with 2x. b) Replace y with 2y. 

c) Replace x with —2x. _d) Replace y with —2y. 
e) Replace x with x — 3. f) Replace y with y — 3. 
g) Replace x with >t. h) Replace y with xy. 


Consider the function f(x) = 2x + 1. 

a) Graph the function f(x). 

b) On the same grid, graph the function g(x) = f(x — 3). 

c) Describe how the graph of g(x) is related to the graph of f(x). 
Consider the function f(x) = sinx. 

a) Graph the function f(x). 

b) On the same grid, graph the function g(x) = f (x + +) . 

c) Describe how the graph of g(x) is related to the graph of f(x). 


Graph each function f(x). On the same grid, graph the function g(x) = f(2x). 
Describe how the graph of g(x) is related to the graph of f(x). 


a) f(x) =x-1 b) f(xy) = Vx+4 c) f(x) = cosx 


Suppose the graph of a function y = f(x) is given. Describe how the graph 
of each function is related to the graph of y = f(x). 


a) y=fa-J) b) y=f(x) -4 
e)y=f(x+9)-2 d) y = -f(Q) 
e) y = 4f(x) f) y = f(Ax) 
9) y = f(-5x) h) y = 3f(2x) 


a) Graph the function f(x) = cos x. 

b) Use the graph of this function as a guide. Graph the functions y = f(—x) 
and y = —f(x). 

c) Explain why one graph in part b coincides with the graph of y = f(x). 

d) Graph the function y = f(2x). 


a) Graph the function y = ./x. 


b) Determine the equation of the image of y = ,/x in each case. 
i) Its graph is compressed horizontally by a factor of <. 
ii) Its graph is expanded vertically by a factor of 2. 
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c) Compare the results in part b. Explain how it is possible that the same 
image graph can be obtained by two different transformations. 


d) Give an example of a graph whose images would not be the same under 
the two transformations in part b. 


19. a) Graph the function y = x(x — 4) on grid paper. 
b) Graph the image of the function in part a under a translation 3 units right 
and 3 units up. 
c) Write the equation of the image in part b in each form: 
i) y=(*-ayx—- b) i) y=(x-c)? +d 
d) What information does each form of the equation in part c tell you about 
the image function? 


20. a) Graph the function f(x) = x(x — 6) on grid paper. 
b) Write the equations of the functions y = f(2x) and y = f (52). 
c) On the same grid as in part a, graph the functions y = f(2x) and y =f (54). 


21. Refer to the graph on|page 396|that shows yearbook printing costs as a 
function of the number of copies. On this graph, the equation has the form 


y = 8000 + 4x. Describe how this graph can be obtained by transforming the 
graph of the function y = x. 


. Refer to the graph on|page 397|that shows the height of a falling object as a 
function of time. On this graph, the equation has the form 
y = —0.49x? + 9.0. Describe how this graph can be obtained by transforming 


the graph of the function y = x’. 


2 


DO 


23. Application At an interest rate i percent, the principal P dollars that must 
100 
1+i° 


be invested now to have $100 in one year is P = 


a) Explain why this equation is correct. 


b) Describe how the graph of P = — compares to the graph of P = 


. 
24. Thinking/Inquiry/Problem Solving One curve in each pattern below is on 
page 412} Write a set of equations that could be used to make each pattern. 


a) | b) | 


416 CHAPTER 7 TRANSFORMATIONS OF FUNCTIONS 


Previous Section 


25. A simple pendulum is a weight suspended by thread. The period of the 
pendulum is the time it takes to swing back and forth once. The approximate 
period, T seconds, of a simple pendulum with length, Z metres, is given by 
the formula T = 2/L. 


a) Graph the function for reasonable values of L. 


b) What are the domain and range of the function in part a? 


26. When money is invested at an annual interest rate i, the approximate number 
of years, n, it takes to double in value is given by n = = 
a) Graph the function for reasonable values of i. 
b) What are the domain and range of the function in part a? 


c) Explain how the function in part a is related to the function y = ~. 


27. Write to explain each transformation. 


a) Changing the value of c in the equation of a function y = f(x — c) 
translates its graph to the left or the right. Include an explanation of how 
you can tell which direction it moves. 


b) Replacing x with —x in the equation of a function y = f(x) reflects the 
graph in the y-axis. Include some graphs to illustrate your explanation. 


c) Changing the value of b in the equation of a function y = f(bx) expands 
or compresses the graph. Include an explanation of how you can tell 
whether there is an expansion or a compression. 


iC 


28. Find two different examples of a function that produces the same image when its 
graph is reflected in the y-axis as it does when its graph is reflected in the x-axis. 
Use the equation of each function to show that the two images are the same. 

29. a) Graph the function f(x) = /3 =x. 

b) Write to explain how you graphed the function in part a. 
c) Describe what happens to the graph of a function y = f(x) when x is 
replaced with k — x. 


30. A function f(x) has the following property. When its graph is translated 
3 units right and 2 units up, the image graph coincides with the graph of f(x). 


a) Find an example of a function with this property. 


b) How many functions are there with this property? Explain. 


31. a) Graph the function f(x) = V25 — x?. 


b) Expand the graph in part a by a factor of 2 horizontally and vertically. 
Determine the equation of the image function in two different ways. 


c) Show that the two equations you obtained in part b are the same. 
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7.4 Combining Transformations of Functions 


Vertical Expansion and Translation 


Consider the function y = ,/x. We will apply two vertical transformations to 
this function: a vertical expansion by a factor of 2, and a translation 3 units up. 


We apply the vertical expansion first, | y | | 

10 T 4 
then the translation. | e ave 2 - 
Start with y = ./x. | : yelole | 
Expand vertically by a factor of 2. Gar, | ! 
The equation becomes y = 2,/x. || F | a va 
Translate 3 units up. | | ‘b | me | + | | 4 x 
The equation becomes y = 2,/x + 3. } to} | | | | of | | | 10 | 


Horizontal Compression and Translation 

Consider the function y = ./x again. We will apply two horizontal 
transformations to this function: a horizontal compression by a factor of > 
and a translation 3 units left. 


We apply the horizontal compression first, 
then the translation. 


Start with y = /x. 


Compress horizontally by a factor of > 


The equation becomes y = V2x. 


Translate 3 units left. 
The equation becomes y = ./2(x + 3). 


In each of the above situations, the result would have been different if the 
translation had been applied first. 


Use transformations to sketch a graph of each function. 
a) y= 3(%+ 6) b) y= 3x+6 
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Solution 
a) y = 3(x+ 6) 
Start with y = x. 


Compress y = x by a factor of 7 horizontally. 


The equation becomes y = 3x. 
Translate y = 3x left 6 units. 
The equation becomes y = 3(x + 6). 


b) y= 3x+ 6 


Rewrite the equation in a form similar to that in part a. 
y = 3x + 6 can be written as y = 3(x + 2). 

Compress y = x by a factor of 5 horizontally. 

The equation becomes y = 3x. 

Translate y = 3x left 2 units. 

The equation becomes y = 3(x + 2). 


This is the graph of y = 


3x + 6. 


ye Bxt 6 y 
ory = 3(4 +!2) 


Al 


1. Refer to the vertical expansion and translation on page 418: expand vertically 
by a factor of 2, then translate 3 units up. Write the equation of the image 
function if we had started with each function below instead of y = ./x. 


DO 


oo 


a)y=x b) y=x? 


c)y=sinx d)y=cosx 


e) y=f() 


. Refer to the horizontal expansion and translation on page 418: compress 


horizontally by a factor of > then translate 3 units left. Write the equation 
of the image function if we had started with each function below instead 


of y= 4/%. 


a)y=x b) y=x° 


c) y = sinx d) y = cosx 


compares to the graph of the first function. 


a) f(x) =x? 
g(x) = (x +4) -1 


b) f(x) = /x 
g(x) =Vvxt+4-1 


e) y=f() 


. Use transformations to describe how the graph of the second function 


c) f(x) = cosx 
g(x) = cos(x+4)-1 
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d) f(x) = sinx e) f(x) = Vx f) y =f@) 
g(x) = 2 sin 3x 2(x) = 2V3x y = 2f(3x) 
4. Knowledge/Understanding Suppose the graph of a function is given. Describe 


what happens to the graph when you make each change to its equation. 
a) Replace x with 3x, then replace x with x — 2. 
b) Replace x with x — 2, then replace x with 3x. 
c) Replace x with —x, then replace x with x + 4. 


d) Replace x with x + 4, then replace x with —x. 


s 


Suppose you make these changes to the graph of a function y = f(x). Write 
the equation of the image function. 


a) Translate 3 units right and 7 units up. 
b) Translate 4 units left and 2 units down. 
c) Compress by a factor of > horizontally and by a factor of . vertically. 


d) Expand by a factor of 3 horizontally and compress by a factor of > vertically. 


LB) 


6. Graph the functions in each list on the same grid. 


a) y=x b) y=xr c) f(x) = Vx 
y = 2x y = (2x) f(x) = V2x 
y = 2(x +6) y= [20+ 6) fx) = 20+ 6) 
7. Refer to the Example on|pages 418, 419} Sketch a graph of each function. 


a) y= JS/3 + 6) b) y= V3x+6 c) y= [3(x + 6)| 
d) y= |3x+ 6] e) y= [3@¢+ 6)? f)y=3a+ 6)? 


Refer to the vertical expansion and translation on|page 418} Write the 
equation of the image function when the vertical translation is applied 


before the vertical expansion. 


~° 


so 


Refer to the horizontal compression and translation on|page 418} Write the 
equation of the image function when the horizontal translation is applied 
before the horizontal compression. 


1 


. This screen shows the graphs of y = ./x 6 
and y = /4x+ 8. 
a) Describe how the graph of the second 
function is related to the graph of 
the first function. 


b) Sketch graphs to verify your answer 


; —2 
in part a. 
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Previous Section| 


11. This screen shows the graphs of y = |x| 7 
and y = 3|x—5| +1. 
a) Describe how the graph of the second 


function is related to the graph of 
the first function. 


b) Sketch graphs to verify your answer 
in part a. 


12. Communication 
2 
a) Graph the functions y = x? and y = [$c - 4)| : 
b) Describe how the graph of the second function is related to the graph of 
the first function. 


c) State the domain and range of each function. 


13. Repeat exercise 12, using each pair of functions. 

a) y= x and y= J/2x—5 b) f(x) = sinx and g(x) = sin2x- 1 
14. The graph below shows these two functions: 

F(x) = cosx and g(x) = 2.cos (x a a) +1 

a) Explain how the graph of g(x) is related to the graph of f(x). 

b) State the domain and range of g(x). 


3 
g(x) = 2 cos (x — F) +1 


15. The equation x + y = 1 defines a linear function whose graph is shown on 


page 415} Describe what happens to the graph when you make each change 
to its equation. Determine the slope and the y-intercept of the graph of each 
image function. 


a) Replace x with 2x, then replace x with x — 3. 
b) Replace y with 2y, then replace y with y — 3. 
c) Replace x with 2x and y with 3y, then replace x with x — 1 and y with y — 2. 
d) Replace x with ox and y with 3y, then replace x with x + 3 and y with y — 4. 
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16. Refer to the graph on|page 397]|that shows the number of hours of daylight 
in Ottawa. The equation is h = 3.4cos Zn — 172) + 12.2. Describe how 


this graph can be obtained by transforming the graph of the function h = cosn. 


17. Application A ball was thrown upward and allowed to fall. A stroboscopic 
picture of the ball was taken. Measurements from the picture were used to 
model the height of the ball, / metres, as a function of time, t seconds. 

The result is shown in the graph below left. The equation of the parabola of 
best fit for these data is h = —4.8927 + 8.091. 


EA] n= 4.8977 + 8.091 a4 
= 3 g—3 
ra = 

19 ‘92 
1 oe 

Sb 5 

can o—4 

t e t 
0 1 2 0 i 
Time (s) Time (s) 


The graph is translated so the maximum point moves to the origin. Then the 
graph is reflected in the horizontal axis. The result (above right) can be used to 
model the distance an object falls, d metres, as a function of time, ¢ seconds. 


a) Determine the coordinates of the maximum point on the first graph. 


b) Use the equation of the first function to predict the equation of the 
second function. 


18. Water dripped steadily from a burette. A stroboscopic picture of the falling 
droplets was taken. Measurements from the picture were used to model the 
distance a droplet falls, d metres, as a function of time, t seconds. The 
equation of the parabola of best fit for these data is d = 4.81? + 0.04t. 


a) Compare this equation with your answer to exercise 17b. In what ways 
are the equations similar? In what ways are they different? 


b) Explain why the equations are different. 


19. Thinking/Inquiry/Problem Solving Suppose you are given the equation of 
a function that involves horizontal translations and expansions or 
compressions. Write to explain how you can tell whether the translation is 
applied first or whether the expansion or compression is applied first. Use 
examples to illustrate your explanation. 
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20. 


21. 


—_ 


22. 


23. 


In the lumber industry, logs are measured in imperial units. Various methods 

are used to estimate the volume of lumber that can be obtained from a log. 

One method is as follows. 

e Subtract 4 inches from the diameter of the log. 

e Square the result. 

e Multiply by the length of the log in feet. 

The result is an estimate of the volume of the log in units called board feet. 

a) Write an equation to express the volume, V board feet, of a log as a 
function of its diameter, d inches, and its length, L feet. 


b) Write the equations of the functions that correspond to logs with lengths 
12 feet, 16 feet, and 20 feet. 


c) Graph the functions in part b on the same grid for 26 < d < 36. 
d) Write to explain how the graphs are related. 


a) Graph the function y = /25 — x? and its image after each transformation. 
i) Translate 3 units right. 
ii) Translate 2 units up. 
iii) Translate 3 units right and 2 units up. 
b) Write the equation of each image function. 


c) State the domain and range of the function and each image. 


a) Graph the function y = /25 — x? and its image after each transformation. 
i) Compress horizontally by a factor of > 
ii) Expand horizontally by a factor of 2. 
iii) Compress vertically by a factor of > 
iv) Expand vertically by a factor of 2. 
b) Write the equation of each image function. 


c) State the domain and range of the function and each image. 


When we apply horizontal expansions or compressions and translations to 
the graph of a function y = f(x), we write equations such as y = f(2x — 5) 
or y = f(2@@ — 5)), depending on which transformation is applied first. 
However, when we apply vertical expansions or compressions and 
translations, we usually write equations such as y = 3f(x) + 4. 


a) In y = 3f() + 4, in which order are the two transformations applied? 
Explain. 


b) Write the equation that corresponds to the other order of applying the 
transformations. 
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7.5 The Inverse of a Function 


Variables are used in two different ways in mathematics — in applications and 
conventionally. In applications, the variables have meanings that come from the 
context and we choose them to reflect those meanings. Conventionally, we use 
the variables x and y. We treat x as the independent variable (plotted horizontally) 
and y as the dependent variable (plotted vertically). 


Using Variables in Applications 
This equation expresses the distance, d metres, that an object falls from rest in 
t seconds. Recall this equation from Chapter 1 [page 67] 
d=49P ® 
This equation is useful when we know the time and need to determine the 


distance the object falls. When we know the distance and need to determine the 
time, we solve the equation for f. 


d= 49/7 In equation @, both 
2 d @ d and t are assumed 
— 49 to be positive. Since 
> 
Take the positive square root of each side. fe an eean me 
d right side. Since t > 0, 
i= 4.9 ©) we only want the 


positive square root. 
Equation @ expresses the time as a function of the distance. 


It is the inverse of equation ©. The graphs below represent these two functions. 


500|4 
rg = 2 
£400 tao | 
ev ] 
-€ = 
= 300 a 
rg TTY 
8/200 
i) ] 
‘A100 
|| | fol [21417618 [1b] 0 100 200 300 400 500 
| Time,tseconds L Distance, d metres 


The two functions provide the same information. When we use function ©, we 
think of d depending on f. In the equation, we substitute a value for ¢, then 
calculate d. On the graph, we locate t on the horizontal axis, then move up to 
the curve and over to the vertical axis to determine d. We complete a similar 
process with function @, but we think of t depending on d. 


When we use variables in applications, each variable has a physical meaning 
and has a name (such as f or d) that makes sense. The variables help keep track 
of what the equations and graphs mean. 


424 = CHAPTER 7 TRANSFORMATIONS OF FUNCTIONS 


Using Variables Conventionally 


In mathematics, we use the variables x and y that may have no physical 
meaning. For example, consider this linear function. 


ye Set2 @ 
We can solve this equation for x as we solved equation © for t. 
3x=y-2 
=J=2 
mee ©) 


These equations are graphed below. The graph of equation ©, below right, has 
x plotted vertically and y plotted horizontally. 


y|=Bx\+2 
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If we were using these variables in applications, we would use equation © 

as the inverse of equation @. But when we use variables conventionally, we 
always think of y as depending on x. The x is always the independent variable. 
It appears on the right side of the equation and is plotted horizontally. The y is 
always the dependent variable. It appears on the left side of the equation and is 
plotted vertically. We accomplish this by interchanging x and y in equation © 
so that it becomes: 


=D 


When we use variables conventionally, equation © is the y Ri 
inverse of equation @. The graphs of these equations are 8 yi=Bx+2 | Je 
shown. Interchanging x and y permits us to graph the ; 
function y = 3x + 2 and its inverse y = a on the same grid. Z 


The graphs illustrate a property of the two functions. Their + ae ys 5 2 
graphs are reflections of each other in the line y = x. The a 2 


proof of this property is left to the exercises (see|exercise 25). ” = 


This interchange of variables is not meaningful when we use 7 
them in applications. It does not make sense to interchange ¢ 
t and d in equation ®, and it does not make sense to draw - +4 
the two graphs on page 424 on the same grid. 
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Take Note 


Determining the Inverse of a Function 
Given the equation of the function: 
When the variables are used in applications: 


Solve the equation for the variable on the right side. 


When the variables are used conventionally: 


Solve the equation for x in terms of y. 
Then interchange x and y. 


Given the graph of the function: 


Hold the paper by the top Flip the paper. The graph 
right and bottom left corners. you see through the paper is 
the graph of the inverse. 


SS 


Alternatively, reflect the graph in the line y = x. 


Determine the inverse of the function y = —5x + 2. 


Solution 


Solve the equation for x. 


Yo —IesZ 
5x =-y+2 
_ -y+2 
eae 
Interchange x and y. The equation of the inverse is y = a 
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In Example 1, we can write the given function using function notation f(x). 
Since the inverse is also a function, we can write it using function notation. 
The symbol f~!(x) represents the inverse function. We write: 


f(x) =-5x4+2 
1 _ —-x+2 
Pla =>3 
Consider the function f(x) = atx 


x-2° 
a) Determine the inverse of f(x). 


b) Graph y = f(x) and its inverse on the same grid. 


c) Explain why the inverse is a function. Write its equation using 
function notation. 


d) State the domain and range of f(x) and f~ li). 


Solution 
_ ol 
a) Let y = <a Where x #2. 


Solve the equation for x. 


y= 3-3 
yx — 2) = 
xy—2y= 
xy =1+2y 
14+2y 
#0 
2 #0) 


Interchange x and y. The equation of the inverse is y = : oe, x#0. 


b) To graph y = = visualize the graph of y = ~. 
The graph of y = — is 2 units right of y = 4 


Xx 


To graph the inverse, reflect the graph of y = =a 


in the line y = x. 


c) The inverse is a function because its graph satisfies the 
vertical line test. 


The equation of the inverse function is 7 ays : +2, 
d) From the graph: 


For f(x): Domain: — all real numbers except 2 


Discuss 
Range: all real numbers except 0 Why is x = 2 not ie the 
E domain of y = —~? 
For f-'(x): Domain: all real numbers except 0 YO x-2 
. Why is y = 0 not in the 
Range: all real numbers except 2 1 
range of y = ——,? 
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In Example 2, the domain of f(x) is the range of f~!(x). Similarly, the range of 
f(x) is the domain of f~!(x). 


Note that f \(x) is a notation for the inverse function of f(x). The notation 


mea es t __ 
f(x) does not mean F@ 


Consider the function f(x) = x +2. 
a) Determine the inverse of f(x). 
b) Graph y = f(x) and its inverse on the same grid. 


c) Is the inverse of f(x) a function? Explain. 


Solution 
a) Let y = x7 +2. 


Solve the equation for x. 


Interchange x and y. The equation of the inverse is y = tVx — 2. 


b) To graph y = x* + 2, visualize the graph \ y 2 
of y = x”. The graph of f(x) = x* +2 is 
2 units above it. 
To graph the inverse, reflect the graph 4 at 
of y = x7 + 2 in the line y = x. 

c) The inverse is not a function because 
its graph fails the vertical line test. 


Example 3 shows that the inverse of a function is not necessarily a function. 
For this reason, we cannot use the notation f~!(x) to represent the inverse of the 
function in Example 3. However, by restricting the domain of f(x), we can 
define related functions whose inverses are functions. Suppose we define the 
functions g(x) and h(x) as follows: 

g(x) =x +2, x20 

h(x) = x7 +2, x <0 
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The graph of g(x) is the part of the graph of y = x* + 2 to the right of the y-axis. 
Its inverse is y = x — 2. The inverse of g(x) is a function, g!(x) = /x —2. 


g(x) =x7 +2, x20 h(x) = 2? +2, x50 


The graph of h(x) is the part of the graph of y = x* + 2 to the left of the y-axis. 
Its inverse is y = —/x — 2. The inverse of A(x) is a function, h(x) = —Vx — 2. 


Now that we know how to determine the inverse of a function, we can make a 
precise definition. Recall that a function is defined as a rule that gives a single 
output number for every valid input number. 


For the function d = 4.977, t > 0, on|page 424] the input numbers are the times 
and the output numbers are the distances. For the inverse t = ,/ iS: d = 0, the 


input numbers are the distances and the output numbers are the times. The input 
numbers for the inverse are the output numbers for the original function, and 
vice versa. 


The same is true for all the functions on Consider the 
function y = x? + 2 in Example 3. The input numbers are the real numbers and 
the output numbers are the real numbers greater than or equal to 2. For the 
inverse y = +/x — 2, the input numbers are the output numbers of the original 
function, and vice versa. 


Take Note 


Definition of the Inverse of a Function 

e A function is a rule that gives a single output number for every 
valid input number. 

e The inverse of a function is the rule obtained by reversing the roles 
of the input and output numbers. 
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Al 


1. Measurement formulas contain variables used in applications. Determine the 
inverse of each function. 


a) The diameter of a circle: d = 2r 

b) The circumference of a circle: C = 1d 
c) The area of a circle: A = mr? 

d) The surface area of a sphere: A = 427” 


e) The volume of a sphere: V = <n 


N 


Suppose you are given two functions whose variables are used in 
applications. How could you tell whether one function is the inverse of 
the other in each case? 


a) You are given the equations of the functions. 


b) You are given the graphs of the functions. 


3. Determine the inverse of each function. 

a) f(x) =x+4 b) f(x) = 2x-1 c) f(x) = 3x 

d) f(x) =1-x e) f(x) = 5x45 ) f@) = Sx41 
4. Determine the inverse of each function. 

a) f(x) =x? b) f(x) =x? -2 0) f@) =3-% 

d) f(x) = 3x7 +2 e) f(x) = se -1 f) f(x) = 5 — 2x 
5. Use examples to explain your answer to each question. 


a) Is the inverse of a linear function a linear function? 
bh) Is the inverse of a quadratic function a quadratic function? 
6. Communication Suppose you are given two functions whose variables are 


used conventionally. How could you tell whether one function is the inverse 
of the other in each case? 


a) You are given the equations of the functions. 


b) You are given the graphs of the functions. 


7. a) Determine the inverse of each function in each list. 

i) fa) =x ii) f@) =-x iii) f() =x iv) fx) =x+1 
fia =x+1 f@~=1-x F(x) = 2x f(x) = 2x+2 
fii) =x+2 f@) =2-x F(x) = 3x f(x) = 3x+3 
f(x) =x+3 f(x) =3-x f(x) = 4x f(x) =4x4+4 


b) Choose one list from part a. Explain how you could use patterns to find 
the inverses. 
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8. 


o 


1 


So 


1 


tk 


12. 


a) Determine the inverse of each function in each list. 


i) fa) =x" ii) f(x) = = iii) f(x) = = iv) f(x) = ~ 
f@) = @- DP af ae 1 
qosG=e Ty Pre FOR, 
fa) =@-3~ fw=— fost, fe=t+? 

fO=Z f=, fay=ts3 


b) Choose one list from part a. Explain how you could use patterns to find 
the inverses. 


. Knowledge/Understanding Two functions are described in words. Is each 


function the inverse of the other? Explain. 


a) Multiply by 3, then add 2. Subtract 2, then divide by 3. 
b) Multiply by 4, then add 1. Divide by 4, then subtract 1. 
c) Add 2, then multiply by 5. Subtract 2, then divide by 5. 
d) Add 7, then multiply by 4. Divide by 4, then subtract 7. 
e) Add 1, then take the reciprocal. Take the reciprocal, then subtract 1. 


f) Multiply by 2, then take the reciprocal. Take the reciprocal, then divide by 2. 


. Each graph is a reflection of the other in the line y = x. Write the equation 


of each coloured graph. 
a) b) y 


yEr- 2) +2 


. Use the definition of a function and suitable examples to explain your 


answer to each question. 
a) Does every function have an inverse? 


b) Is the inverse of every function also a function? 


Six examples of functions whose variables are used in applications are 
given. Determine the inverse of each function and describe it in words. 


a) The cost C dollars to print n copies of a school yearbook is given by the 
formula C = 8000 + 4n. 


b) When an object 9 m above the ground falls, its height after t seconds is 
given by the formula h = -0.4977 + 9. 


c) When you are / kilometres above the ground, the approximate distance, 
d kilometres, to the horizon is given by the formula d = 113Vh. 
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d) An approximate formula for converting degrees Celsius to degrees 
Fahrenheit is F = 2C + 30. 


e) The exact formula for converting degrees Celsius to degrees Fahrenheit is 
F = 2C+32. 
f) The period, T, of a planet is the number of Earth days for it to travel 
once around the sun. For a planet whose mean distance from the sun is 
3 
d million kilometres, the period is given by the formula T = 0.2d2. 
13. Consider the function f(x) = x?. 
a) Determine the inverse of f(x). 
b) Graph y = f(x) and its inverse on the same grid. 


c) Is the inverse a function? Explain. 


14. Consider the function g(x) = /x. 
a) Determine the inverse of g(x). 
b) Graph y = g(x) and its inverse on the same grid. 


c) Is the inverse a function? Explain. 


15. Determine the inverse of each function. 


a) fy) =x-4 b) f(x) = —3x 0) f(x) = 5x47 
d) g(x) = e) (x) = t) a(x) = 3 


16. Determine the inverse of each function. Graph the function, its inverse, and 
y = x on the same grid. State the domain and range of the inverse. State 
whether the inverse is a function. 

a) y=2x+3 b) y= 10-x ct) y=x*-4 


d) f(x) = @- 1? e) fa) = © f) ga) = Vx—-2 


17. Determine the inverse of each function. Explain why each inverse is a 
function. Write the inverse using function notation. 


a) f(x) =4x-7 b) f(~) =5-x c) f(x) = 8 — 3x 
d) f(x) = = e) f(x) = ) fO) = Vx¥1 


18. Thinking/Inquiry/Problem Solving Explain your answer to each part. 
a) Find a function that is equal to its own inverse function. 


b) How many different functions are there that are equal to their own inverse 
function? Explain. 


19. Restrict the domain of each function so its inverse is a function. Graph the 
function and its inverse. 
a)y=x?-1 b) y = 2x7 +3 c) y= (x— 1)? 
d f@=+2P +1 eb f@=-4A+2) f f@) =2?-4x43 
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20. Application A scientific calculator has a key labelled “sin”, associated 


with the (_s"_} key. This gives values for a function called the inverse of the 


sine function, represented by sin” x. 


a) Use a calculator to determine some values of sin”! x. 
b) Graph the function y = sin x. 
c) Explain how the graph of y = sin”! x is related to the graph of y = sinx. 


1 


d) What are the domain and range of the function y = sin” x? 


21. a) Graph the function f(x) = cosx, for —-2m < x < 27. 


b) Write the equation of the inverse of the function in part a. Graph the 
inverse on the same grid. Is the inverse a function? Explain. 


22. Follow these steps to graph a function and its inverse on the TI-83 Plus. 
e Input a function as Y1 in the Y= list. 


e Define the viewing window. For accurate results, the length : width ratio 
of the screen should be about 3 : 2. 


e Press for DRAW. Then press 8 (>)11. 
“DrawInv Y1” will appear on the screen. Press (xt). 


Practise graphing a function and its inverse from the exercises in this section. 


ic) 


23. Choose one part of exercise 15. Determine /' (f-\(x)) and eG (x)). Explain 
the result. 


24. Refer to 


a) Show that the equation of the inverse can be written as y = ~ +2. 

b) Visualize the graph of y = ~ drawn on the same grid. When this graph is 
translated 2 units right, it becomes the given function. When the graph of 
y= - is translated 2 units up, it becomes the inverse function. Is this just 


a coincidence, or are the graphs of a function and its inverse always 
related this way? Explain. 


= its j eat 
25. On|page 425} the graphs of y = 3x + 2 and its inverse, y = 3 are 
reflections of each other in the line y = x. You can prove this property 
as follows. 


a) Draw the graph on page 425. Let P(a, b) be any point on the graph of 
y = 3x + 2. Let Q be the corresponding point on the graph of the inverse. 


b) What are the coordinates of Q? Explain. 


c) Prove that the line y = x bisects PQ at right angles. Explain why this 
proves that the graphs are reflections of each other in the line y = x. 
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Self-Check 7.3 -— 7.5 


—_ 


. Consider the function f(x) = cos x. 
a) Graph the function for —2m < x < 27. 
b) Graph the image of f(x) under a translation of 7 units left. 
c) Write the equation of the image function g(x). 


d) What are the domain and range of the image function? 


N 


Consider the function f(x) = /x. 

a) Graph the function f(x). 

b) On the same grid, graph the function g(x) = (ie 

c) Describe how the graph of g(x) is related to the graph of f(x). 
d) What are the domain and range of f(x) and g(x)? 


~ 


Suppose you make these changes to the equation of a function. Describe 
what happens to each graph. 


a) Replace x with x + 3. b) Replace y with y — 2. 
c) Replace x with 2x. d) Replace y with 4y. 

e) Replace x with aK. f) Replace y with =y. 
g) Replace x with —3x. h) Replace y with —3y. 


> 


Consider the function f(x) = x, 

a) Graph the function f(x). 

b) On the same grid, graph the function g(x) = —2(x + 3)? — 4. 
c) Describe how the graph of g(x) is related to the graph of f(x). 
d) What are the domain and range of f(x) and g(x)? 


a 


Suppose the graph of a function is given. Describe what happens to the 
graph when you make each change to its equation. 


a) Replace x with 2x, then replace x with x + 1. 
b) Replace x with x + 1, then replace x with 2x. 
c) Replace x with —2x, then replace x with x — 1. 


d) Replace x with x — 1, then replace x with —2x. 


> 


Determine the inverse of each function. Graph the function and its inverse 
on the same grid. State whether the inverse is a function. 


a) y=—2x+7 b) y = 2x*- 3x41 c) f(x) = 2Vx-14+4 


™“ 


a) State the domain and range of each function in exercise 6. 


b) State the domain and range of the inverse of each function in exercise 6. 
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Rich -Inverting a Quartic Function 


PROBLEM if 


A quartic polynomial has degree 4. The graph of the quartic function 

y = (x* — 1) and its inverse are shown below. The graph of the inverse is 
the reflection of the original graph in the line y = x; a point (a, b) on the 
original graph corresponds to a point (b, a) on the inverse. 


| Inverse of y =? — 1)? 


Although y = (x2 — 1)? is a function, its inverse is not. For a function, 
each value of x gives a unique value of y. On the graph of the inverse, 
each value of x between 0 and 1 has four corresponding values of y. 
Two of these values are positive, while the other two are negative. Since 
the graph is symmetrical about the x-axis, the negative values are the 
opposites of the positive values. 


Taken as a whole, the graph of the inverse is not a function. However, if 
we break the graph into the four pieces shown in colour, each individual 
piece is a function. We can call these four pieces “functional pieces.” 
These functional pieces are labelled from top to bottom as f(x), g(x), 
h(x), and k(x). 


INSIGHTS INTO A RICH PROBLEM 435 


Previous Section 


Formulating Questions 


Here is the problem we want to investigate. 


What are the equations of the functional pieces in the graph of the 
inverse of the quartic function y = (x* — 1)*? 


Selecting Strategies, Resources, Technology, and Tools 


It seems reasonable to assume that the equations of the functional pieces 
are related to the equation of the inverse. So, we begin there. 


Representing the Inverse in Algebraic Form 


Recall that the equation of the inverse is found as follows: 
e Solve the original equation for x. 


e Then interchange x and y. 
The original equation is y = (x? — 1)”. 


Rearrange the equation. 


@-lyPsy 
Solve for x. Remember that, by definition, the square roots of a? are ta. 
vr -1L=tyy 
v=ltjSy 
x=L/1t./y 


Interchange x and y. 


ar Fe 


The equation of the inverse is y = +,/1 + ,/x. 


We now have a general expression for the inverse. In fact, we have four 
expressions. There are two + signs and we have two choices for each, 
for a total of four choices. These four expressions correspond to the four 
functional pieces of the inverse function. 
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Reflecting on the 
Reasonableness 

of Results 

We take square roots 
twice, each time being 
careful to insert the 

+ signs. We want 

4 expressions, one for 
each functional piece. 


Interpreting Information and Forming Conclusions 


How do we match each expression with its corresponding functional 
piece? There are several ways to do this. Here is one possibility. 


e The top two functional pieces are positive; that is, they lie above 
the x-axis. So, they must use the first (outside) + sign. 


¢ The bottom two functional pieces are reflections of the top two 
functional pieces in the x-axis. 


Since f(x) = +,/1+ /%, its reflection has equation k(x) = —,/1 + ./x. 


1. State the domain and range of each functional piece in 


DO 


3. Graph the function y = x? — 4. 


The top branch will use both the + signs. 


and g(x) =+/1—-—./x 


P 


Thus, f(x) = +/1 + 7x 


£+/1+ Vz 


OTA 12 {| | 4 | 
ht) —o +e — 
=o | | | a es 
Ra yf Et af 


Therefore, h(x) = —/1 -— /x 


the inverse of y = G?=1). 


equation of y = a1), 


a) The graph intersects the x-axis at x = +1. How could 
you have obtained this information from the equation? 


b) The graph is always above the x-axis. How could you 


. Investigate other connections between the graph and 


have predicted this from the equation? 


c) The graph is symmetrical about the y-axis; that is, on 


When working with 
functions, take every 
chance you get to 
make connections 
between the 
information provided 
by the graph and the 
information provided 
by the equation. 

The interaction 
between geometry 
and algebra provides 
insight that may not 
be apparent by 
considering the 
graph and equation 
separately. 


both sides of the y-axis, the height of the graph is the same at the 


same distance from the y-axis. Why is this? 


a) Determine its inverse both graphically and algebraically. 


b) Determine the equation for each functional piece of the inverse graph. 


c) Specify the domain in each case, then match each functional piece 


with its equation. 


INSIGHTS INTO A RICH PROBLEM 437 


4. Repeat exercise 3, using the function y = x? — 2x. 
1 
x4 
a) Determine its inverse both graphically and 

algebraically. 


5. The function y = is graphed at the right. 


b) Determine the equation for each functional 
piece of the graph of the inverse. 


c) For each functional piece in part b, specify its 
domain, then match the functional piece with a) 
its equation. 


Challenge Problems 


6. a) Draw the graph of y = (x? — 1)? translated 1 unit to the right. 
b) Determine the equation of the image graph. 
c) Determine the inverse of the image function, both graphically and 
algebraically, then identify the functional pieces of the inverse. 
d) Are the functional pieces identical to those of the inverse of 
y = (x* — 1) translated 1 unit up? Explain. 


™~ 


Repeat exercise 5, using the function y = Sea 
graphed at the right. Simplify the equation of the 
inverse as much as possible. It seems reasonable 
to assume that there will be three functional pieces 
for the inverse. Identify these pieces, then 


determine their equations. 


ge 


By any method, make a careful drawing of the 


graph of x3 + y3 = 1. Note that the expression on 
the left side of the equation is defined for both 
negative and positive values of x and y. 


a) There are many types of symmetry exhibited by 
the graph. Describe all of them. 


b) Solve the equation for y as a function of x. 


c) Determine the inverse both graphically and algebraically. 
Identify all functional pieces of the inverse. 


d) State the domain of each functional piece, then determine 
its equation. 
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Mathematics Toolkit 
Function Tools 


¢ Vertical Line Test 
If a vertical line drawn on a graph never meets more than one point on 
the graph, the graph represents a function. 


Equation Test 
If there are no values of x that produce more than one value of y when 
substituted into an equation, the equation represents a function. 


The inverse of a function is the rule obtained by reversing the roles of 
the input and output numbers. 


Transformations applied to y = f(x) 


Vertical translation of & units 

Replace y with y — k for the image equation y — k = f(x). 
When k > 0, the translation is up. 

When k < 0, the translation is down. 


Horizontal translation of k units 

Replace x with x — k for the image equation y = f(x — k). 
When k > 0, the translation is to the right. 

When k < 0, the translation is to the left. 


Reflection in the y-axis 
Replace x with —x for the image equation y = f(—x). 


Reflection in the x-axis 

Replace y with —y for the image equation —y = f(x), or y = —f(x). 
Vertical expansion or compression 

Replace y with ky for the image equation ky = f(x), or y = - f(x). 
When 0 < k < 1, there is an expansion. 

When k > 1, there is a compression. 

When k < 0, there is also a reflection in the x-axis. 


Horizontal expansion or compression 

Replace x with kx for the image equation y = f(kx). 
When 0 < k < 1, there is an expansion. 

When k > 1, there is a compression. 

When k < 0, there is also a reflection in the y-axis. 
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NS 1. Solve each inequality. Illustrate the solution on a number line. 


a) 3x +5 <5x410 b) 2(a + 3) < -3(1 —a) 

¢) -(2n + 5) <-(5n — 1) d) —3(x —2) +5 >2(4—x)-1 

e) S(a-1) +3 > 5(1-a) +2 i-34-400r= 1) S90 #40 44 
7.1 2. a) Graph the function y = /x + 2. 


b) Describe the domain and range of the function. 
c) Does the graph of y = x + 2 have any of these characteristics? Explain. 
i) lines of symmetry ii) maximum or minimum points 
iii) asymptotes 


~ 


In a study of wind speeds near a large city, it was found that wind speed 
increases with height above the ground. The wind speed is represented by 
v metres per second at a height 4 metres. The equations that express v as a 
function of h are given. 

i) In the downtown core: v= 0.5V/h, 0<h<500 

ii) In the suburbs: v=06Vh, O<h< 350 

iii) In nearby rural areas: v=0.7Vh, 0<h< 200 
a) Sketch the graphs of these functions on the same grid. 


b) What are the domain and range of each function? 
7.2 4, Given f(x) = —2x? + 3x — 7, determine each value. 
a) (0) b) f(1) c) f(-1) d) > e) f(—0.5) 


5. For each function, determine f(3), f@), and f(./3). Write each answer to 
3 decimal places where necessary. 


a) f(x) = 3x-1 b) f@®) = =e 2. ct) f(x) = Vx4+1 
d) f(x) = ral e) f(x) = cosx f) f(x) = sinx 
6. Graph each function. State its domain and range. 
a) f(x) = 5x £9 b) f(x) = -2x2 +5 c) f(x) = 2(x+ 1-4 
d) fx) = Vx—1 e) f(x) = = f) f(x) = cosx— 1 


7. Given f(x) = 3x — x — 1, determine each expression. 
a) f(a) b) f(-2a) ce) f(a+1) a) f(a’) e) f(./a) 


8. Sketch a graph of f(x) = //x. 
a) State the domain and range of f(x). 
b) Explain how f(x) is related to g(x) = x. 
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. Sketch a graph of f(x) = * 
a) State the domain and range of f(x). 
b) Explain how f(x) is related to g(x) = x. 


7.3 1 


. a) Graph the functions f(x) = |x| and g(x) = |x — 3| on the same grid. 
b) Describe how the graph of g(x) = |x — 3| is related to the graph of f(x) = |x|. 


c) State the domain and range of the function g(x) = |x — 3]. 


1 


—_ 


. After two years at an interest rate i percent compounded annually, a 
principal of $500 amounts to A dollars, where A = 500(1 + i)”. 
a) Describe how the graph of A against i compares to the graph of y = x’. 
b) State the domain and range of the function A = 500(1 + i). 


12. The approximate distance, d kilometres, to the horizon is given by the 
formula d = 113h, where h kilometres is your height above the ground. 
Describe how the graph of this function can be obtained by transforming the 
graph of the function y = ./x. 


13. A cup of instant coffee is made with boiling water, Temperature of a Cup of Coffee 
then allowed to stand for 2 h. A thermometer with both [TTR 
Celsius and Fahrenheit scales is placed in the water. : z 80! 
The graph shows how the Celsius temperature decreases EE 4 \_ 
during this time. The formula F = 1.8C + 32 relates & ce 
the two temperatures. = 2 40] 
OD op 
a) Describe how a graph of the temperature in degrees “3 20) 
Fahrenheit is related to the graph shown. + 
_ |_| Jol 120 T 40 T 60 | 80 [160 
b) Copy the graph onto grid paper. Draw the CE Time (min) 


corresponding graph for temperatures in degrees 
Fahrenheit on the same grid. 


7.4 14. Graph these functions on the same grid. Explain how each function is 
related to y = x. 


a)y=x b) y = 3x c) y= 3(x--2) 

d) y=3(-2)4+1 e) y= 3(-%-2)+1 f) -y =3(@-2)4+1 
15. Graph these functions on the same grid. Explain how each function is 

related to y = x’. 

aly = ae b) y = 2x? c) y = (x +3)? 

d) y = 2(x +3)? -4 e) y=2(-++3)?-4 = t) y= 20 +3)? -4 
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16. Graph these functions on the same grid. Explain how each function is 


related to f(x) = ./x. 


a) fx) = Vx b) g(x) = V2x 
c) g(x) = 2./x d) gx) = V2(x — 3) 
e) e(x) = 2Vx-3 f) gv) = -2Vx -3 


17. Graph these functions on the same grid. Explain how each function is 
related to f(x) = sinx. 


a) f(x) = sinx b) g(x) = 2 sinx 
c) g(x) = sin2x d) g(x) = 2sin(x - 1) 
e) g(x) = sin2(x — 1) f) g(x) = 2sinx-1 


18. Consider the function f(x) = cosx. 
a) Graph the function for —2m < x < 27. 
b) On the same grid, graph the function g(x) = + cos (x + 2) +2. 
c) Describe how the graph of g(x) is related to the graph of f(x). 
d) What are the domain and range of f(x) and g(x)? 


7.5 19. Determine the inverse of each function. 


a) y= 2x+5 b)y=(x-1)° +4 
c) y = 3x7 +4x—-5 d) f@) =—-Vx+2-3 
e) g(a) = ) g@==4+1 


20. Consider the function f(x) = (x — 3)? +2. 
a) Determine the inverse of f(x). 
b) Graph y = f(x) and its inverse on the same grid. 


c) Is the inverse a function? Explain. 


21. For each function below: 


i) Determine its inverse. 
ii) Graph the function and its inverse on the same grid. 
iii) State the domain and range of the function. 
iv) State the domain and range of the inverse. 
v) State whether the inverse is a function. 
vi) If the inverse is not a function, describe how to restrict the domain of 
F(x) so the inverse is a function. 


a) f(x) = sx-l b) f(x) =2(x+2)2 +2 6) f(x) =2Vx 42-2 
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. a) Determine a function f(x) so that f(4) = 3. 
b) Determine a different function g(x) so that g(4) = 3. 
c) Determine a function h(x) so that h(O) = —2 and h(3) = 5. 


i) 


. Knowledge/Understanding 
a) Graph the function f(x) = cosx for -2m < x < 2m. 
b) On the same grid, graph the function g(x) = f (x 7 a) 
c) Describe how the graph of g(x) is related to the graph of f(x). 
d) State the domain and range of f(x) and g(x). 


oo 


. Thinking/Inquiry/Problem Solving Every linear function has an equation of 
the form y = mx + b. 


a) Does every linear function have an inverse that is also a function? 


b) Explain your answer to part a both algebraically and graphically. 


= 


. a) Graph the function f(x) = ./x and its image after this transformation: expand 
horizontally by a factor of 2, then compress vertically by a factor of >. 


b) Write the equation of the image function g(x). 
c) State the domain and range of f(x) and g(x). 
5. Communication The notation for the inverse of a function contains the 


symbol ‘“—”. The meaning of this symbol is different from the meanings you 
have encountered previously. 


a) List as many different meanings as you can for the symbol ‘“—”. Illustrate 
each meaning with an example. 


b) For each example, explain how you can tell which meaning is intended. 


. a) Determine the inverse of the function f(x) = Dy aS, 


b) Graph f(x) and its inverse on the same grid. 
c) State the domain and range of f(x) and of its inverse. 
d) State whether the inverse is a function. 


e) If the inverse is not a function, describe how to restrict the domain of f(x) 
so its inverse is a function. 
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7. Application A hole is punched in the side of a cylindrical water tank and 
water begins to flow out. The hole is punched at time t = 0 min. The volume 
of water in the tank, V litres, at any time t when water is flowing out is given 
by V = ¢ — 16t + 100. 

a) How much water is in the tank at the beginning? 
b) How long does it take to empty the tank? 
c) How much water flows out of the tank and how much is left inside? 


d) Determine a formula for the time ¢ when the tank has a given volume V. 
State the domain and range of this function. 


Assessment Tasks 


1. Copy the table below. It has the values of f(x) for all whole-number 
values of x between | and 10. The four blank columns refer to different 
transformations of f(x). The fifth column refers to the inverse of f(x). 
Use the information in the f(x) column. Complete as much of the other 
columns as possible. 


fy 

Pat ft | | 
a ee ee ee ee eee 
pos {| fT 
a a eS a 
p 9 | | UT 
ps | | 
ae 
a ee ee 
p 2 | fT 
a ee es 


2. Make two copies of the graph of y = f(x) on grid paper. 


a) On one copy, sketch the graph of y = f(2x). 
b) On the other copy, draw the graph of y = f(x — 1). 


c) Solve each equation as accurately as you can. 
Mark each solution on the appropriate diagram. 
i) f(x) = f(2x) 
li) f(x~) =f@—- 1) 
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. Describe the similarities and differences between arithmetic sequences 
and geometric sequences. 


i) 


. Simplify without using a calculator. 7 


a) 43 b) 12573 c) (163) * 


~ 


The 2nd term of an arithmetic sequence is 41 and the 6th term is 68.2. 
Determine the first 5 terms of the arithmetic sequence. 


> 


. The 2nd term of a geometric sequence is 6 and the 3rd term is 9. 
Determine the first 5 terms of the geometric sequence. 


oa 


. Solve each equation. 
a) 32+ = 97*-5 b) Prt = 497-2x 


. Determine the sum of each series. 
a) 49+474+45+.----21 b) 4—124+36+.---— 8748 


~ 


. An arithmetic series has a first term of 3g and a common difference of 
8p. Derive a formula for the sum of the first s terms. 


. The first term of a geometric series is 10. The fifth term is 160. 
Determine the fourth term. 


9. Expand, then simplify. 
a) (3p — 5)(p + 2)? b) (Sx — 1)? + 4(2x — 1)(9x + 1) 
10. Simplify. State any restrictions on the variables. 
y — Sy — 24 3x-2  4-x 
a) y* — 10y + 16 a) 6x x-1 
11. Simplify. 
a) 3x-Sy_ . 3x+ Sy b) (Sx + 8y)? , 25x? — 64y? 
9x7 — 25y* “Ox — Ty x—Sy 7 x*—25y? 
12. Simplify. 
a) 4x 3x b) 2x —5 3x+1 


2+ 8xt6 9 3x24 9x46 8x — 14x-15 9x2 —-3x—-2 


13. Explain the differences between a mortgage and an ordinary annuity. 


14. Suppose you invest $1000 at 7.2% for 12 years. Calculate the amount 
of your investment for each compounding period. 


a) annually b) semi-annually c) monthly 
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15. Suppose you invest $3500 at 6.2% compounded semi-annually. 
What is the minimum number of six-month periods needed for your 
investment to double? 


16. Suppose you start a savings plan and deposit $400 every six months. 
Your money earns 6.3% compounded semi-annually. What amount will 
be in your savings account after 9 years? 


17. What regular deposit must be made at the end of each year in an 
account that pays 5.7% compounded annually, to have an amount of 
$25 000 after 15 years? 


18. Calculate the monthly payment for a $140 000 mortgage at 7.5% 
amortized over 25 years. 


19. A 20-year mortgage of $85 000 is available at 8.1% to help pay for a 
new condominium. 
a) Calculate the monthly payment. 
b) Calculate the total interest paid on this mortgage. 


c) How much is still owing on this mortgage after the first 3 years? 
20. Write each equation in the form y = a(x — p)? + q. 


a) y = 2x? - 12x43 b) y= 5x? + Bx +2 


21. For each function in exercise 20, state whether it has a maximum or a 
minimum value, then state what that maximum or minimum value is. 


22. Use the quadratic formula to solve each equation. Leave the roots in 
radical form. 


a) x7 —5x+2=0 b) 3x7 + 6x-2=0 
23. Determine the roots of each equation to 3 decimal places. 

a) 5x? +5x-2=0 b) 3w* - 8w +3 =0 
24. Simplify. 

a) i b) /—50 c) /—54 
25. Solve each equation. 

a) 2 -2z+5=0 b) 327 +2z+1=0 


26. A triangle has a base of (4 — x) cm and a height of (2x + 3) cm. 
a) What is the maximum area of the triangle? 


b) What value of x will produce that maximum area? 
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27. (Functions and Relations) Simplify. 


a) 4(7 + i) — 9(5 — 7i) b) (5 + 31)(4 — 87) 
28. (Functions and Relations) Simplify. 
2435 ei ee 
a) a b) 2i(3 — 5i) 


29. (Functions and Relations) Calculate the sum of the first 5 terms of this 
geometric series: 2, 6i, -18, .... 


30. Solve AABC in which AB = 22.3 cm, BC = 26.8 cm, and 
ZABC = 113°. 


31. The point Q(—2, —5) lies on the terminal arm of an angle @ in 
standard position. Determine the values of sin 8, cos 6, and tan @ to 
3 decimal places. 


32. Determine the exact value of sin =n — cos *. 


33. In a fishing boat, as cable is wrapped around a drum a net is pulled in. 


The drum is 120 cm in diameter. The drum turns at 5 revolutions per 
minute. At what speed, in metres per second, is the net being pulled in? 


34. Solve this equation for 0 < @ < 7, to 3 decimal places: 
2sin? @-4cos@-1=0 


35. Prove each identity. 
—cos? 6 
a) adsl 


1 tan2O _ 1 
cos? 6(tan2 0) sin? 6 sin? @cos2 6 


=sind-1 b) 

36. a) Determine the acute angle between the line 2x + 3y = 6 and the y-axis. 
b) Determine the acute angle between the line y = 2x — 1 and the x-axis. 

37. Given that y = f(x) is periodic, describe the basic characteristics of f(x). 


38. Graph y = 2 sin 5 for —2m < x < 2m. Label the coordinates of maximum 


and minimum points, and points of intersection with the x-axis. 


39. 


o 


Graph each pair of functions on the same grid for —2m < x < 27. 


a) y= cosx, y= 2cosx+1 b) y = sinx, y = 0.5 sin (x — 4) 


4 


. Graph each function for —-2m < x < 27, then state its amplitude 
and period. 


a) y = 2.5 cos 2x — 0.5 b) y= 1.5sin> + 1.0 
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M41. Write an equation that describes each function. 


42. Given the function y = 3 cos 2(x + 7) — 1, determine the period, 
amplitude, phase shift, domain, and range of the function. 


43. The number of spots on the surface of the sun varies periodically from 
0 to about 100, with a period of approximately 11 years. There was a 
sunspot minimum in 1997. Determine an equation that can be used to 
estimate the number sunspots during any year after 1997. 


44. Complete the table of values, then sketch the function y = tan (x + =) 
forO <x <7. 


45. Given f(x) = 2x? — 3x + 5, determine each value. 
a) f(2.4) b) f(-3) c) f(x + 1) 


46. The function y = f(x) consists of two straight line segments. One segment 
joins the points (0, 0) and (1, 2). The second segment joins the points (1, 2) 
and (2, 0). Sketch each of the following functions on a separate grid. 


a) y = f(Q) b)y=f@)+2 c) y = 2f(x) 
d) y = fle 2) e) y = f(2x) Ny =f(5x+1) -2 
47. Graph y = |2x — 5| and y = 2|x| — 3 on the same grid. 


48. a) Describe the transformations applied to y = ./x to produce 
y=2V7x+3-1. 


b) Graph both functions in part a on the same grid. 


49. a) Determine the inverse of each function. 
i) y=2x-1 ii) f(x) = 27 +2 


b) Graph each function and its inverse on the same grid. 
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INSIGHTS 
INTO A The July 2000 issue of New Scientist magazine contains an article 


RICH «“ : » 
BHOBLEM tall about “atomic ghosts. 


At thejend of this chapter,]you will investigate this phenomenon. 


You will use the reflection property of an ellipse. 


Curriculum Expectations 
By the end of this chapter, you will: 


e Construct a geometric model to e Determine equations for conics from 
represent a described locus of points; their locus definitions, by hand for 
determine the properties of the simple particular cases. 


geometric model; and use the properties 


e Describe the importance, with 
to interpret the locus. 


applications, of the focus of a parabola, 
e Explain the process used in constructing an ellipse, or a hyperbola. 


a geometric model of a described locus. e Illustrate the conics as intersections of 


e Determine an equation to represent a planes, with cones, using concrete 
described locus. materials or technology. 

e Construct geometric models to represent 
the locus definitions of the conics. 


Necessary Skills 


1. New: What Is a Relation? 


Remember that a function is a rule that gives a single output number 
for every valid input number. The definition of a relation is similar, 
but there does not have to be a single output number. 


Take Note 


A relation is a rule that gives one or more output numbers for every 
valid input number. 


All these graphs represent relations. 


The graph of a relation does not have to satisfy the vertical line test. 
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1. Explain why the graph of a relation does not have to satisfy the vertical 
line test. 


2. a) Is every relation a function? Explain. 
b) Is every function a relation? Explain. 


3. Use the equation on each graph on page 450 to determine its x- and y-intercepts. 
Check your results using the graph. 


4. A relation whose equation contains quadratic terms but no terms of a higher 
degree is a quadratic relation. Only four of the relations on page 450 are 
quadratic relations. Which ones are they? Explain why the other two 
relations are not quadratic relations. 


2. Review: Geometry Properties 
Perpendicular Bisector of a Line Segment 


The perpendicular bisector of segment AB is A 
the line that is perpendicular to AB and 
divides AB into two equal parts. 


perpendicular 
bisector 


Any point P on the perpendicular bisector is 
equidistant from A and B. That is, PA = PB 


Conversely, any point P that is equidistant from 
two points A and B must lie on the perpendicular 
bisector of AB. 


The Distance from a Point to a Line 
The distance from a point to a line is the 
shortest distance to the line. 


The shortest distance is measured along 
the perpendicular from the point to the line. 


PM is shorter than PC. 
PM is the shortest distance from P to AB. 
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3. Review: Distance between Two Points 


Remember the formula for the distance between two points A(x, y1) 
and B(x2, y2). 


Take Note 


Distance Formula and Length of a Line Segment 


The distance between two points y 
A(x, y1) and B(x2, y2) is also the |_| 
length of segment AB. 


AB = V(t. — x1)" + (2 — 1)”. 


Determine the distance between A(7, —10) and B(-3, 5). 


Solution 

Use the formula AB = \/(x2 — x1)? + (2 — 1)”. 
Substitute x2 = —3, x) = 7, y2 = 5, and y; = —10. 
AB = /(-3 — 7)? + (5 — (-10)) 


= V/(-10)? + 152 


The distance between A and B is approximately 18.0 units. 


Exercises 

1. Determine the distance between each pair of points. 
a) ACI, 3), BU, 5) b) CG, -2), D(8, -2) 
c) OVO, 0), F(-7, 4) d) G(—5, —-8), OO, 0) 
e) H(-2, -3), J(—5, -9) f) KC, 3), L(4, 10) 

2. Determine the length of the line segment that joins each pair of points. 
a) M6, 8), NG, 1) b) Q(-3, -1), RCO, 0) 
c) S(2, 6), T(-10, 2) d) U(6, -4), V(4, -9) 
e) W(-8, —-10), A(-3, -1) f) BCS, 4), C(11, -7) 
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4. New: Squaring Expressions Containing Radicals 


In this chapter, you will use the distance formula to write equations of relations. 
Since the distance formula involves a radical, you will need to square 
expressions that contain radicals. 


Determine the square of each expression. 
(x — 2)? + y? b)6- /(~-2) +y? 


Solution 
a) V(x 2 +9? 
Remember that, by definition, (./a)? = a. 
Therefore, (Va-aP+y) =(x-2% +9’ 
=x —4x4+44+y’ 
b) 6- /@=2P ry 
Remember that (a — b)* = a? — 2ab + b’. 
The expression 6 — Jax — 2) +? has the form 6 — ./a. 
(6 — Ja)? = 36-12,/at+a 
Therefore, 
2 2 
(6 . V@= 27 +9") = 36 - 12(,/@—22+ 2) + (ve oy 4 ») 
= 36 - 12./a-22+y)+@-2% +y 
= 36 - 12./@-22+y) 4-404 449? 
= +y?—4x4 40 - 120/(@ — 2)? + y?) 


Exercises 


1. Determine the square of each expression. 
a) /(x+ 1)? + y? b) (x +4)? +9 c) /x7 + (y - 3° 
2. Determine the square of each expression. 
a8t+J/at+)?+y b5-Vat+4?t+y? = 6) 104+. f/x? + - 3)? 
3. Determine the square of each expression. 
a4+/(x-2+y? by 3-Vx?274+(—-5)? =) 6 + Ve - 4)? +? 
d)1—V/x27+Q4+6) a) 54+ 7x27 4+(y-8) 8 2-V@-3) +y? 
g) 10—- /@-8)+y2 bh) 7- /(x- 6)? + y? i) 9+ /x2+(y- 9)? 
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5. Review: Using The Geometer’s Sketchpad 


This chapter contains several investigations and exercises Selection 
in which you use The Geometer’s Sketchpad to explore a 
geometric ideas in a dynamic way. If you have used this post 
software, check that you are familiar with the information in Compass 
the checklist below. If you have not used this software, you oe 
may want to experiment with it before you begin the computer tool 
activities. Refer to the checklist as you do this. be 
Skills Checklist informaten 
e The Toolbox 
One tool is always active. The appearance of the cursor and If something is not 


working the way you 


he thi ith i 1 h hosen. 
the things you can do with it depend on the tool you have chose sini sheuld: voi 


e The Menus may be using the 
The available options depend on the tool chosen and the objects wrong tool. 
selected. Some menu options show shortcuts that let you use the 
keyboard instead. 


© Selecting Objects 
Use the Selection tool, then click on the object. To name points 


Shift-click to select more than one object. SURG aE REe 
Preferences in the 


e Naming Objects Display menu. Make 
Use the Text tool, then click on the object. To change the name, sure Autoshow Labels 


double-click the name, then enter the new name. ier Beate DP eetener 
Try some of the other 


e Dragging Objects options in Preferences. 
You can move objects or parts of objects by dragging them with the 
mouse. What happens depends on how the objects are constructed. 


© Horizontal or Vertical Lines 
Hold down the Shift key as you use the Straightedge tool. 


Making Corrections Check the options in 
. : the menus to see 
¢ To delete an object, select it, then press the Delete key. aivat ie available. Far 


e To undo previous steps, choose Undo in the Edit menu. example, you can: 
e hide objects 


e To erase everything, use the Selection tool. Choose Select All *° measure objects 

in the Display menu, then press the Delete key. e change colours of 
objects 
do calculations 
use a coordinate grid 
undo previous steps 
get help 
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To make this photograph, 

a point source of light was 
mounted on a wheel. A 
camera recorded the light 
at split-second intervals as 
the wheel rolled along a flat 
surface. The path traced out 
by the light is an example 
of a locus. 


A similar example is the path of a point P as a circle rolls along a straight line. 


B 
P P 
C D C D C D 


As the circle, centre A, rolls along CD, a pencil at point P draws the curve 
shown. This curve is an example of a locus. 


Another example of a locus is the path traced by a pencil point when compasses 
are used to construct a circle. 


Take Note 


Locus 


A locus is the path traced by a point that moves according to a 
given condition. 


When the locus condition is simple enough, we can find an equation to 
represent the path. 


Point N has coordinates (1, —2). Point P moves so the slope of NP is 
always =. 


a) Determine the equation of the locus of P. 


b) Identify the locus. 
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Solution 


a) Draw a sketch on plain paper. y 
Plot point N and a point P so the slope of NP is 2. 
Draw segment NP. 


Let P(, y) be any point on the locus. 
Use the constant slope property. 
Slope of NP = 
Yrs 
x-1l 
4(y + 2) = 3(x- 1) 
4y +8 =3x-—3 
3x -—4y-11=0 
The equation of the locus is 3x — 4y — 11 = 0. Discuss 


What other way could 
b) The equation in part b is that of a straight line. So, the locus we use to determine 


of P is a straight line with slope = passing through N(1, —2). the equation of 
7 the locus? 


lwo [Ww 


Point P moves so it is equidistant from R(3, 0) and S(O, 2). 
a) Determine the equation of the locus of P. 
b) Identify the locus. 


Solution 


a) Draw a sketch on plain paper. y , 
Plot points R and S, and a point P so that PR = PS. P(x, y) 
Draw segments PR and PS. 

Let P(x, y) be any point on the locus. S(O, 2) 
Since P is equidistant from R and S, 
PR = PS x 
Use the distance formula to determine the lengths of O] , RG, 0) 
PR and PS. c 
V@-3P + 7-0 = Va - 0 + - 2) 
Square each side. 
(x —3)° + y- 0) = - 0 + - 2) 
x -6x494+y=xr4y-4y4+4 
Collect like terms. Discuss 
-6x +4y+5=0 How is the locus 


The equation of the locus is 6x — 4y —-5 = 0. eGlated tae 
segment RS? 


b) The locus is a straight line. 
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Here are some properties of a locus. 


Properties of a Locus 


Take Note 


e The coordinates of every point on a locus satisfy the equation of 


the locus. 


e Every point whose coordinates satisfy the equation of a locus is on 


the locus. 


In each of Examples I and 2, we might have found the locus by first guessing 
that it is a straight line. Then we could use a geometric argument (or some other 
method) to determine the equation. In Example 1, we could use the point slope 
formula for the equation of a line. In Example 2, we could use the property of a 
perpendicular bisector or we could use a symmetry argument. In other 
situations, we may not be able to identify or describe the locus in advance. This 


is illustrated in Example 3. 


are perpendicular. 
a) Determine the equation of the locus of P. 


b) Identify the locus. 


Solution 


a) Draw a sketch on plain paper. 
Plot points A and B, and a point P so that PA is 
perpendicular to PB. Draw segments PA and PB. 
Let P(x, y) be any point on the locus. 
Since AP and BP are perpendicular, their slopes are 
negative reciprocals. 


‘ y-0 
The slope of AP is ed: 


The slope of BP is —e 


<= 
Since the slopes are negative reciprocals, 
4 


p en ee 
x+4 y 
-y"’ = (4+ 4)(x - 4) 
-y =x- 16 
vr +y = 16 


The equation of the locus is x? + y? = 16. 


OO, 0) and radius 4. 


Point P moves so the line segments that join P to A(-4, 0) and B(4, 0) 


b) The equation in part a is that of a circle. The locus is a circle with centre 


Pix, y) |Y 
4 “Sy 
i ie 
Ud bY 
4d \ 
i | 
ly 
A(-4, 0)4 0 i B(4, 0) 
x Z 
Ay 4 
\ Pa 
Xe o 
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The locus in Example 3 is the basis of the construction in the following 
Investigation. 


Investigation 
Using The Geometer’s Sketchpad to Construct a Locus 


You will construct the diagram below. Study the diagram before you begin the 
construction. Make sure you understand the following information about it. 


A and B are two fixed points. 


D is a variable point on a fixed circle with 
centre A. 


A line is drawn through A and D. 


Line BP is perpendicular to this line and 
intersects it at P. 


As D moves around the circle, the line AP 
rotates about A. The line BP moves so that 
ZAPB is always a right angle. 


Point P will trace the locus. 


Set-Up 


e From the File menu, choose New Sketch. Before you use the 
computer, identify 


¢ Construct two points. Label them A and B. a few points on the 


e Use the circle tool to construct a circle with centre A. locus by choosing 
; ; . : . . . some special 
e A point will be on the circumference of the circle. Hide this point. girections for the 


You now have the fixed circle with centre A. line AD. Can you 
guess the locus of P? 


Constructing a Point P on the Locus 

e Construct a point on the circle. This is a variable point. Label it D. 
e Construct the line through A and D. 

e Construct the line through B that is perpendicular to this line. 

¢ Construct the point of intersection, P, of these two lines. 


P is a point on the locus. 


Tracing the Locus of P 


e Drag point D around the circle. Observe how the position of P changes. 
Check visually that ZAPB is a right angle. 


¢ Click point P to select it. From the Display menu, choose Trace Point. 


e Drag point D again. Point P leaves a trail of points as it moves. 


The points lie on a circle. Hence, the locus of P is a circle. 
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Constructing the Locus of P 
e Shift-click point P and point D. From the Construct menu, choose Locus. 


The computer will construct the locus of P, which is a circle. 


Point D is called the driver point for the locus. Every locus construction 
that uses The Geometer’s Sketchpad requires: 


e adriver point D that moves along a path 


© a point P that traces the locus 


In this chapter, we will always use D for the driver point and P for the point 
on the locus. Moving D along its path is what causes P to trace the locus. 


1. Suppose B is moved closer to A, or farther from A. Predict how the 
circle will change. Use the computer to check your prediction. 


2. Try dragging point P. Why is the effect not the same as dragging point D? 


3. In this construction, the circle with centre A is the path for the driver point. 


a) Repeat the construction using each of these paths for the driver point. 
i) a circle that contains point A, but A is not the centre 
ii) a circle that does not contain point A 
iii) a line 


b) Some paths in part a will not result in a complete circle. Suggest 
how you might obtain the rest of the circle in each case. 


A] 


1. Describe the locus that a point P must satisfy to lie on each graph. 
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2. Describe the graph of each equation as a locus. 
a)y=3 b) x = —2 c) y= 3x 
d) y=3x-2 e) x7 + y* = 25 )oert+y=5 
3. a) Sketch a graph of the line x = 5. 


b) Sketch the locus of a point P that moves according to each condition. 
i) P is always 2 units to the right of the line x = 5. 
ii) P is always 2 units to the left of the line x = 5. 


c) Sketch the locus of a point P that moves so its distance from the line 
x =5 is always 2 units. 


4. A point P moves so it is always the same distance from the lines y = 2 
and y = 8. 
a) Sketch the locus of P. b) Describe the locus of P. 


c) Determine the equation of the locus. 


ol 


. Point A has coordinates (0, 1). Point P moves so the slope of AP is always 2. 
a) Identify the locus of P, then sketch its graph. 


b) Determine the equation of the locus. 


> 


A point Q moves so it is always 8 units from the origin O(0, 0). 
a) Identify the locus of Q, then sketch its graph. 


b) Determine the equation of the locus. 


cB) 


7. Point B has coordinates (—6, 3). Point C moves so the slope of BC is 
always —3. 


a) Sketch the locus of C. b) Describe the locus of C. 


c) Determine the equation of the locus. 


ge 


Knowledge/Understanding Determine the equation of the locus of P. 
Identify the locus, then sketch its graph. 


a) The slope of the line through P and A(2, 1) is equal to the slope of the 
line through P and B(-1, 4). 


b) P is always the same distance from C(-2, 3) as it is from D(8, —1). 


ys 


Thinking/Inquiry/Problem Solving Points A(2, 0) and B(—2, 0) are given. 
Point P moves so the slope of PA is the opposite of the slope of PB. 


a) Determine the equation of the locus of P. 
b) Graph the equation, then describe the locus. 


c) Choose two points on the locus. Verify that the slopes of the segments 
that join each point to A and to B are opposites. 
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10. Points C(O, 2) and D(O, —2) are given. Point P moves so the slopes of PC 


1 


—_ 


12. 


13. 


14. 


15. 


16. 


and PD are opposite numbers. 
a) Determine the equation of the locus of P. 


b) In exercise 9, you should have found that the locus is two intersecting 
lines. In part a, the locus is one line. Explain why the loci in these two 
similar situations are different. 


. Application Points O(0, 0) and A(6, 0) are given. Point P moves so the 


slope of OP is 1 less than the slope of AP. 
a) Determine the equation of the locus of P. 
b) Identify the locus. 

c) Graph the locus on grid paper. 


d) Choose two different points on the locus. Verify the locus condition for 
each point. 


Repeat exercise 11, where P moves so the slope of OP is 1 more than the 
slope of AP. 


Points O(0, 0) and A(6, 0) are given. Point P moves according to each given 
condition. Determine the equation of the locus of P. 


a) The slope of OP is double the slope of AP. 
b) The slope of OP is one-half the slope of AP. 


Point P moves so it is always 5 units from point B(3, 0). 
a) Identify the locus of P, then sketch its graph. 


b) Determine the equation of the locus of P. 


Point P moves so it is always 4 units from point C(—2, 3). 
a) Identify the locus of P, then sketch its graph. 


b) Determine the equation of the locus of P. 


Points A(8, 0) and B(2, 0) are given. Point P moves so it is always twice as 
far from A as it is from B. 


a) Determine the equation of the locus of P. 

bh) Identify the locus, then sketch its graph. 

c) Determine the coordinates of the points where the locus intersects the 
x-axis. Verify that these points satisfy the locus condition. 


d) Determine the coordinates of the points where the locus intersects the 
y-axis. Verify that these points satisfy the locus condition. 
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17. Refer to exercise 16. Suppose P were to move so it is always twice as far 
from B as it is from A. 


a) Use your results from exercise 16. Predict the locus of P, then sketch 
its graph. 
b) Determine the equation of the locus of P. 
18. Point P moves so it is always three times as far from point B(8, 0) as it is 
from point O(0, 0). 
a) Determine the equation of the locus of P. 
b) Sketch the graph of the locus. 


c) Determine the intercepts of this graph. Verify that the corresponding 
points are three times as far from B as they are from A. 


19. Point F has coordinates (0, 3). Line d has y 
equation y = 1. Point P(x, y) moves so its Fy) 
distance from F is always equal to its distance EO?) 
from d. 
a) Determine the equation of the locus of P. y= i d 


bh) Identify the locus. 
c) Graph the locus. 


20. Point F has coordinates (3, 0). Line d has equation x = 1. A point P moves 
so its distance from F is always equal to its distance from d. 


a) Determine the equation of the locus of P. 
bh) Identify the locus. 
c) Graph the locus. 


21. Communication Compare the results of exercises 19 and 20. Explain any 
patterns you find. 


22. Point F(0, 4) is given. Point P moves according to each given condition. 
Determine the equation of the locus of P. 
a) P is equidistant from F and the x-axis. 
b) P is twice as far from F as it is from the x-axis. 
c) P is twice as far from the x-axis as it is from F. 

23. Point P is the intersection of perpendicular lines drawn through point A(5, 0) 
and point B(-5, 0). 


a) Sketch a diagram to show several different pairs of perpendicular lines 
and the corresponding positions of P. 


b) Determine the equation of the locus of P. 


c) Identify the locus, then sketch its graph. 
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24. A line segment is 10 units long. It has its endpoints on the x- and y-axes. 
Point P is the midpoint of the line segment. 


a) Determine the equation of the locus of P. 


b) Identify the locus, then sketch its graph. 


2 


ol 


. Use The Geometer’s Sketchpad. You will construct 
this diagram. 


RS is a fixed line segment. 
Horizontal and vertical lines intersect at O. 


Point D is a variable point on the horizontal line. 
The circle has centre D and radius equal to the 
length of RS. 

The circle intersects the vertical line at T. 

Point P is the midpoint of segment DT. 

Point D is the driver point for the locus of P. As D 
moves along the horizontal line, P traces the locus. 
Set-Up 

e From the File menu, choose New Sketch. Construct a segment RS. 


e Construct a horizontal line. 
e Construct a vertical line. Label the point of intersection O. 


Constructing the Point P 

e Construct a variable point on the horizontal line. Label it D. 

e Construct a circle with centre D and radius equal to the length of 
segment RS. 

e Construct the points of intersection of the circle and the vertical line. 
Label one of these points T. Construct segment DT. 

e Construct the midpoint of segment DT. Label it P. 


Constructing the Locus of P 

e Drag point D along the horizontal line to observe the effect on P. 

e Shift-click point D (the driver point) and point P (the point on the locus). 
From the Construct menu, choose Locus. 

a) Fully describe the locus. 

b) Predict how the locus will change when segment RS is made longer or 
shorter. Use the computer to check your prediction. 

c) Your locus appears to be incomplete. Improve your construction so the 
computer displays more parts of the locus. 
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8.2 The Ellipse 


Spotlights are used in theatres. A spotlight is shone on the stage from the back 
of the theatre. The light rays illuminate an elliptical region on the stage. 


An ellipse also results when a cylindrical tube is cut 
at an angle. 


An ellipse can be drawn on paper, with the use 
of two thumb tacks, a loop of string, a pencil, 
and cardboard. 


Place the paper on the cardboard. Push the thumb 
tacks into the cardboard. Loop the string around the 
tacks. Use a pencil to keep the string taut. Move the 
pencil to trace an ellipse. 


This construction illustrates the definition of an ellipse. 
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Take Note 
Definition of an Ellipse 
An ellipse is the locus of a point P that moves so the sum of its distances to 


two fixed points is constant. 


Each fixed point is a focus. P 
Each distance from a focus to P is 
a focal radius. 


F, and F» are the foci. 
PF, and PF> are the focal radii. 


The locus definition states that the 
sum of the focal radii is constant. 


PF, + PF> = constant 


Notice that focus F; is drawn to the right of focus F2. In}Chapter 9} we will 
draw ellipses on a coordinate grid with foci on the x-axis, where F; is to the 
right of the origin and F» is to the left of the origin. 


Investigation 1 


Using a Grid to Construct an Ellipse 


You will need grid paper with two sets of concentric circles, as shown below. 


The centres of the circles are the foci. Point A is 4 units from F, and 
6 units from F). 
That is, AF; + AF) = 10 


1. Locate all the points on the grid so the sum of the distances of each 
point from the foci is 10 units. 
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2. Draw a smooth curve through the points to form an ellipse. Describe 
the ellipse. 


~ 


In each case, describe how the ellipse would be different from the 
ellipse you drew. 


a) The sum of the focal radii is less than 10 units. 
b) The sum of the focal radii is greater than 10 units. 


c) On the circular grid paper, the centres of the circles are closer together. 


4. Explain why the ellipse you constructed has: 


a) a horizontal line of symmetry 


b) a vertical line of symmetry 


Another construction of an ellipse is based D 
on this idea: 


Visualize a circle with centre Fz large enough to 
enclose F;. If we could find a point P on the 
radius F2D so that PF; = PD, then P would trace 
an ellipse as D rotates around the circle. 


This idea is the basis of the constructions in 
Investigations 2 and 3. 


Investigation 2 
Using Geometry to Construct an Ellipse 


1. Start with two fixed points F; and Fp. D 
These are the foci of the ellipse. xD 
Use compasses to construct a circle with _p 
centre F7. Make the radius large enough Na 


so F, is inside the circle. 


. Mark a point D on the circle. 
Join D to Fy and Fo. 
Construct the perpendicular bisector of 


segment F)D; it intersects segment F2D 
at P. Join P to F). 


P is a point on the locus. 


. Repeat exercise 2 several times, using other positions of D on the 
circle. Draw a smooth curve through all the points labelled P. 
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4. a) Explain why the locus is an ellipse. 


b) How is the perpendicular bisector related to the ellipse? 


In|8.2 Exercises, exercise 22} you will explain this relationship. 


Investigation 3 
Using The Geometer’s Sketchpad to Construct an Ellipse 
You will construct a dynamic model of an ellipse using the idea described 


preceding Investigation 2. Point P is on the locus and point D is the driver 
point for the locus. 


8 


Set-Up 

e From the File menu, choose New Sketch. 

¢ Construct two points. Label them F1 and F2. 

¢ Construct a point H that is farther from F2 than F1 is from F2. 


e Shift-click point F2, then point H. From the Construct menu, choose 
Circle by Center and Point. Hide point H. 


¢ Construct a variable point D on the circle. 


Constructing a Point P on the Locus 

¢ Construct segments F1D and F2D. 

¢ Construct the perpendicular bisector of F1D. 

¢ Construct the point P where the perpendicular bisector intersects F2D. 


P is a point on the locus. 


Constructing the Locus of P 


e Drag point D around the circle. Observe how the position of P changes. 
Check visually that PF1 + PF2 is always equal to the length of F2D. 


e Shift-click point P (the point on the locus) and point D (the driver 
point). From the Construct menu, choose Locus. 


The computer will construct the locus of P, which is an ellipse. 
1. Predict how the ellipse will change in each situation. Use the computer 
to check your prediction. 
a) Fl moves closer to F2, or farther from F2. 
b) The circle is larger or smaller. 


2. If possible, make a printout of your construction. Otherwise, make an 
accurate drawing of it. 
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The definition of an ellipse can be used to determine the equation of an ellipse 
in a coordinate system. 


The foci of an ellipse are F,(3, 0) and Fp(—3, 0). The sum of the focal radii is 
10 units. 


a) Determine the equation of the ellipse. 


b) Graph the ellipse on grid paper. 


Solution 


a) Draw a sketch on plain paper. y 
Show points F; and Fo, and a point P so that 
PF, + PF) = 10. Draw segments PF; and PF». 


Let P(x, y) be any point on the ellipse. 
Use the fact that the sum of the focal radii is 10 Fx(-3,0) OF Fi, 0) 
to write an equation. 


PF; + PF2 = 10 
Vx - 3) +92 + Vet 3)? +y? = 10 
Isolate one radical. 
Vix —3? +y2 = 10-J/@t+3+y 
Square each side. 
(Ve-3F +) = (10- Var3P+y) 
(x — 3)? + y? = 100 -20/(x + 3)? +y2+(x4+3) +y 
P-—6x+94+y? = 100- 20/432 +y2 427+ 6x4+94+y" 
Isolate the term containing the radical. 
20./(x + 3)? + y2 = 100 + 12x 
Divide each side by 4. 
5V/ (x + 3)? + y? = 25 + 3x 
Square each side. : 
(sv +3y4 ») = (25 + 3x)? 
25(x7 + 6x +9 + y*) = 625 + 150x + 9x” 
25x* + 150x + 225 + 25y* = 625 + 150x + 9x” 
16x” + 25y” = 400 
The equation of the ellipse is 16x? + 25y” = 400. 
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b) To sketch the ellipse, determine the intercepts. 
Substitute x = 0 in the equation of the ellipse. 
16(0)? + 25y* = 400 


2 _ 400 
~ 95 
_, [400 

yey 25 
= +4 


The y-intercepts are 4 and +4. 


Substitute y = 0. 
16x* + 25(0)* = 400 


16x? = 400 
2 _ 400 
SG 
x = +/25 
= +5 


The x-intercepts are 5 and —5. 


Four points on the ellipse are (0, +4) and (45, 0). 
Substitute any valid value of x, say x = 2. 
16(2)? + 25y* = 400 


2s, 836 
~ 25 
y=43.7 


Substituting x = —2 produces the same values for y. 
Four more points on the ellipse are (£2, +3.7). 
Plot these points, then draw a smooth curve through them. 


LA) 


1. The equation of an ellipse is x? + 9y* = 9. 
a) Determine the intercepts of the graph of this ellipse. 


b) Determine the coordinates of 4 other points on the graph. 


2. The equation of an ellipse is 9x* + 4y* = 36. 
a) Determine the intercepts of the graph of this ellipse. 


b) Determine the coordinates of 4 other points on the graph. 


3. Describe how a circle can be regarded as a special case of an ellipse. 
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LB) 


4. Knowledge/Understanding The foci of an ellipse are F,(4,0) and 
F,(-4, 0). The sum of the focal radii is 12 units. 


a) Determine the equation of the ellipse. 
b) Sketch the ellipse. 


a 


The foci of an ellipse are F,(0,4) and F2(0, —4). The sum of the focal radii 
is 12 units. 


a) Determine the equation of the ellipse. 
b) Sketch the ellipse. 


Look at the results from exercises 4 and 5. 


> 


a) How are the ellipses and their equations similar? 


b) How are the ellipses and their equations different? 


m™ 


The base of AABP is AB. Point P moves so the sum of the lengths of AP 
and BP is 8 units. Determine the equation of the locus of P in each case. 


a) The coordinates of A and B are A(1, 0) and B(-1, 0). 
b) The coordinates of A and B are A(O, 1) and B(O, -1). 


c) Compare the results of parts a and b. What do you notice? 


ad 


The foci of an ellipse are F,(5, 0) and F(—5, 0). Determine the equation of 
the ellipse for each condition. 


a) The sum of the focal radii is 12 units. 
b) The sum of the focal radii is 15 units. 


c) The sum of the focal radii is 20 units. 


so 


The sum of the focal radii of an ellipse is 20 units. Determine the equation 
of the ellipse for each condition. 


a) The foci are F,(4, 0) and F(-4, 0). 
b) The foci are F,(0, 2) and F2(0, —2). 
c) The foci are O(0, 0) and A(3, 0). 
d) The foci are O(O, 0) and C(O, 3). 


1 


. The sum of the focal radii of an ellipse is 8 units. Determine the equations 
of two different ellipses with this property. 


1 


—_ 


. Determine the equations of two different ellipses that have foci F,(2, 0) 
and F,(—2, 0). 


1 


DO 


. Use the definition of an ellipse. Explain why an ellipse has two lines 
of symmetry. 
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13. Communication Point O lies on a horizontal line and 
is the centre of two circles. Segment CP is parallel to 
the horizontal line. Segment PD is perpendicular to 
the horizontal line. Hence, ACPD is a right triangle. 
As D moves around the larger circle, P traces a locus. 


a) Draw the diagram. Show D in different positions 
around the circle. 


b) Sketch the locus of P. Describe the locus. 


c) Visualize a rectangle with two sides CP and PD 
and diagonal CD. Let Q be the fourth vertex of the rectangle. Is the locus 
of Q the same as the locus of P? If your answer is yes, explain. If your 
answer is no, sketch the locus of Q and explain why it is different. 


14. Application A gardener wishes to make a P 
flower bed. She ties a length of string around 
two pegs at A and B as shown. The diagram is not 
drawn to scale. 


The gardener places a stick at P. She keeps the string 
taut and uses the stick to outline the flower bed. A B 
a) What is the shape of the flower bed? Sketch it. 


b) Suppose A and B were moved closer. How would 
the shape of the flower bed change? 


c) What would happen to the shape of the flower bed if A and B were 
moved farther apart? 


15. Suppose the gardener in exercise 14 places three 
pegs A, B, and C at the vertices of an equilateral triangle 
with side length 1 m. She uses a 4-m string to trace 
the outline of a new flower bed. The diagram is not 
drawn to scale. 


a) Predict the shape of the flower bed. Support 
your prediction. 


bh) Sketch the flower bed. 


16. An ellipse has foci F,(4, 0) and F(—4, 0). Determine the equation of the 
ellipse in each case. 


a) One x-intercept is 5. b) One y-intercept is 2. 


17. An ellipse has foci F,(0, 6) and F,(0, —6). Determine the equation of the 
ellipse in each case. 


a) One x-intercept is 3. b) One y-intercept is 10. 
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EE 20. Use The Geometer’s Sketchpad. You will construct -_—_ = 


Previous Section | 


18. Thinking/Inquiry/Problem Solving In the diagram, B, 
P is a point on an ellipse with foci Fy and F2. The line 
through F; and F> intersects the ellipse at points A; and Ag, 
called the vertices. Line segment A; Az is the major axis. 


A 
The perpendicular bisector of A;Ao intersects the ellipse ° F, O F, 


at points B; and Bz. Line segment B,Bz is the minor axis. 


The major and minor axes intersect at the centre O. 
a) The property that PF; + PF» is constant applies to every Ba 
point on the ellipse. Assume P is at Ay. Show that this 


constant is the length of the major axis. 


b) Assume P is at B;. Show that the distance from B, to either focus is 
equal to one-half the length of the major axis. 


19. Cut out a cardboard right triangle. Draw two lines that 
intersect at right angles. Place the triangle as shown. 
The vertex of the right angle is on one line and another 
vertex is on the second line. Move the triangle so these 
vertices always stay on the lines. Mark points to illustrate 
the path of the third vertex. Identify the locus of the third 
vertex. 


this diagram. Point D is the centre of a circle with fixed 
radius equal to the length of segment AB. Horizontal 

and vertical lines are drawn through a point O inside the 
circle. Point C is one of the points of intersection of the P 


horizontal line and the circle. Point P is any point on the 
radius DC. Point D is a driver point for the locus of P. 
As D moves along the vertical line, P traces the locus. 
Set-Up 

e From the File menu, choose New Sketch. Construct a segment AB. 
e Construct two perpendicular lines that intersect at O. 


Constructing the Point P 

e Construct a variable point D on the vertical line. 

e Construct a circle with centre D and radius equal to the length of AB. 

e Construct one of the points of intersection of the circle and the horizontal 
line. Label it C. 

e Construct segment DC. Construct a point P on segment DC. 

Constructing the Locus of P 

e Drag point D along the vertical line to observe the effect on P. 

e Shift-click point D (the driver point) and point P (the point on the locus). 
From the Construct menu, choose Locus. 


472 = CHAPTER 8 LOCI: FROM GEOMETRY TO ALGEBRA (FUNCTIONS AND RELATIONS) 


Previous Section 


a) Describe the locus fully. 


b) Predict how the locus will change in each situation. Use the computer to 
check your prediction. 
i) Point P moves closer to D. 
ii) Point P is the midpoint of DC. 
iii) Segment AB is made longer or shorter. 
c) In part a, you should have found that the locus is a semi-ellipse. 
i) How could you obtain the other half of the ellipse? 
ii) Which point is the centre of the ellipse? 
iii) How are the major and minor axes of the ellipse related to the diagram 
on page 472? 


E21. Use The Geometer’s Sketchpad. Repeat|exercise 25 in 8.1 Exercises} but use 


= lines that are not perpendicular. 


22. Refer to the ellipse construction in The perpendicular 
bisector of segment DF; touches the ellipse at P. This line is a tangent to the 
ellipse. Explain why the perpendicular bisector is a tangent to the ellipse. 


23. An ellipse has major axis of length 2a units and minor axis of length 2b units. 
The foci of the ellipse are F;(c, 0) and F2(—c, 0). 
a) Determine a relationship between a, b, and c. 
2 2 
b) Show that the equation of the ellipse is 5 + a =1. 
24. Refer tolexercise 13] Let the larger circle have radius a and the smaller 


circle have radius b. Suppose O is the origin of a coordinate grid. Determine 
the equation of the locus of P, and thus verify that it is an ellipse. 


MH 95. Use The Geometer’s Sketchpad. You will construct this M 
= diagram. Point D is a variable point on a line through 
the centre O of a circle. Segment DM is constructed P 
perpendicular to the diameter. Point P is a variable point 
on DM. O° D 


Point D is the driver point for the locus of P, which moves 
so the ratio DP : PM is constant. 


a) Create a dynamic model of this situation, then construct 
the locus of P. 


b) Predict what will happen to the locus when you drag point P. Check your 
prediction. 


c) Your locus is a semi-ellipse. Find a way to add the other half of the 
ellipse to your construction. 


d) Show that the locus is a semi-ellipse. 
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Self-Check 8.1, 8.2 


— 


. Point Q has coordinates (2, 3). Point R moves so the slope of QR is always -=. 
a) Determine the equation of the locus of R. 


b) Identify the locus of R. 
c) Sketch the locus of R. 


N 


Point E moves so it is always the same distance from the lines x = 2 and x = —6. 
a) Sketch the locus of E. 
b) Determine the equation of the locus of E. 


c) Describe the locus of E. 


~ 


Point F moves so it is always the same distance from the lines 
2x — 3y+ 15 = 0 and 2x - 3y-—3 =0. 

a) Sketch the locus of F. 

b) Determine the equation of the locus of F. 


c) Describe the locus of F. 


> 


Point P moves so the product of the slopes of the line segments that join P 
to Q(O, -4) and to R(O, 4) is -1. 


a) Determine the equation of the locus of P. 
b) Sketch the locus of P. 


c) Describe the locus of P. 


oa 


. Point P is the intersection of perpendicular lines drawn through point A(4, 0) 
and point B(-4, 0). 
a) Sketch a diagram to show several possible pairs of perpendicular lines 
and the corresponding positions of P. 


b) Determine the equation of the locus of P. 


c) Identify the locus, then draw its graph. 


> 


The equation of an ellipse is x? + 16y” = 16. 
a) Determine the intercepts of the graph of this ellipse. 


b) Determine the coordinates of 4 other points on the graph. 


™ 


The foci of an ellipse are F,(4, 0) and F,(—4, 0). The sum of the focal radii 
is 10 units. Determine the equation of the ellipse. 


ge 


The sum of the focal radii of an ellipse is 8 units. Determine the equation of 
an ellipse with this property. 


9. Determine the equation of one ellipse that has foci F,(0, 2) and F,(0, —2). 
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8.3. The Hyperbola 


A flashlight casts a shadow on the wall. 
The shadow has the shape of a hyperbola. 
The light forms a cone. The wall intersects 
the cone to form a hyperbolic shadow. 


A hyperbola can be drawn on paper with the 
use of two thumb tacks, a piece of string, 
a pencil, and cardboard. 


Place the paper on the cardboard. Push 
the thumb tacks into the cardboard. 
Make a knotted loop in the string to 
hold the pencil point. Pass the string 
around the tacks. Hold the ends of the 
string together. Use the pencil to keep 
the string taut. Place the hand that 
holds the string close to the nearer tack. 
Move the hand away from the tack to 
draw one branch of the hyperbola. 
Reverse the position of the string to 
draw the other branch of the hyperbola. 


This construction illustrates the definition of a hyperbola. 


Take Note 


Definition of a Hyperbola 


A hyperbola is the locus of a point P that moves so the difference of its 
distances from two fixed points is constant. 


Each fixed point is a focus. P 
Each distance from a focus to P is 

a focal radius. 

F, and F» are the foci. Fo Fy 
PF, and PF> are the focal radii. 


The locus definition states that the 
difference of the focal radii is constant. 


|PF; — PF2| = constant 
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In the diagram on page 475, since PF; < PF2, then PF; — PF» is negative. 


Since the definition applies to P on both branches, we use the absolute value 
symbol to denote the constant is positive. 


Investigation 1 


Using a Grid to Construct a Hyperbola 


You will need grid paper with two sets of concentric circles, as shown below. 


KM _.\\ 
WARE REY 


The centres of the circles are the foci. 


Y 


Point A is 5 units from F; and 3 units from F); that is, AF; — AF) = 2 
Point B is 3 units from F; and 5 units from F2; that is, |BF; — BF2| = 2 


1. Locate all the points on the grid so the difference of the distances of 
each point from the foci is 2 units. 


2. Draw smooth curves through the points to form two branches of a 
hyperbola. Describe the hyperbola. 


3. In each case, describe how the hyperbola would be different from the 
hyperbola you drew. 
a) The difference of the focal radii is less than 2 units. 
b) The difference of the focal radii is greater than 2 units. 
c) On the circular grid paper, the centres of the circles are closer 
together. 
4. Explain why the hyperbola you constructed has: 
a) a horizontal line of symmetry 


b) a vertical line of symmetry 
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Another construction of a hyperbola is based on an P 


idea similar to that used for the ellipse in|Section 8.2| D 


Visualize a circle with centre F that is not large enough 

to enclose F;. If we could find a point P on the line Fy 
containing the radius FD so that PF; = PD, then P 

would trace a hyperbola as D rotates around the circle. 


This idea is the basis of the constructions in 
Investigations 2 and 3. 


Investigation 2 


Using Geometry to Construct a Hyperbola 


1. Start with two fixed points F; and F». 
These are the foci of the hyperbola. 
Use compasses to construct a circle with 
centre Fy. Make the radius small enough so 
F; is outside the circle. 


i) 


. Mark a point D on the circle. 
Join D to Fy and Fo. 
Construct the perpendicular bisector of segment 
F,D; it intersects the line through F> and D at P. 
Join P to F;. P is a point on the locus. 


~ 


Repeat exercise 2, using other positions of D on the circle. Draw 
smooth curves through all the points labelled P. These curves are the 
branches of the hyperbola. 


Fy 


. a) Explain why the locus is a hyperbola. 


b) How is the perpendicular bisector related to the hyperbola? 
In}8.3 Exercises, exercise 17} you will explain this relationship. 
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Investigation 3 


Using The Geometer’s Sketchpad to Construct a Hyperbola 


You will construct a dynamic model of a hyperbola using the idea 
described preceding Investigation 2. Point P is on the locus and point D is 
the driver point for the locus. 


re | 


Set-Up 

e From the File menu, choose New Sketch. 

¢ Construct two points. Label them F1 and F2. 

¢ Construct a point H that is closer to F2 than F1 is to F2. 


e Shift-click point F2, then point H. From the Construct menu, choose 
Circle by Center and Point. Hide point H. 


¢ Construct a variable point D on the circle. 


Constructing a Point P on the Locus 

e Construct segments F1D and F2D. 

¢ Construct the perpendicular bisector of F1D. 

e Construct the line through F2 and D. 

¢ Construct the point P where the perpendicular bisector intersects F2D. 


P is a point on the locus. 


Constructing the Locus of P 


e Drag point D around the circle. Observe how the position of P changes. 
Check visually that |PF2 — PF1| is always equal to the length of F2D. 

e Shift-click point P (the point on the locus) and point D (the driver 
point). From the Construct menu, choose Locus. 


The computer will construct the locus of P, which is a hyperbola. Notice 
that it has two branches. 


1. Predict how the hyperbola will change in each situation. Use the 
computer to check your prediction. 
a) Fl moves closer to F2, or farther from F2. 
b) The circle is larger or smaller. 


2. If possible, make a printout of your construction. Otherwise, make an 
accurate drawing of it. 


Note: See}/8.3 Exercises, exercise 16| for an extension of this investigation. 


478 = CHAPTER 8 LOCI: FROM GEOMETRY TO ALGEBRA (FUNCTIONS AND RELATIONS) 


The definition of a hyperbola can be used to determine the equation of a 
hyperbola in a coordinate system. 


The foci of a hyperbola are F,(5, 0) and F,(—5, 0). The difference of the 
focal radii is 8 units. 
a) Determine the equation of the hyperbola. 


b) Graph the hyperbola on grid paper. 


Solution 


a) Draw a sketch on plain paper. Show points y 
F, and F), and a point P so that PF; — PF) = 8. 
Draw segments PF; and PF2. Let P(x, y) be a point 
on the hyperbola, where PF; is longer than PF2. Use 
the fact that the difference of the focal radii is 8 to 
write an equation. 


PC, y) 


F,(-5, 0) 0 F1(5, 0) 


PF, — PF) = 8 
V@-SPty-Vut5P+y=8 
Isolate one radical. 
V@=3 += 8+ Jersrry 
Square each side. ; ; 
(Va—5P +92) = (84+ Var5r?+y?) 
(x-5)? + y? = 644 16/(x4+ 5% +y2? + (x45) +y’ 
x —10x+ 25+ y? = 644 16J/(x +5) + y2 +274 10K 4+ 254+" 
Isolate the term containing the radical. 
—20x — 64 = 16/(x + 5)? + y? 
Divide each side by 4. 
§x—- 16 =4/(x +52 +y 
Square each side. Discuss 


(-5x — 16)? = (4 I(x f 5)2 ae »)" Suppose PF, is shorter 


7 than PF2. How would 
25x° + 160x + 256 = 16(x7 +10x+25 + y’) the solution change? 


25x? + 160x + 256 = 16x” + 160x + 400 + 16y” 
9x" — 16y* = 144 


The equation of the hyperbola is 9x” — 16y” = 144. 
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b) To sketch the hyperbola, determine the intercepts. y 


Substitute x = 0 in the equation of the hyperbola. 
9(0)? — 16y* = 144 
—16y” = 144 
This equation has no real roots, so there are 
no y-intercepts. 


(6, 3.4) 


Substitute y = 0 in the equation. 


9x? — 16(0)? = 144 (6,-3.4) 74 (6=34) 
Ox? = 144 
x = 16 
x=i4 


The x-intercepts are 4 and -4. 
Two points on the hyperbola are (4, 0) and (+4, 0). 


Substitute any valid value of x, say x = 6. 
9(6)? — 16y” = 144 


16y* = 180 
y* = 11.25 
y = +V711.25 
=~ 43.4 


Substituting x = —6 produces the same values for y. 
Four more points on the hyperbola are (+6, +3.4). 


Plot these points, then draw two smooth curves through them. 


Al 


1. The equation of a hyperbola is 9x? — 4y* = 36. 
a) Determine the intercepts of the graph of this hyperbola. 


b) Determine the coordinates of 4 other points on the graph. 


2. The equation of a hyperbola is 16x? — y* = —-16. 
a) Determine the intercepts of the graph of this hyperbola. 


b) Determine the coordinates of 4 other points on the graph. 
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oa 
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~ 
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o 


10. 


. Knowledge/Understanding The foci of a hyperbola are F,(3, 0) and 


F,(-3, 0). The difference of the focal radii is 4 units. 
a) Determine the equation of the hyperbola. 
b) Sketch the hyperbola. 


. The foci of a hyperbola are F,(0, 5) and F2(0, —5). The difference of the 


focal radii is 8 units. 
a) Determine the equation of the hyperbola. 
b) Sketch the hyperbola. 


. Communication Look at the results from exercises 3 and 4. 


a) How are the hyperbolas and their equations similar? 
b) How are the hyperbolas and their equations different? 


c) By looking at the equation of a hyperbola, how can you tell whether it 
intersects the x-axis or the y-axis? Explain. 


. The base of AABP is AB. Point P moves so the difference of the lengths of 
AP and BP is 4 units. Determine the equation of the locus of P in each case. 


a) The coordinates of A and B are A(—3, 0) and B(3, 0). 
b) The coordinates of A and B are A(O, —3) and B(0, 3). 


c) Compare the results of parts a and b. What do you notice? 


. The foci of a hyperbola are F,(0, 8) and F2(0, —8). Determine the equation 


of the hyperbola for each condition. 
a) The difference of the focal radii is 4 units. 
b) The difference of the focal radii is 5 units. 


c) The difference of the focal radii is 6 units. 


. The difference of the focal radii of a hyperbola is 2 units. Determine the 


equation of the hyperbola for each condition. 
a) The foci are F,(0, 3) and F (0, —3). 

b) The foci are F,(5, 0) and F2(—5, 0). 

c) The foci are O(O, 0) and A(4, 0). 

d) The foci are O(O, 0) and C(O, 4). 


. The difference of the focal radii of a hyperbola is 6 units. Determine the 


equations of two different hyperbolas with this property. 


Determine the equations of two different hyperbolas that have foci F\(3, 0) 
and F2(—3, 0). 
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11. Application Suppose the sound of a cannon is heard in the distance by two 
observers who are 2 km apart. One observer hears the sound 2 s later than 
the other observer. Sound travels at about 335 m/s. 


a) How much farther is the cannon from the second observer than the 
first observer? 


b) What information does your answer to part a give you about the location 
of the cannon relative to the two observers? 


c) What additional information would be needed to determine the exact 
location of the cannon? Explain. 


12. Use the definition of a hyperbola and the hyperbola you drew in 
Investigation 1| Explain why the hyperbola has: 


a) a horizontal line of symmetry b) a vertical line of symmetry 


13. A hyperbola has foci F;(10, 0) and F2(—10, 0). One x-intercept is 6. 
Determine the equation of the hyperbola. 


14. A hyperbola has foci F,(0, 5) and F,(0, —5). One y-intercept is 4. Determine 
the equation of the hyperbola. 


15. Thinking/Inquiry/Problem Solving In the diagram, 
P is a point on a hyperbola with foci F; and F2. The line 
through F; and F> intersects the hyperbola at points Ay 
and A», called the vertices. Line segment A,Az is the 
transverse axis. The midpoint of A;Az is the centre O. F, /A20 Ai Fy 
The property that |PF; — PF] is constant applies to every 
point on the hyperbola. Assume P is at A;. Show that this 
constant is the length of the transverse axis. 


EE 46. Use The Geometer’s Sketchpad. In Investigation 3, 

= you found that the locus of P had two branches. 
You will investigate what happens when P moves from 
one branch of the hyperbola to the other branch. 


a) Repeat the construction in|/nvestigation 3 


b) Construct segment F)F2 and its midpoint, O, which is 
the centre of the hyperbola. Your diagram should look 
like the one at the right. 


c) The perpendicular bisector of F;D does not pass 
through the centre of the hyperbola. Drag point D until it does. 
i) What special property does the perpendicular bisector of FjD have 
when it passes through O? 
ii) Where is point P in this case? 
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oO 


17. Refer to the hyperbola construction in The perpendicular 
bisector of segment DF; touches the hyperbola at P. This line is a tangent 
to the hyperbola. Explain why the perpendicular bisector is a tangent to 


18. 


19. 


20. 


d) Find a different position of D on the circle so the perpendicular bisector 
passes through O. Do the results you found in part c still apply? 


e) Describe how the two perpendicular bisectors are related. 


the hyperbola. 


A hyperbola has transverse axis of length 2a units. The foci of the hyperbola 


ae ae 

a c-a l. 

Use The Geometer’s Sketchpad. Point A is inside 

a fixed circle. D is a variable point on the circle. A line 


perpendicular to segment AD is constructed through D. 
a) Create a dynamic model of this situation. 


b) Slowly drag point D around the circle, and observe 
the effect on the line. Try this for different positions 
of A inside the circle. 


c) Shift-click the line and the point D (the driver 
point). From the Construct menu, choose Locus. 
Drag point A to different positions inside and 
outside the circle, and observe the effect on 
the locus. 


are Fi(c, 0) and F2(—c, 0). Show that the equation of the hyperbola is 
2 


d) This example illustrates a locus of a line. How would you define the locus 


of a line? 


Use The Geometer’s Sketchpad. 


a) Create a dynamic model of an ellipse and a hyperbola that have the 


same foci. 


b) Drag the driver point for the hyperbola to observe how it intersects 
the ellipse as the hyperbola changes. Repeat, using the driver point for 


the ellipse. 


c) Look at one of the points where the ellipse and the hyperbola intersect. 
Drag the point on the ellipse to the point of intersection. Drag the point 
on the hyperbola to the same point of intersection. What property do the 
tangents to the curves appear to have at the point of intersection? 


d) An ellipse and a hyperbola with the same foci are confocal. State a 
property of a confocal ellipse and hyperbola that is suggested by 


your results. 
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8.4 The Parabola 


Television pictures are transmitted worldwide. 
The signals from a communications satellite 
are reflected off the surface of a dish antenna 
and focused at the receiver. The dish antenna 
has a cross section that is a parabola. 


In|Chapter 4} you reviewed the parabola and 


its equations, y = ax* + bx + ¢ and 
y=ax-py+q. 


A parabola can be defined as a locus. 


Take Note 


Definition of a Parabola 


A parabola is the locus of a point P that moves so it is always the same distance 
from a fixed point and a fixed line. 


The fixed point is the focus, F. 
The fixed line is the directrix, d. 


From the locus definition, PF = PD 


Investigation 1 
Using a Grid to Construct a Parabola 
You will need grid paper 


with concentric circles and 
parallel lines. 


a sae 
Pee ig 


ARS 
SS 
Se 


484 = CHAPTER 8 LOCI: FROM GEOMETRY TO ALGEBRA (FUNCTIONS AND RELATIONS) 


This grid paper can be used to construct a parabola with focus at the 
centre of the circles. Any line on the grid paper can be used as a directrix. 
1. a) Mark the centre of the circles, F. 
b) Draw the line d that is 4 units from F. 


You will construct a parabola with focus F and directrix d. 


2. a) Mark point A that is 3 units from F and 3 units from d, as shown 
on page 484. Since A is equidistant from F and d, A is a point on 
the parabola. 

b) Mark as many other points as you can that are equidistant from F 
and d. 


c) Draw a smooth curve through the points to form the parabola. 


oo 


. Explain why the parabola you constructed has a line of symmetry. 


= 


. The line of symmetry intersects the parabola at its vertex. How is the 
vertex related to the focus and the directrix? 


oa 


. In each case, describe how the parabola would be different from the 
parabola you drew. 


a) The directrix is closer to the focus. 


b) The directrix is farther from the focus. 


Investigation 2 
Using The Geometer’s Sketchpad to Construct a Parabola 


You will construct a dynamic model of a parabola. Study the diagram 
below before you begin the construction. Make sure you understand the 
following information about it. 


F is a fixed point, and d is a fixed line. 
These are the focus and directrix of the 
parabola, respectively. P is a point on 
the parabola. 


PD is perpendicular to d, and PF = PD. 
Hence, P is equidistant from F and d. 


D is the driver point for the locus. As D moves along the directrix, 
PF and PD are always equal in length. 
The locus of P will be a parabola. 
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Set-Up 

e From the File menu, choose New Sketch. 

e Construct a point, then label it F. 

e Construct a line that does not pass through F, then label it d. 


e Construct a variable point D on the line. 


Constructing a Point P on the Locus 
e Construct segment DF. P 
e Construct the perpendicular bisector of DF. 
e Construct a line through D perpendicular to the 
line d. 
¢ Construct the point of intersection, P, of these d 
two lines. 


e Construct segment PF. 


P is a point on the locus. 


Constructing the Locus of P 


e Drag point D along the directrix. Observe how the position of P changes. 
Check visually that the lengths of PF and PD are always equal. 


e Shift-click point P (the point on the locus) and point D (the driver 
point). From the Construct menu, choose Locus. 


The computer will construct the locus of P, which is a parabola. 


1. a) Explain why the locus of P is a parabola. 
b) How is the perpendicular bisector of DF related to the parabola? 


NS 


Predict how the parabola will change in each situation. Use the 
computer to check your prediction. 


a) F moves closer to the directrix. 


b) F moves farther from the directrix. 


(J) 


. Explain why the parabola you constructed has a line of symmetry. 


> 


If possible, make a printout of your construction. Otherwise, make an 
accurate drawing of it. 
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The definition of a parabola can be used to determine the equation of a parabola 
in a coordinate system. 


A parabola has focus F(2, 0) and directrix x = —2. 
a) Determine the equation of the parabola. 


b) Graph the parabola on grid paper. 


Solution 


a) Draw a sketch on plain paper. 
Show the focus and the directrix. 
Let P(x, y) be any point on the parabola. 
Draw the perpendicular from P to meet the directrix 
at D. The coordinates of D are (-2, y). 


D(-2, y) 


From the definition of a parabola, 
PD = PF 
Vet 2 + yP = Vr- 2 + - OP 
Square each side. 
we +4n+4ax7-4c444+y? 
Collect like terms. 


a = & 
The equation of the parabola is y* = 8x. 


b) To sketch the parabola, locate the vertex and y 
two other points on the parabola. The vertex V 4 
is halfway between the directrix and focus, so 


Substitute any valid value of x in y” = 8x, 
say x = 2. 
y’ = 82) iP 
y=itv16 
= 14 
Two other points on the parabola are (2, +4). 
Plot the points, then join them with a smooth curve. 
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V has coordinates (0, 0). y= Bx 
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Al 


1. Determine the equation of each parabola, then sketch its graph. 
a) Focus F(2, 0); directrix x = —2 
b) Focus F(0, 2); directrix y = —2 
c) Focus F(—2, 0); directrix x = 2 
d) Focus F(O, —2); directrix y = 2 


2. Communication Look at the results of exercise 1. 
a) How are the parabolas and their equations similar? 
b) How are the parabolas and their equations different? 


c) Suppose you are given the coordinates of the focus and the equation of 
the directrix of a parabola. How can you determine which way it opens? 


~ 


. Knowledge/Understanding A point P moves so it is always the same 
distance from the point B(O, 3) as it is from the line y = —3. 


a) Determine the equation of the locus of P. 


bh) Identify the locus, then sketch its graph. 


> 


A point P moves so it is always the same distance from the point A(—S, 0) as 
it is from the line x = 5. 


a) Determine the equation of the locus of P. 


bh) Identify the locus, then sketch its graph. 


aa 


A parabola has directrix x = —3 and vertex O(0, 0). 
a) What are the coordinates of the focus? 


b) What is the equation of the parabola? 


> 


A parabola has focus F(10, 0) and vertex O(0, 0). 
a) What is the equation of the directrix? 
b) What is the equation of the parabola? 


™“ 


Application Determine the equation of the parabola with the given focus 
and directrix. 


a) Focus F(0, 4); directrix x-axis 
b) Focus F(3, 4); directrix x-axis 
c) Focus O(0, 0); directrix y = 4 
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8. Determine the equation of the parabola with the given focus and directrix. 


so 


10. 


1 


—_ 


12. 


13. 


a) Focus F(6, 0); directrix y-axis 
b) Focus F(6, 3); directrix y-axis 
c) Focus O(0, 0); directrix x = 6 


Thinking/Inquiry/Problem Solving A line segment that 
joins two points on a parabola is a chord. The chord that 
passes through the focus, and is perpendicular to the line of 
symmetry, is the latus rectum. How is the length of the latus 
rectum related to the perpendicular distance from the focus 


to the directrix? Explain. 


Point P moves so the slope of the line through P and S(2, 0) 
is always 2 greater than the slope of the line through P and T(-2, 0). 


a) Determine the equation of the locus of P. 


bh) Identify the locus, then sketch its graph. 


c) Point M(t, 16) is on the graph. Determine the value of t. 


. Determine the equation of the parabola with each given focus and directrix. 


a) Focus F(0, p); directrix y = —p 
b) Focus F(p, 0); directrix x = —p 


On grid paper, draw square OACB with side length 

8 units. 

a) Mark a point D on AC so AD = 2 units. Join OD. 
Draw DE parallel to diagonal AB. Draw EF 
perpendicular to OA. Mark point P where EF 
intersects OD. 


b) Repeat part a for other positions of point D on AC. 


c) Sketch the locus of P. Describe the locus. 


d) Determine the equation of the locus. 


In the diagram, OACB is a rectangle. 

D is any point on side AC. 

DE is parallel to the diagonal AB. 

EF is perpendicular to OA. 

OD and EF intersect at P. 

As D moves along AC, point P traces a locus. 


a) Draw the diagram, with D in the approximate 
position shown. 


chord 


latus rectum 
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b) Repeat part a at least three times, with D in different positions. Include 
the cases where D is very close to A and very close to C. 


c) On one diagram, sketch the locus of P. Describe the locus. 


d) Consider the special case where OA = 2 and OB = 1. Suppose O is the 
origin of a coordinate grid and A lies on the x-axis. Determine the 
equation of the locus of P, and thus verify that it is a parabola. 


TE 44. Use The Geometer’s Sketchpad. Two perpendicular 
lines intersect at O. Point T is a fixed point on one 
line. Point D is a variable point on the other line. 
Point O’ is the reflection of O in segment DT. 

A line is constructed through D, perpendicular to DT. 
The line through T and O’ intersects this line at P. 
Point D is the driver point for the locus of P. 


a) Construct the diagram as described above. 


b) Construct the locus of P. Drag point D to observe 
how P traces the locus. 


c) Describe the locus. 


d) Consider the special case where OT = 4. Suppose O is the origin of a 
coordinate grid, and D lies on the x-axis. Suppose the y-coordinate of P is a. 
i) Determine the x-coordinate of P in terms of a. 
ii) Determine the equation of the locus, and thus verify that it is a parabola. 


ic) 


15. Determine the equation of the locus of a point P that moves according to 
each condition. Then graph the locus. 


a) The sum of the distances from P to the origin and to the x-axis is 4. 

b) The sum of the distances from P to the point (0, 6) and the x-axis is 10. 
16. The line x + y = 0 is the directrix of a parabola. The point F(2, 2) is 

the focus. 

a) Determine the equation of the parabola. 


b) Sketch a graph of the parabola. 


EE 17. Use The Geometer’s Sketchpad. Refer to exercise 9. 


a) Construct a parabola, and its latus rectum. 


b) Construct the tangents to the parabola at the endpoints of its latus rectum. 
What properties do these tangents have? 
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Self-Check 8.3, 8.4 


—_ 


. The equation of a hyperbola is 16x” — 9y* = 144. 
a) Determine the intercepts of the graph. 


b) Determine the coordinates of 4 other points on the graph. 


i) 


. The foci of a hyperbola are F,(4, 0) and F2(—4, 0). The difference of the 
focal radii is 4 units. Determine the equation of the hyperbola. 


~ 


The difference of the focal radii of a hyperbola is 8 units. Determine the 
equations of two different hyperbolas with this property. 


PF} 


. Determine the equations of two different hyperbolas with foci F(0, 6) and 
F,(0, —6). 


0 


A hyperbola has foci F;(8, 0) and F(—8, 0). One x-intercept is 5. Determine 
the equation of the hyperbola. 


[=>] 


. Determine the equation of each parabola, then sketch it. 
a) Focus F(3, 0); directrix x = —3 
b) Focus F(0, 4); directrix y = —4 
c) Focus O(0, 0); directrix y = 3 
d) Focus O(0, 0); directrix x = —4 


~ 


. Point P moves so it is always the same distance from the line y = —2 as it is 
from the point A(O, 2). 


a) Determine the equation of the locus of P. 


b) Identify the locus, then sketch its graph. 


oo 


. Point P moves so the slope of the segment that joins the origin O(0, 0) to P 
is always equal to the x-coordinate of P. 


a) Determine the equation of the locus of P. 


bh) Identify the locus, then sketch its graph. 
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8.5 Relating the Ellipse, Hyperbola, and Parabola 


Everyone is familiar with an ice cream cone. Imagine cutting an empty cone at 
an angle. The cross section would look like an ellipse. If we cut the cone at 
other angles, it is possible to obtain cross sections that look like a parabola and 
a hyperbola. But it would not be possible to obtain both branches of the 
hyperbola. 


In mathematics, there are different ways to define a cone. We will use the 
following definition because it accounts for the fact that a hyperbola has two 


branches. 
Take Note 


Definition of a Cone 


A cone is the surface generated when a line is rotated in space about 
a fixed point P on the line. 


To represent a cone, you could drill a small hole near the end of a pencil and 
insert a bent piece of wire. Visualize spinning the pencil rapidly between the 
palms of your hands. The wire traces a three-dimensional surface that forms a 
cone. Each position of the wire is a line on the cone. These lines are generators 
of the cone. The pencil forms the axis of the cone. All the generators intersect 
at a point called the vertex. The cone has two symmetrical parts, or nappes, on 
either side of the vertex. 


fo 


nappes 


\ 


™- generators 
vertex 
axis 
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The curves that result when a plane intersects a cone are conic sections, or 


simply conics. 


The Circle 


The plane is perpendicular 
to the axis of the cone. 
The curve of intersection 
is a circle. Hence, a circle 
is a conic section. 


Both the sun and the moon 
appear to us as circular disks 
of about the same size. 
When they are aligned 
correctly, they can cause 

a total solar eclipse. 


The Ellipse 


The plane is not perpendicular 
to the axis of the cone. 

The curve of intersection is 

an ellipse. 


Satellites, planets, and some 
asteroids travel in elliptical 
orbits. In 1998, astronomers 
found an asteroid circling the 
sun inside Earth’s orbit. The 
asteroid, named 1998 DK36, 
has a diameter of about 40 m. 


The Parabola 


The plane is parallel to a 
generator AB on the cone. 
The curve of intersection is 
a parabola. 


Parabolas have many 
applications in astronomy. 

The mirrors in some telescopes 
have surfaces whose cross 
sections are parabolas. 
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The Hyperbola 


The plane intersects both nappes 

of the cone. The curves of intersection 
form a hyperbola. A hyperbola has 
two distinct parts, or branches. 


£ 


Neptune 


The Voyager 2 space probe, launched in 
1977, provides examples of hyperbolic 
paths. The arrangement of Jupiter, 
Saturn, Uranus, and Neptune during the 
1980s allowed Voyager 2 to pass by one 
planet on its way to the next. On each 
segment of this journey, Voyager 2 
followed a hyperbolic path. The 
diagram shows the hyperbolic path of 
Voyager 2 as it passed by Neptune in 
August 1989. 


~ Voyager 2 


Investigation 


Flashlight Patterns 


1. a) Hold a flashlight perpendicular to a wall. Identify the curve formed 
by the edge of the shadow. 


b) Move the flashlight farther from the wall, or closer to the wall, while 
you still hold it perpendicular to the wall. How does the curve change? 


c) Move the flashlight closer and closer to the wall until it touches the 
wall. Describe what happens to the curve. 
. a) Tilt the flashlight upward. Identify the curve formed. 


b) Increase the angle of elevation of the flashlight. How does the 
curve change? 


. a) Hold the flashlight vertical, close to the wall. Identify the curve 
formed. 


b) Decrease the angle of elevation. How does the curve change? 


. As the angle of elevation increases, the curve changes from an ellipse 
to a hyperbola. 


a) Try to determine the position where the curve changes from an 
ellipse to a hyperbola. 


b) At the position in part a, the curve is neither an ellipse nor a 
hyperbola. Look closely at the curve. What curve do you think this is? 


c) What is unusual about the position of the flashlight at that position? 
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5. a) Hold the flashlight to form an ellipse on the wall. Move the 
flashlight farther from, or closer to the wall, without changing its 
angle of elevation. How does the ellipse change? 

b) Move the flashlight closer and closer to the wall until it touches the 
wall. Describe what happens to the ellipse. 


c) Repeat parts a and b for the hyperbola. 


6. Explain how a hyperbola differs from a parabola. 


A] 


1. A table lamp is near a wall. Describe the shadow formed 
on the wall when the lamp is turned on. 


2. Suppose a plane intersects a cone. Does every plane 
parallel to this plane intersect the cone? Explain. 


3. Refer to the diagram on|page 493}that shows a plane 


intersecting a cone to form a circle. Assume the plane 
moves parallel to its original position. Describe what 
happens to the circle when the plane moves as described. 


a) farther from the vertex of the cone 
b) closer to the vertex of the cone 


c) across the vertex of the cone 


4. Knowledge/Understanding Repeat exercise 3, using the diagrams on 


pages 493 and 494/that show a plane intersecting a cone to form each 


conic section. 


a) an ellipse bh) a parabola c) a hyperbola 


5. Communication Visualize a set of parallel planes that intersect a cone. 


a) Suppose the conic section on one plane is a circle. Describe the conic 
sections on the other planes. Explain how they are related to the 
first circle. 

b) Repeat part a, replacing the word circle with: 
i) ellipse ii) parabola iii) hyperbola 
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/ 6. Application Visualize shining a flashlight on a 
basketball on the floor. When the flashlight is 
directly above the centre of the basketball, the 
shadow of the basketball forms a circle on 
the floor. 


Assume the light is always aimed toward the 
centre of the ball. Describe the position of the 
light relative to the ball for the shadow to be 
each conic section. 


a) an ellipse b) a parabola c) a hyperbola 


J 7. Whena jet airplane breaks the sound barrier, it creates a shock wave that has 
the shape of a cone. As the jet flies overhead, the shock wave affects points 
on the ground that form a curve. Describe the shape of this curve for each 
position of the jet. 


ae 


a) flying parallel to the ground bh) gaining altitude 
c) losing altitude d) flying straight up 


ad 


Thinking/Inquiry/Problem Solving List as many different ways as 
possible in which a plane can intersect a cone and not form a curve. 
Describe how each is obtained. 


ic) 


9. Some comets follow elliptical orbits around the sun. Other comets originate 
from interstellar space, follow hyperbolic orbits around the sun, then return 
to interstellar space. Some comets have been observed on only one journey 
around the sun. Explain why it could be difficult to tell if the orbits of these 
comets are elliptical or hyperbolic. 


10. A flashlight is directed toward a wall. Suppose the angle formed at the 
flashlight by the rays of light is 60°. Assume the angle of elevation of the 
flashlight increases from 0° to 90°. For what angles of elevation does each 
conic section appear on the wall? 


a) a circle b) an ellipse 


c) a hyperbola d) a parabola 
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Previous Section 


Finding the Ghost — 


INSIGHTS 


The July 2000 issue of New Scientist magazine 
contains an interesting article about “atomic 
ghosts.” A team of physicists conducted the 
following experiment using an empty chamber 
in the shape of an ellipse. 


e fe) 
atom ghost 


Using the precise motions of a scanning tunneling microscope (STM), 
Eigler’s team placed an atom of cobalt at one focus. In the frigid temperature 
and ultra-high vacuum of the STM chamber, the atom stuck there like a 
refrigerator magnet. When the physicists probed the cobalt atom with the 
STM, they saw a swarm of electrons around it. Then, when they scanned the 
other focus, they saw an unmistakable signature. The swarm surrounding 

the real atom was mirrored at the empty focus, even though there was no 
atom there... It all seems rather surreal. 


[They’ve seen a ghost, New Scientist 2246, July 8, 2000 p. 25.] 


The scientists labelled the cloud of electrons at the empty focus an 
“atomic ghost.” 


Formulating Questions 


1. Where does the ghost come from? 


2. Why does it appear at a focus? 


The answer to these two questions is contained in a fundamental reflection 
property of the ellipse. Suppose you have an elliptical pool table. When 
you shoot a ball through a focus, the ball bounces off the wall and passes 
through the other focus. This happens irrespective of the angle at which 
you shoot the ball. As long as the ball passes through one focus, it will 
bounce off the wall and pass through the other focus. The ball will 
continue this course through the two foci for as long as it keeps moving. 


Now think of the electrons at one focus as waves, as in a source of light. 
The rays emanate from the focus in all directions, reflect off the wall of the 
chamber, and they will all pass through the other focus. The concentration 
of energy at the focus forms the ghost. 


We state this result formally. 


Proposition: A light ray emanating from one focus of an ellipse will 
bounce off the wall of the ellipse and pass through the other focus. 


Our mathematics problem is to find a geometric proof of this proposition. 


y The Reflection Property of an Ellipse 


This phenomenon 
could have 
applications for those 
who study or observe 
atoms. An atom is 
observed by using a 
“probe” such as a 
light ray or an X ray. 
Unfortunately, the 
probe disturbs the 
atom so you are no 
longer looking at 
exactly what you 
wanted to see. A 
possible solution is to 
study and learn from 
the ghost instead. 


The reflection 
property of the ellipse 
is used in a number of 
applications. A 
whispering gallery is a 
large elliptical room 
where a whisper at 
one focus can be 
clearly heard at the 
other focus. In 
lithotripsy, a person 
with a kidney stone is 
placed in an elliptical 
bath so the stone is 
at one focus. High- 
intensity sound waves 
generated at the 
other focus are 
reflected to the stone 
and shatter it without 
damaging the 
surrounding tissue. 
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Selecting Strategies, Resources, Technology, and Tools 


There are several ways to prove the proposition. Here is one approach. 


From physics, we know the following properties of light. 

e Light reflects from a curved surface, such as an ellipse, as if it was 
reflecting from a tangent to the ellipse at the point of reflection. 

e The incoming and reflected rays make equal angles with the tangent 
at the point of reflection. 


Consider an ellipse with foci F; and F and a line / that is tangent to Cs. Z 
the ellipse at point P. We will prove the proposition in two steps. Ce 


df 


Step 1 The shortest path that contains F;, Fy, and a point on / is the 
path F»P + PF;. 


Step 2 PF; and PF) make equal angles with the tangent /. 
That is, @ = B as shown in the diagram at the right. 


Interpreting Information and Forming Conclusions 


Proof of Step 1 


Suppose Q is any point on the line / different from P. The diagram at the 
right shows two possible positions of Q. Consider paths F2P + PF; and 
F,Q + QF). For the reasons given below, F2P + PF, has the shortest 
total length. 


e P is on the ellipse. 

e Since P is on the ellipse, F2P + PF, is the sum of the focal radii; that 
is, FyP + PF, = 2a. 

e Since Q lies outside the ellipse, FxQ + QF is greater than the sum of 
the focal radii; that is, FxQ + QF; > 2a. 

e The path F,P + PF; is shorter than all other paths F2Q + QF}. 


The shortest path that contains F;, Fy, and a point on / is the path 
F>P + PF). 


Proof of Step 2 


We begin with a construction. Let point D be the reflection of F, in /. 
For the reasons given below, F2PD is a straight line. 


e Line / is the perpendicular bisector of F;D, so any point on / is 
the same distance from F; as from D. 
Thus, PF; = PD and F2P + PF; = F2P + PD 
Similarly, QF; = QD and F.Q + QF; = F2xQ + QD 
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e In Step 1, we showed that F2P + PF; is shorter than F2Q + QF). Thus, 
F>P + PD is shorter than FxQ + QD for all other points Q on /. 


Since FP + PD is the shortest possible path, F2PD must be a straight line. ; 

Since FPD is a straight line, @ and y are opposite angles. Thus, y = @ ef 
~ 

¢ Dis the reflection of F, in the tangent. By symmetry, y = 8 # 


e Since @ and f are both equal to y, they must be equal to each other. 
That is, a = B 


Since PF; and PF, make equal angles with tangent /, FxP + PF; is the 
path of the light ray from F) to F; that reflects off J. We have proved 
the proposition. 


The technique of using the reflection of a focus in a tangent is a powerful 
construction in the geometry of conic sections. It is used in the “circle” 
construction of the ellipse in[Section 8.2, Investigations 2 and 3} This 
construction is more complex than that using the sum of the focal radii 
definition of an ellipse. In constructing the perpendicular bisector of 
F,D, we not only obtain point P on the ellipse, but also the tangent to 


the ellipse at P. UIin|Section 8.2, exercise 22} you explained why the line - 


is a tangent to the ellipse.) This gives us an argument for the equal angle AN 
result: that the rays FjP and F,P make the same angle with the tangent. ‘ 
The result is no different from what we have shown here except that i 


it is done in a different order. In Investigation 2, we started with D 
and used it to construct the tangent. Here, we started with the tangent 
and used it to construct D. 


1. Kursti and Steve are discussing how to draw the tangent to an ellipse P 
at a point P. (7 
Kursti: ’'m not sure, but an ellipse is just like a circle except it’s 
stretched out. A tangent to a circle is always at right angles to 
the radius. Shouldn’t that be true here? 


Steve: But an ellipse doesn’t have a radius. 


Kursti: That’s true, but you can still draw a line from the centre of the 
ellipse. As P moves, the length of the line will change, but 
maybe it will always be perpendicular to the tangent. 


Steve: Maybe. It works if P is at the top or at the side. Let’s try it. 


Investigate Kursti’s suggestion using the equal angle property developed 
in this section. There is an interesting result to be found. 
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Previous Section 


For each of problems 2 to 7, use either a pencil and paper argument, or 
use The Geometer’s Sketchpad to produce a construction. 


Challenge Problems 


2. Consider two points F; and F and a line / that neither contains the 
points nor passes between them. Show that there is a unique ellipse 
with foci F; and F> that is tangent to /. 


3. Consider point F and two intersecting lines /; and /z, neither of 
which passes through F. 


a) Is there a unique ellipse with a focus at F that is tangent to both 
l, and J? Explain. 


b) Is there is a unique parabola with focus F that is tangent to both 
l, and /)? Explain. 


4. Consider a point F, two lines /; and /> (neither of which passes 
through F), and a point P; on /;. Is there a unique ellipse with 
one focus at F that is tangent to /; at P; and also tangent to /2? 
Explain. 


5. Consider a point F inside a triangle. Show that there is a unique 
ellipse with one focus at F that is tangent to all three sides of 
the triangle. 


6. Consider a point F, a line / not passing through F, and a point P on /. 
Show that there is a unique parabola with focus at F that is tangent 
to J at P. 


7. Consider three mutually intersecting lines that do not pass through a 
common point. Show that there is a parabola that is tangent to all 
three lines. Is this parabola unique? Explain. 


8. Since the hyperbola is related to the ellipse, the reflection property 
of the hyperbola is similar to that for the ellipse. Consider a mirror 
shaped like one branch of a hyperbola. A light ray that emanates 
from the focus is reflected off the surface of the hyperbola. If the 
reflected ray is extended backwards, it passes through the other focus. 
The proof of this is similar to the proof for the ellipse. Show the proof. 


500 = CHAPTER 8 LOCI: FROM GEOMETRY TO ALGEBRA (FUNCTIONS AND RELATIONS) 


Problems 2-7 form an 
interesting class of 
explorations. All of 
them deal with the 
number and type of 
conditions needed to 
specify an ellipse or 
parabola. The 
conditions could 
involve a given focus, 
a given tangent, 

or a given point of 
tangency. If you have 
too few conditions, 
you will get many loci 
of the desired kind, 
but if you have too 
many conditions, you 
will not get a locus at 
all. The objective is to 
find the right mix that 
gives a unique locus. 


Review Exercises 


Mathematics Toolkit 
Geometry Tools 


e A locus is the path traced by a point that moves according to a given condition. 


e A circle is the locus of a point that moves so it is always the same distance 
from a fixed point. This distance is the radius. The fixed point is the centre 
of the circle. 


e An ellipse is the locus of a point that moves so the sum of its distances to 
two fixed points is constant. Each fixed point is a focus. Each distance from 
a focus to the fixed point is a focal radius. 


e A hyperbola is the locus of a point that moves so the difference of its 
distances from two fixed points is constant. Each fixed point is a focus. 
Each distance from a focus to the fixed point is a focal radius. 

e A parabola is the locus of a point that moves so it is always the same 
distance from a fixed point and a fixed line. The fixed point is the focus. 
The fixed line is the directrix. 


e A cone is the surface generated when a line is rotated in space about a fixed 
point on the line. 


e A circle, an ellipse, a hyperbola, and a parabola are conic sections, or simply 
conics. Each conic results from the intersection of a plane and a cone. 


8.1 1. Point B has coordinates (—1, 2). Point C moves so the slope of BC is always 2. 
a) Determine the equation of the locus of C. 
b) Identify the locus, then sketch it. 
2. Point D moves so it is always the same distance from the lines y = 3 
and y =—5. 
a) Sketch the locus of D. 
b) Determine the equation of the locus of D. 


c) Describe the locus of D. 


3. Point F moves so it is always the same distance from the lines x = 5 and y = 0. 
a) Sketch the locus of F. 
b) Determine the equation of the locus of F. 


c) Describe the locus of F. 
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8.2 


> 


s 


™ 


10. 


11. 


Previous Section 


Review Exercises 


Point F moves so its distance from point A(2, 3) is always equal to its 
distance from point B(4, —5). 


a) Determine the equation of the locus of F. 
b) Sketch the locus of F, then describe it. 


Point T moves so the slope of the line segment that joins T to AG, 2) is 
equal to the slope of the line segment that joins T to B(O, —2). 


a) Determine the equation of the locus of T. 
b) Sketch the locus of T, then describe it. 


Point P moves so the slope of the line segment that joins P to A(0, 2) is 
three times the slope of the line segment that joins P to B(O, —2). 


a) Determine the equation of the locus of P. 
b) Sketch the locus of P, then describe it. 


Point P moves so it is always one-half as far from point A(—5, 0) as it is 
from point B(5, 0). 


a) Determine the equation of the locus of P. 
b) Sketch the locus of P, then describe it. 


Point P moves so the line segment that joins P to Q(O, —1) is always 
perpendicular to the line segment that joins P to R(O, 1). 


a) Determine the equation of the locus of P. 
b) Sketch the locus of P, then describe it. 


The equation of an ellipse is 9x7 + 4y” = 36. 
a) Determine the intercepts of the graph of this ellipse. 


b) Determine the coordinates of 4 other points on the graph, then sketch 
the ellipse. 


The foci of an ellipse are F,(0, 3) and F2(0, —3). Determine an equation of 

the ellipse for each condition. 

a) The sum of the focal radii is 14 units. 

b) The sum of the focal radii is 11 units. 

c) The sum of the focal radii is 8 units. 

The sum of the focal radii of an ellipse is 15 units. Determine an equation of 
the ellipse for each condition. 

a) The foci are F,(0, 4) and F,(0, —4). _b) The foci are F,(2, 0) and F>(—2, 0). 
c) The foci are O(O, 0) and C(4, 0). d) The foci are O(0, 0) and D4, 0). 
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12. An ellipse has foci F,(6, 0) and F.(—6, 0). Determine the equation of the 
ellipse for which the sum of the focal radii is 16 units. 


13. The distance between the foci of an ellipse, centre the origin, is 8 units. The 
sum of the focal radii is 10 units. Determine the equations of two different 
ellipses with this property. 


. 14. Use The Geometer’s Sketchpad. rz & 
== RS is a fixed line segment. Horizontal and vertical lines 7 


intersect at O. Point D is a variable point on the horizontal 
line. The circle has centre D and radius equal to the length 
of RS. The circle intersects the vertical line at T. Point P is 
a point on the line through D and T. 

Point D is the driver point for the locus of P. As D moves 
along the horizontal line, P traces the locus. 


a) Create a dynamic model of this situation, then construct 
the locus of P. 


b) Predict what will happen to the locus when you drag point P. Check your 


prediction. 
c) What special cases occur for each position of P? 
i) on the horizontal line ii) below the horizontal line 
iii) on the vertical line iv) to the left of the vertical line 


d) The locus is part of an ellipse with foci on either the horizontal line or the 
vertical line. Where is P when the ellipse changes from having its foci on 
the horizontal line to having its foci on the vertical line? 


e) What special properties does the ellipse have when P is on the circumference 
of the circle, and opposite T? Explain how you determined these properties. 


f) Explain how you could add the other half of the ellipse to your construction. 
8.3 15. The foci of a hyperbola are F,(5, 0) and F2(—5, 0). Determine the equation 

of the hyperbola for each condition. 

a) The difference of the focal radii is 3 units. 

b) The difference of the focal radii is 5 units. 

c) The difference of the focal radii is 7 units. 

16. The difference of the focal radii of a hyperbola is 4 units. Determine the 

equation of the hyperbola for each condition. 

a) The foci are F)(4, 0) and F(—4, 0). 

b) The foci are F,(0, 3) and F,(0, —3). 
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Review Exercises 


c) The foci are O(O, 0) and E(-6, 0). 
d) The foci are O(O, 0) and G(8, 0). 


. A hyperbola has foci F,(O, 8) and F,(0, —8). Determine the equation of the 


hyperbola for which the difference of the focal radii is 9 units. 


. The distance between the foci of a hyperbola, centre the origin, is 16 units. 


The difference of the focal radii is 10 units. Determine the equations of two 
different hyperbolas with this property. 

Determine the equation of each parabola, then sketch it. 

a) Focus F(6, 0); directrix x = —2 

b) Focus F(O, —3); directrix y = —5 

c) Focus F(4, —3); directrix x = —2 

Point P moves so it is always the same distance from the line y = —2 as it is 
from the point A(0, 2). 

a) Determine the equation of the locus of P. 


b) Identify the locus, then sketch its graph. 


. Point P moves so the slope of the segment that joins the origin O(0, 0) to P 


is always equal to the y-coordinate of P. 

a) Determine the equation of the locus of P. 

b) Identify the locus, then sketch its graph. 

Point P moves so the slope of the segment that joins the origin O(0, 0) to P 
is always equal to twice the x-coordinate of P. 

a) Determine the equation of the locus of P. 


b) Identify the locus, then sketch its graph. 


. Visualize a pair of perpendicular planes that intersect a cone. 


a) Suppose the conic section on one plane is a circle. Describe the conic 
section on the other plane. 


b) Suppose the conic section on one plane is an ellipse. Describe the conic 
section on the other plane. 


As Earth rotates about the sun in an elliptical orbit, countries in the Northern 
Hemisphere experience winter, while countries in the Southern Hemisphere 
experience summer. Explain why this happens. 
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Self-Test 


—_ 


. Knowledge/Understanding Point Q has coordinates (—1, 2). Point R 
moves so it is always 5 units from Q. 


a) Sketch the locus of R. 
b) Describe the locus of R. 
c) Determine the equation of the locus of R. 


d) The point S(a, 6) lies on the locus of R. Determine the value of a. 


i) 


. Point P moves so that AP = 2BP, where A has coordinates (—2, —3) and B 
has coordinates (4, 6). 


a) Describe the locus of P. 
b) Sketch the locus of P. 


c) Determine the equation of the locus of P. 


3. Communication Describe the graph of the function y = x7 + 1 as a locus. 


= 


. Point P moves so it is always the same distance from the line y = —1 as it is 
from the point A(O, 1). 


a) Determine the equation of the locus of P. 


b) Identify the locus, then sketch its graph. 


ol 


. Application Determine the equation of an ellipse with the same intercepts 
as the hyperbolas 16x? — 9y? = —144 and 16x” — 49y? = 784. 


. Consider the foci F;(3, 0) and F2(—3, 0). 


a) Determine the equation of the ellipse for which the sum of the focal radii 
is 8 units. 


b) Determine the equation of the hyperbola for which the difference of the 
focal radii is 4 units. 


c) Sketch these two conics on the same grid. 


~ 


. Thinking/Inquiry/Problem Solving Visualize two parallel planes that 
intersect a cone. Describe and compare the possible resulting conic sections. 


. Point F has coordinates (4, 0). Point D lies on the line x = 2. Point P(x, y) 
is a variable point. Segment PD is the perpendicular distance from P to D. 


a) Determine the locus of P when PD = 2PF, then sketch it. 
b) Determine the locus of P when PF = 2PD, then sketch it. 


c) Identify each locus in parts a and b. How are the loci related? 
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Assessment Tasks 


1. Suppose two distinct points F; and F> are d units apart. A point P moves so 
the sum of its distances from F; and F» is 2d. 


a) Describe the locus of P. 


b) Draw a diagram. Mark all points and distances of particular interest on 
the diagram. 


c) Introduce a coordinate system on your diagram in part b. Determine an 
equation for the locus of P. You may choose to use a particular value for d 
or work with the general parameter d. 


2. Suppose you are given two intersecting lines, /; and /). A point P moves 
so its distance from /; is twice its distance from /). Describe the locus of P. 
In your description, be as specific as you can: provide arguments to support 
your conclusions and use suitable diagrams. Look at special cases, if 
you wish. 


TE 3. Use The Geometer’s Sketchpad. You will R 
construct this diagram. A and B are two fixed 
points. Point P is twice as far from B as it is 
from A. To arrange this, the top diagram is 
used. Points T and U are the midpoints of 
RS and RD. This means that SD is twice as 
long as TU. 


The larger circle has radius equal to the 

length of SD. The smaller circle has radius 

equal to the length of TU. 

Point D is the driver point for the locus of P, 

which moves so it is always twice as far 

from B as it is from A. 

a) Create a dynamic sketch of this situation, 
then construct the locus of P. 

b) Explain why SD is twice as long as TU. 

c) Show that the locus is a circle. To do this, 
introduce a coordinate system so the 
origin is the centre of the circle, then find 
the equation of the locus in that coordinate system. 
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Conics: From Algebra to Geometry 


(Functions and Relations) 


INSIGHTS 
INTO A 

RICH i 
PROBLEM 2 


Parabolic mirrors are frequently used as reflectors for light in 
telescopes. Incoming rays of light parallel to a parabola’s axis of 
symmetry are reflected and concentrated at the focus. 


At theJend of this chapter, you will prove this reflection property for a parabola. 


Curriculum Expectations 
By the end of this chapter, you will: 
e Identify the standard forms for the 


equations of parabolas, circles, ellipses, 


and hyperbolas having centres at (0, 0) 
and at (h, k). 

e Identify the type of conic, given its 
equation in the form 
Ax? + By? + 2Gx + 2Fy+C =0. 

e Determine the key features of a conic 
whose equation is given in the form 
Ax? + By? + 2Gx + 2Fy + C =0, by 
hand in simple cases. 


Sketch the graph of a conic whose 
equation is given in the form 

Ax? + By? +2Gx+2Fy+C=0. 
Describe the importance, within 
applications, of the focus of a parabola, 
an ellipse, or a hyperbola. 


Pose and solve problems drawn from a 
variety of applications involving conics, 
and communicate the solutions with 
clarity and justification. 


Solve problems involving the 
intersections of lines and conics. 


Necessary Skills 


1. Review: The Quadratic Formula 


Remember, from|Chapter 4} that the roots of the quadratic equation 

ax’ + bx +c = 0 are given by the quadratic formula, 

—b + Vb? — 4ac 
2a 

on the value of the discriminant, b* — 4ac. 


x= , where a # 0. The nature of the roots depends 


e If b* — 4ac > 0, there are two different real roots. 
e If b’ — 4ac = 0, there are two equal real roots. 


e If b? — 4ac < 0, there are two complex roots. 


Solve the quadratic equation 3x? — 38x + 100 = 0. 


Solution 
3x? — 38x + 100 = 0 
Use the quadratic formula. Substitute a = 3, b = —38, c = 100. 


_ 38 + (38) —4()00) 
a 6 

_ 38+ 244 
i ee a 


x=8.94 or x=3.73 


Without solving the equation 9x? — 24x + 16 = 0, determine the 
nature of its roots. 


Solution 
9x” — 24x + 16 =0 
Calculate the discriminant. Substitute a = 9, b = —24, c = 16. 
b? — 4ac = (-24)* — 4(9)(16) 
= 576 — 576 
=0 


Since the discriminant is 0, the equation has two equal real roots. 
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For what value(s) of k does each equation have two equal real roots? 
a) 4x7 +kx + 25=0 
b) 2x* + 2kx + (k? - 8) =0 


Solution 
a) 4x7 + kx + 25 =0 
Impose the condition that there are two equal real roots. 
b’ — 4ac = 0 
Substitute a = 4,b =k, c = 25. 
k? — 4(4)(25) = 0 
Solve for k. 
k* = 400 
k = +20 


When k = 20 or —20, the equation has two equal real roots. 
b) 2x? + 2kx + (k° - 8) =0 
Impose the condition that there are two equal real roots. 
b? — 4ac = 0 
Substitute a = 2, b = 2k, c = (k? — 8). 
(2k)* — 4(2)(k? — 8) = 0 


Solve for k. 
4k? — 8k° + 64 =0 
—4k? = -64 
kK? = 16 
k=+4 


When k = 4 or -4, the equation has two equal real roots. 


Exercises 
1. Solve each equation. 
a) 4x7 + 4x -3 =0 b) 3x2 — 1lx -20=0 
c) 5x? -2x-1=0 d) 2x7 + 19x — 30 =0 
2. Determine the nature of the roots of each equation. 
a) 3x7-7x+4=0 b) x? t+xt+1=0 
c) 4x* — 36x + 81 = 0 d) 49x? + 154x + 221 =0 
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Necessary Skills 


3. For what value(s) of & does each equation have two equal real roots? 
a) 4x? — 20x +k =0 b) x° +kx + (kh? -3) =0 
c) 2x? + 2kx + (k? — 32) =0 d) (1 + k*)x* - 10x + 20 = 0 


2. New: Standard Equation of a Circle 


A circle is defined as the locus of a point P that moves so it is always the same 
distance from a fixed point. We can use this definition to determine the equation 
of any circle with centre C(h, k) and radius r. 


Let P(x, y) be any point on the circle. Then, 
CP=r 
Use the distance formula. 
Va-he+y—-kh? =r 
Square each side. 
(x-hY +Q-kh? =P 


This is the standard equation of a circle. 


(x-hP+y—-khe =r 


Take Note 


Standard Equation of a Circle 
A circle, centre C(h, k), radius r, has equation (x — h)? + Gy - ky? =r’. 


A circle has centre C(—2, 3) and radius 5 units. 
a) Write the equation of the circle. 
b) Graph the circle. 


Solution 

a) Use the standard equation (x — h)? + (y - k)* = r*. 
Substitute h = —2,k = 3, andr=5. 
The equation of the circle is (x + 2)? + (y- 3)? = 25. 


b) Plot the centre. Mark the points that are 5 units left, 
right, above, and below the centre. Draw a circle 
through these points. 


510 9 CHAPTER 9 CONICS: FROM ALGEBRA TO GEOMETRY (FUNCTIONS AND RELATIONS) 


In Example 1, 25 can be written as the sum of two squares, 25 = 37 + 4”. 
More points on the circle can be marked by moving 3 units left (or right) then 
4 units up (or down) from the centre, and vice versa. 


In Example 1, we could have started with the equation x? + y* = 25, which 
represents a circle with centre O(0, 0) and radius 5. To translate the circle 
2 units left and 3 units up, replace x with x + 2 and replace y with y — 3. 
Therefore, the equation of the circle with centre C(—2, 3) and radius 5 is 
(x +2) +(y-3) = 25. 


In Example 1, we can expand the binomial squares on the left side of 
the equation. 
(x +2)? + (y— 3) = 25 
x 4+4xt+4+y?—6y+9 =25 
Write all the terms on the left side, with the squared terms first. 
vty’ +4x-6y—-12=0 


This equation is in general form. When the equation of a circle is in general 
form, we cannot identify the radius from the equation. To do that, we must 
write the equation in standard form. 


Determine the coordinates of the centre, and the radius of the circle defined 
by x7 + y? — 8x + 10y +31 =0. 


Solution 
x’ +y?—8x+ 10y+31 =0 
Collect the terms containing x, and the terms containing y. 
x*—8x+y" + 10y+ 31 =0 
Complete each square. 
(x7 — 8x + 16 — 16) + 9" + 10y + 25 — 25) +31 =0 

(x — 4) — 16+ (y+ 5)? - 254+ 31=0 

(x — 4) + (y + 5)* = 10 

The circle has centre (4, —5) and radius ./10. 
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Necessary Skills 


Exercises 


1. State the radius and the coordinates of the centre of the circle defined by 
each equation. 


a) x7 +y* = 81 b) x7 + y* = 15 
c) (x + 1)? + (y+ 1)? = 36 d) (x — 2)* + (y + 39° = 100 
e) (x—4)* + (y+ 5 = 12 f) (« — 3)? + (y-— 6)? = 55 
2. Write the equation of the circle with the given centre and radius. 
a) O(O, 0); 5 b) OO, 0); 1 
c) C(1, 2);7 d) D(-3, 2); 6 
e) E(4, —2); 2 f) F(-6, —8); 8 
3. Write each equation in general form. 
a) (x +3)? +(y+ 1)? =4 b) (x — 5)? + (y + 2)? = 20 
2 a aly a2) e 
t) (x + 6)? + (y — 3)? = 30 d) (x i) +(y a) = 25 


4. Write each equation in standard form. Graph the circle, then show the 
coordinates of its centre, and its radius. 


a) x2 +? + 8x+ 10y-1=0 b) x7 + y’ — 10x - 8y-2=0 
e) 2+ y2-6x + 12y +5 =0 d) x7 +y?— 3x4 4y-3 =0 


3. Review: Solving a Linear System 


A linear system is a pair of linear equations in x and y. To solve a linear system 
means to determine the ordered pairs (x, y) that satisfy both equations. 


One method to solve a linear system is by substitution. 


Solve this linear system. 


3x+4y =8 
2x-y=-13 
Solution 

3x+4y =8 ® 
2x-y=-13 ® 
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Solve equation @ for y. 
2x—-y=-13 
y=1342x 


Substitute this expression for y in equation ©, then solve for x. 


3x +4(13 + 2x) = 8 


Substitute x = —4 in equation © to determine y. 


3x+52+8x=8 
1llx =8-52 

11x = -44 

x=-4 
3(-4) + 4y = 8 
-12+4y=8 
4y = 20 
y=5 


The solution of the linear system is (-4, 5). 


Exercises 


1. Solve each linear system. 


a)x+y=3 
x-y=7 

c)x-—2y=5 
x+2y=4 


2. Solve each linear system. 


a) 2x+y=11 
3x —2y =6 
c) 3x+y=14 
4x — 3y = 23 


b) 2x+y=8 
—2x+y=-4 
d) 3x+y=-2 
2h + y= -6 
b) 3x+y=-9 
2x + 3y = -13 
d) 2x — 5y = —34 
4x+y=-2 
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9.1. Intersection of Lines and Circles 


When we graph two different equations on the 

same grid, we can estimate the coordinates of the 
points of intersection. For example, this graph shows 
the circle x? + y* = 20 and the line 2x + y = 6. 

One point of intersection appears to be (4, —2), but 
we cannot determine the other point of intersection 
accurately from the graph. To determine the 
coordinates of this point accurately, we use algebra. 


To distinguish the line and the circle, we use yy, for 
points on the line and yc for points on the circle: 
x + yc" = 20 ® 
2x+y_ =6 @ 


For any value of x, yc is the height of the circle at that x, and yz is the height of 
the line. At any point where the circle and the line intersect, these heights are 
equal. Therefore, we want the values of x for which: 


Yc = YL 


From equation @, we determine an expression for y,. Since we want yc = yr, 
we substitute this expression for yc into equation ©. This method is used in 
Example 1. 


Determine the coordinates of the points of intersection of the circle 
x* + y? = 20 and the line 2x + y = 6. 


Solution 
x+y? = 20 ® 
2x+y=6 @ 


Solve equation @ for y. 
y=6-2x @ 
Substitute for y from @ into ©, then solve for x. 
x° + (6 — 2x)? = 20 
x° + 36 — 24x + 4x? = 20 
5x° — 24x + 16 = 0 
Solve the quadratic equation by factoring. 
(5x — 4)(x — 4) = 0 


Either 5x-4=0 or x-4=0 
5x=4 x=4 
x= 0.8 
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There are two solutions for x. We expect this from the graph, because these 
solutions are the x-coordinates of the two points of intersection. 


Substitute each value of x into equation © to calculate the corresponding 
values of y. 
When x = 0.8, y = 6 — 2(0.8) Discuss 
y=44 Why did we substitute 


the values of x into 
Whenx=4, y=6-2(4) 


equation ® and not 
y=-—2 equation ©? 


The points of intersection of the circle and the line are (4, —2) 
and (0.8, 4.4). 


If we had used the line 2x + y = 10 in Example 1, 
we would have obtained the equation 

x? + (10 — 2x)? = 20, which reduces to 

x2 —8x +16 =0,or (x - 4)? = 0. This equation 

has two equal real roots, x = 4, that correspond 

to the point of intersection (4, 2) shown on the graph. 
The line touches the circle at only one point. The line 
is called a tangent to the circle. 


If we had used the line 2x + y = 14 in Example 1, 
we would have obtained the equation 

x? + (14 — 2x)? = 20, which reduces to 5x” — 56x + 176 = 0. 

The discriminant of this quadratic equation is negative, and the equation has 
no real roots. This indicates that the line does not intersect the circle. 


The system of equations in Example / is a linear-quadratic system. It contains 
a linear equation in x and y and a quadratic equation in x and y. 


Take Note 


Solving a Linear-Quadratic System 
To solve a linear-quadratic system, follow these steps: 
e Solve the linear equation for either variable. 


e Substitute into the quadratic equation, then solve for the 
second variable. 


e Substitute the result into the linear equation, then solve it. 


We can use a linear-quadratic system to determine the equation of a tangent 
to a circle. 
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a) Determine the equations of the tangents with slope 1 to the circle 
x+y? = 18. 
b) Graph the circle and the lines. 


Solution 
a) Sketch the circle and two lines with slope 1. 


Let the equations of the tangents have the 
form y = x +k, where k is to be determined. 
Consider the linear-quadratic system: 
x+y = 18 ® 
y=xtk @ 
Solve the system. Substitute for y from @ into ©. 
x + (xt ky = 18 
x +x° + 2kx + — 18 =0 
2x° + 2kx + (k* — 18) =0 
This is a quadratic equation in x, where a = 2, 
b = 2k, andc =k - 18. 
For the lines y = x + k to be tangents, this equation must have 
two equal real roots. For this to be true, the discriminant of the 
quadratic equation must be 0. 


Impose the condition that the discriminant is 0. 
b’ — 4ac = 0 
(2k)? — 4(2)(k? — 18) = 0 
4k? — 8(k° — 18) = 0 
Divide each side by 4. 
k? — 2(k° — 18) =0 
k° — 2k? + 36 =0 
k? = 36 
k = +6 
The equations of the tangents are y = x + 6 
and y=x-6. 


b) On grid paper, graph the circle with 
centre O(0, 0) and radius /18 = 4.2, 
and the lines y=x+6 andy=x-6. 
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In Example 2, the two tangents are members of 

the family of lines with slope 1. The equation y = x + b 
represents this family, where b is the y-intercept. 

When b = +6, the members of the family are tangents 
to the circle (red lines on diagram). When —6 < b < 6, 
the members of the family intersect the circle in two 
different points (green lines). When b < —6 or b > 6, 
the members of the family do not intersect the 

circle (blue lines). 


a) Graph the circle (x — 10)? + y = 25. 

b) Write an equation to represent the family of lines passing through O(0, 0). 
Draw some of these lines on the diagram to show the different ways they 
can intersect the circle. 

c) Determine the equations of the members of the family that are tangents to 
the circle. 


Solution 
a) The circle has centre (10, 0) and radius 5. 


(x — 10)? + y? = 25 


b) The equation y = mx represents the family of lines passing through 
O(0, 0), where m is the slope. The lines can intersect the circle in 
2 different points (green lines on diagram), one point (red lines), or 
no points (blue lines). 
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c) Consider the linear-quadratic system: 
(x — 10)? + y* = 25 ® 
y= mx @ 
Solve the system. Substitute for y from @ into ©. 
(x — 10)? + (mx)* = 25 
x — 20x + 100 + m*x* = 25 
(1 + m)x? — 20x + 75 = 0 
This is a quadratic equation in x, where a = 1+ m2, b = —20, andc = 75. 
For the line y = mx to be a tangent, this equation must have two equal real 
roots. For this to be true, its discriminant must be 0. 
Impose the condition that the discriminant is 0. 
b? — 4ac = 0 
(-20)* — 4(1 + m)(75) = 0 
400 — 300(1 + m’) = 0 
Divide each side by 100. 


4-3 -3m’ =0 
Solve for m. a4 
m= 3 


I 
=+,/= 
m =V 3 


The equations of the tangents are y = t/4y, ory = 20,5772. 


We could have completed Examples 2 and 3 using the geometric property that 
the tangent to a circle is perpendicular to the radius. However, the geometric 
method only works for circles. The method used in the solutions of Examples 2 
and 3 is a general method that applies to other conics. You can use this method 
in the exercises of Sections 9.2, 9.3, and 9.4. 


Al 


1. Check the solution of|Example 1|by substituting the coordinates of each 
point of intersection into the equation of the line and also into the equation 


of the circle. 


2. Check the solution of|Example 2|by solving the linear-quadratic system 
formed by the equation of each tangent with the equation of the circle. 


a) x+y" = 18 b) x*+y* = 18 
y=x+6 y=x-6 
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3. Refer to the}diagram that follows Example 2 


a) Write the equation of any line that intersects the circle in two different 
points. Solve the equation of the line with the equation of the circle. 
Explain the result. 


b) Write the equation of any line that does not intersect the circle. Solve the 
equation of the line with the equation of the circle. Explain the result. 


4. Check the solution of |Example 3\by solving the linear-quadratic system 
formed by the equation of each tangent with the equation of the circle. 


a) (x— 10)? + y* = 25 b) (x — 10)? + y? = 25 
2) 8 ee os 
ae res 
5. Repeat exercise 3, using the circle and lines in|Example 3 


6. Knowledge/Understanding Determine the coordinates of the points of 
intersection of each line and circle. 


arty =5 b) P+ y=5 
y=-2x x—-2y=0 

ct) y= 3x d)x+y=2 
x+y =10 vty =10 


7. Solve each linear-quadratic system. Check the solution. 


a) x+y? = 25 b) x+y" = 13 
2x+ty=-5 x-2y=1 
) xr ty’ =13 d) x7 + y* = 40 
yex—-35 x = 3y 
e) y=2x-1 f) x+y" =40 
rt+y =13 y=x+9 
8. Solve each linear-quadratic system. Check the solution. 
a) x7 +y*=17 b) x7 + y* = 20 
y=2x+2 2x + 3y =-2 
c) 4x+3y= 17 d) 5x + 4y-32=0 
x+y =26 x+y? =25 
9. Solve each linear-quadratic system. 
a) (x+ 3) +(y +2)? =5 b) x+2y=7 
px (x - 4)° + (y + 1)? = 10 
c) x + 5y = 33 d) (x +1)° + (- 4) = 26 
(x-5) +(y-3) = 13 3x + 2y =-8 
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10. Thinking/Inquiry/Problem Solving 


a) The sum of two numbers is 9. The sum of their squares is 65. 
i) Use a linear-quadratic system to determine the numbers algebraically. 
ii) On grid paper, draw an accurate diagram of a line and a circle to 
illustrate a graphical solution to the problem. 
iii) Explain why the problem has only one answer, but there are two points 
where the line intersects the circle. 
b) The difference of two numbers is 9. The sum of their squares is 65. 
i) Determine the numbers. 
ii) On the graph from part a, draw a different line to illustrate the solution 
of this problem. 
c) Use the graph to explain how you could have solved the problem in part b 
using only the answer to the problem in part a. 


11. A rectangle has a perimeter of 66 cm and an area of 140 cm?. Determine the 
dimensions of the rectangle. 


12. A right triangle has a hypotenuse length 10 cm. The perimeter of the 
triangle is 22 cm. Determine the lengths of the legs of the triangle. 


13. Point P is on the line defined by 3x + 5y + 45 = 0, and P is 13 units from 
the origin. Determine the coordinates of P. 


14. Point Q is on the line defined by 3x — 4y + 31 = 0, and Q is 10 units from 
the point C(3, —2). Determine the coordinates of Q. 


15. Application From a lighthouse, the range of visibility is 30 km. On a 
coordinate system, the lighthouse is at O(0, 0). A ship travels on a course 
represented by y + 3x + 85 = 0. Between which two points on the course 
can the ship be seen from the lighthouse? Write the coordinates to the 
nearest kilometre. 


16. Communication 
a) Determine the equations of the tangents with slope 2 to the circle 
vr+y=5, 
b) Explain the method you used in part a. Use a diagram to illustrate 
your explanation. 
c) Explain how you can be certain that your solution is correct. 
d) Explain how you can use your results to write the equations of the 


tangents with slope —2 to the same circle. 


1 


~“ 


. Determine the equations of the tangents to the given circle, with the 
given slope. 


a) x? + y* = 10; slope 3 b) x7 + y? = 25; slope 
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18. In/Example 3] suppose the equation of the circle had been (x — 5)? + y? = 25. 


a) What differences would there be in the ways that lines through O(0, 0) 
can intersect the circle? 


b) Solve the equation y = mx with the equation of the circle. Explain how 
the algebra accounts for the differences you noted in part a. 


c) Repeat part b using the circle (x — 3)? + y? = 25. 


19. a) Graph the circle (x — 10)? + (y — 5)? = 25. 


b) Write an equation to represent the family of lines passing through O(0, 0). 
Draw some of these lines on your diagram to show the different ways they 
can intersect the circle. 


c) Determine the equations of the members of the family that are tangents to 
the circle. 


20. In exercise 19, suppose the equation of the circle had been 
(x — 5)? + (y—5)* = 25. 
a) What differences would there be in the ways that lines through O(0, 0) 
can intersect the circle? 


b) Solve the equation y = mx with the equation of the circle. Explain how 
the algebra accounts for the differences you noted in part a. 


c) Repeat part b using the circle (x — 3)? + (y — 5)* = 25. 


21. For each circle, determine the equations of the tangents that pass through O(0, 0). 
a) x7 + (y— 10) = 10 b) (x — 5)? + (y — 5)? = 25 


22. Show that the line 3x + 4y = 15 is a tangent to the circle x7 + y? = 9. 


23. Show that each line is a tangent to the given circle. 
a) x+y? = 25 b) x7 +y* = 10 ce) x7 + y* = 20 
3x + 4y = 25 3x+y = 10 2x — 4y = 20 


ic) 


24. In exercise 23, notice the patterns in the pairs of equations. In each pair, the 
constant terms are the same. The coefficients of x and y in the equation of 
the line satisfy the equation of the circle. This means they are the 
coordinates of a point on the circle. For example, in part a, 3* + 47 = 25, 
so (3, 4) is a point on the circle. 


a) Suppose (x1, y;) represents a point on the circle x” + y* = r°. Show that 
the equation of the tangent to the circle at this point is xjx + yyy =. 


b) Explain how the result of part a can be used to complete exercise 23. 
25. Determine the equations of the two lines through the point P(3, 4) that are 


tangent to the circle x7 + y* = 9. Write to explain how you determined 
the equations. 
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9.2 The Ellipse 


Remember that an ellipse is defined as the locus of a P 


point P that moves so the sum of its distances from 
two fixed points is constant. 

The two fixed points are the foci F; and F). 

PF, + PF» is constant. 


Additional definitions 

e The line joining the foci intersects the ellipse at 
the vertices A, and Ap. 

e The perpendicular bisector of line segment A;A2 
intersects the ellipse at B; and Bo. 

e Line segment A;Ao is the major axis. 
Its length is represented by 2a. 


e Line segment B Bz is the minor axis. 
Its length is represented by 2b. 


e The major and minor axes intersect at the centre. 


Properties of an ellipse 

The following properties are consequences of the definitions. 

e The major and minor axes are axes of symmetry of the ellipse. 
e The major axis is longer than the minor axis. Hence, a > b 


e When P is at one vertex, say Aj, then 
PF, + PF> = AjF; + AyFo 
= AjA2 
= 2a 
The sum of the focal radii equals the length of the major axis. 
This is called the focal radii property. 


e When P is at Bj, then ByF; + ByF2 = 2a. 
Since BiF) = ByF), 
then B,F; = BF) 
=a 
The distance from B, or Bz to either focus equals the length of the 
semi-major axis. 


The distance from the centre to either focus is represented by c, and c < a. 


The right triangle OF;B, has sides a, b, and c, which satisfy a? = b* +c’. 
This is called the Pythagorean property. 
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Focal Radii Property Pythagorean Property 
P Bi 
a CS) 
PF; + PF) = 2a e=h+c 


We use the definition of an ellipse to derive 
the equation of an ellipse with centre O(0, 0) 
and foci on the x-axis. 


Let the coordinates of the foci be Fi(c, 0) and 
F,(—c, 0). Let P(x, y) be any point on the ellipse. 


Then, according to the focal radii property, 
the sum of the focal radii is 2a. 


PF, + PF) = 2a 
Vix—o +y2+ V(x+ 0)? + y? = 2a 
Isolate one radical, then square each side. 


Jea es = 
(V@-or+y?) = (20- Varerty) 
(x—c) + y? = 4a? —4aJ/(x+ 02 +y2 + (x4 0% +y* 
P-extC+y = 40 —4al/X+or+y~txr4+2cx4¢4y? 
Isolate the term containing the radical. 
Aay/(x + c)? + y2 = 4a? + 4cx 
Divide each side by 4. 
a(x + 0)? + y? = a? + cx 
Square each side again. 
a(x? +2cxt C+ y’) = a + 2a’cx + 2x? 
ax + 2arcx + arc? + a’y” = a) + 2arcx + 7x? 
Collect like terms. 


2 — 2x24 Py = ab — ae? 


This equation may be written as: 

(a2 — 2)x? + ay? = (a2 — ) 
By the Pythagorean property, a? — c? = b* 
Hence, the equation becomes b?x” + a?y* = ab?. 
Divide each side by a*b’. 


cae 
r= (a > b) 


SJ & 
+ 


This is the standard equation of an ellipse with centre O(0, 0) and foci on the x-axis. 
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When the equation of an ellipse is given in this form, the values of a and b can 
be determined from the equation. To determine the coordinates of the foci, the 

value of c is required. This can be obtained from the Pythagorean property, 

a* = b? + c?. Since we usually need this property to determine c, we write the 

property in the form c? = a — b?. 


When we reflect the graph of the ellipse with foci on the x-axis in the line 
y = X, we get the graph of the ellipse with foci on the y-axis. 


2 
Interchange x and y in the equation x + a = 1 to get = +5 =1. 
2 


2 
This equation is written as a + 5 = 1: 


This is the standard equation of an ellipse with foci on the y-axis. 


Take Note 


Standard Equations of an Ellipse, Centre (0, 0) 


Foci on the x-axis Foci on the y-axis 

2 ae ee 

Page (a > b) =o (a > b) 
i t 

Largest denominator Largest denominator 
occurs under x°. occurs under y’. 


y 


y 
|b ay x (\\ é 
/ 


Length of major axis: 2a 
Length of minor axis: 2b 


Vertices: (a, 0), (—a, 0) Vertices: (0, a), (0, —a) 
Foci: (c, 0), (-c, 0) c=a*-—b* Foci: (0, c), (0, -c) 
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When the equation of an ellipse is given in standard form, the values of a and b 
can be determined from the equation. We can use these values to plot the 
endpoints of the major and minor axes, then graph the ellipse. 


2 
pak = 
16 1. 


a) Graph the ellipse. Show the coordinates of the vertices and the endpoints 
of the minor axis. 


2 
Consider the ellipse a6 i 


b) Determine the coordinates of the foci. Show the foci on the graph. 


Solution 


Since the larger denominator occurs under x”, the foci are on the x-axis. 
For this equation, a = 36 and b* = 16,soa=6andb =4 

The coordinates of the vertices are (+6, 0). 

The endpoints of the minor axis are (0, +4). 

Plot these points, then sketch the ellipse. 


For a more accurate graph, 
we could substitute values 
of x to determine the 
coordinates of other points 
on the ellipse. 


b) Use c? = a? — b?. 
c? = 36 — 16 


Discuss 
c= 20 When we solve 
c? = 20, why do we 
c= 720 


The coordinates of the foci are (EV 20, 0), or approximately 
F,(4.5, 0) and F2(-4.5, 0). 
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not write c = +/20? 


525 


In Example 1, suppose the given equation 


2 
had been a + oe = 1. Since the larger 


denominator is under y’, the foci are on 
the y-axis. The values of a and b are the 
same as before. The coordinates of the foci 
are (0, +./20), or about (0, +4.5). 


In Example 1, suppose the given equation 
2 4392 
had been © a = -0 = = 1. Compare 


this equation with the original equation. 


x is replaced with x — 2 and y is replaced with 
y +3. The ellipse in Example / is translated 
2 units right and 3 units down. 


52? | (+34 | 
ra ac 


jt 1? . @=2" _ 
ee 1. 
a) Graph the ellipse. Show the coordinates of the centre, the vertices, and the 


endpoints of the minor axis. 


Consider the ellipse 


b) Determine the coordinates of the foci. Show the foci on the graph. 


Solution 
(+1)? | G2)? _ 
a es cele 
Since the larger denominator occurs under 


y’, the major axis is vertical. 

For this equation, a* = 25 and b? = 9, 
soa=5andb=3 

The coordinates of the centre are (—1, 2). 
Plot this point on a grid. 


The vertices are 5 units above and below 
the centre: (—1, 7) and (-1, —3). 

Plot these points. 

The endpoints of the minor axis are 3 units left and right of the centre: 
(4, 2) and (2, 2). Plot these points. 

Sketch the ellipse. 
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b) Use c? = a? — b?. 


c? = 25-9 
c= 16 
c=4 


The foci are 4 units above and below the centre. Their coordinates are 
F,(-1, 6) and F,(-1, —2). 


In Example 2, suppose the given equation 


(+1? | G2)? _ 
had been 35 + 9 = 1, 


Since the larger denominator is under x’, 
the major axis is horizontal. The values of a 
and b are the same as before. The foci are 

4 units left and right of the centre, C(-1, 2). 2 (x +1) 4 o- 22 _ 1 
Their coordinates are F2(—5, 2) and F,(3, 2). 25 9 


Take Note 


Standard Equations of an Ellipse, Centre (h, k) 


Major axis is horizontal. Major axis is vertical. 
—h 2: —k 2. =/} 2. —k 92 

a=W? 5 O-K 1 q>5) eo Ow 1 a>) 
y y 


Length of major axis: 2a 
Length of minor axis: 2b 


peo © 
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Al 


1. For each ellipse: 
i) State the coordinates of the centre. 
ii) State whether the foci are on the x-axis or the y-axis. 
iii) Determine the values of a and b. 


x2 y? x2 y? x2 y? 

on 74221 ca ae ery | 
a) 9 * 4 J h) 16 7 25 ¢) 36 1 

x2 y* x2 y? x2 y* 

2 42 = caer aes | ) 42224 
q) 49 7 36 ! e) 100 4 31 100 


2. For each ellipse: 
i) State the coordinates of the centre. 
ii) State whether the major axis is horizontal or vertical. 
iii) Determine the values of a and b. 


GSI) 5. =o" = G2 4 G3) 
a) G6 °° a = b) 49+ 8 =4 
@+3P , O+4? _ 5 OS 
c) 9 + 35 =1 d) 36 + 9 =1 
Ve) ere y a4 (x + 1)? i @ael0y ag 


) 100 144 — f) 121 64 


3. Write an equation to represent each graph. 


4. Knowledge/Understanding 


For each ellipse: 
i) Graph the ellipse. Show the coordinates of the centre, the vertices, and 
the endpoints of the minor axis. 
ii) Determine the coordinates of the foci. 


ae BE de Was 
5 + =! ») 500 + 36 =! 
(«-37 | Ot+4" _ (-2% | O-1P _ 
c) ig + 35 =1 d) ri + 9 =1 


528 = CHAPTER 9 CONICS: FROM ALGEBRA TO GEOMETRY (FUNCTIONS AND RELATIONS) 


5. 


f—7) 


~ 


oo 


o 


10. 


For each ellipse: 
i) Graph the ellipse. Show the coordinates of the centre, the vertices, and 
the endpoints of the minor axis. 
ii) Determine the coordinates of the foci. 


x2 y _ x2 y? 7 
eg Gg 4 a ie 
+4? | G-2P _ (t1P , W+3P _ 
c) og 1 d) 0 + 7 a 1 


. For each ellipse: 


i) Write the standard equation. 
ii) Graph the ellipse. Show the coordinates of the centre, the vertices, and 
the endpoints of the minor axis. 
iii) Determine the coordinates of the foci. 


a) x? + 9y? =9 b) x7 + 9y" = 36 c) 4x? + Oy? = 36 
d) 4x7 + y? = 16 e) 2x? + 3y? = 6 f) 2x? + 3y* = 12 


. An ellipse has centre O(0, 0) and foci on the x-axis. Determine the equation 


of each ellipse. 

a)a=6,b=2 b)a=5,c=4 

c) The x-intercepts are +12 and the y-intercepts are +8. 

d) The major axis has length 6 and the minor axis has length 2. 


e) One vertex is A(4, 0) and one y-intercept is 3. 


. An ellipse has centre O(O, 0) and foci on the y-axis. Write the equation of 


each ellipse. 

a)a=4,b=7 b)a=10,c=6 

c) The y-intercepts are +10 and the x-intercepts are +5. 

d) The major axis has length 15 and the minor axis has length 11. 


e) One vertex is A(O, 9) and one x-intercept is 4. 


. An ellipse has centre C(2, 4) and major axis on the x-axis. Determine the 


equation of each ellipse. 

a)a=5,b=3 b)a=8,c=5 

c) The minor axis has length 6 and the sum of the focal radii is 10. 

An ellipse has centre C(—-1, 5) and major axis on the y-axis. Determine the 
equation of each ellipse. 

a)a=8,b=5 bha=8,c=5 


c) The major axis has length 12 and the minor axis has length 6. 
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1 


—_ 


. There are two different ellipses that satisfy the following conditions. 
Determine their equations. 


The centre is C(4, 5). The major axis has length 10. The minor axis has 
length 8. 


12. There are infinitely many ellipses that satisfy the following conditions. 
The centre is C(4, 0). One vertex is A(O, 0). 
a) Determine the equations of two of these ellipses. 
b) Let 2b represent the length of the minor axis of the ellipses. Write a single 


equation to represent the family of ellipses that satisfy this condition. 


1 


oo 


. a) Write the equations of two ellipses that satisfy the following condition. 
The endpoints of the minor axis are B,(0, 5) and B2(0, 1). 


b) Write a single equation to represent the family of ellipses that satisfy 
this condition. 


1 


> 


. Thinking/Inquiry/Problem Solving y 
An ellipse has foci F,(3, 0) and F2(—3, 0). 
Determine, if possible, the equation of the 


B, 
ellipse so that: 
a) quadrilateral F,B FB is a square. ‘ 
b) quadrilateral A;B;A Bz is a square. Ad Aj 
If either of these is not possible, explain why. SY 

Bo 


1 


oa 


. An ellipse has foci F;(3, 0) and F2(—3, 0). 
Determine, if possible, the equation of the 
ellipse so that: 


a) AF,B,B> is equilateral. b) AA;B,Bo is equilateral. 
c) AF,B,F> is equilateral. d) AA;B,Ao is equilateral. 


If any of these is not possible, explain why. 


1 


f—7) 


. Visualize all possible ellipses with foci F,(3, 0) and F2(-3, 0). 
a) What angles are possible for ZF,B,F.? 
b) What angles are possible for 7A,B,A2? 


2 2 
17. A square is inscribed in the ellipse ie + 5 = 1. The sides of the square are 


parallel to the axes. Determine the area of the square. 


1 


fo) 


. An ellipse has centre C(—2, 3) and one vertex A(—12, 3). The ellipse passes 
through the point R(4, 7). Determine the equation of the ellipse. 
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19. Application 


a) Graph the equation x? + y? = 1. On the same grid, sketch the graph after 
each transformation. 
i) Expand horizontally by a factor of 2. 
ii) Expand vertically by a factor of 3. 
iii) Expand horizontally by a factor of 2 and expand vertically by a 
factor of 3. 


b) For each transformation, describe the image graph and how it relates to 
the circle. 


20. Communication Use the results of exercise 19. Explain how 
2 2 
transformations could be used to graph the ellipse a ++ = 


6 1, beginning 
with the graph of a unit circle, centre O(O, 0). 
21. Use the results of exercise 19. Explain how transformations could be used to 


cg OY EDP 
graph the ellipse re 


= 1, beginning with the graph of a unit 
circle, centre O(0, 0). 


22. Determine the coordinates of the points of intersection of each line and ellipse. 


a) 9x7 + y? =9 b) x7 + 16y* = 16 
y=-x+3 x-4y=4 

c) 2x + 3y =6 d) 16x” + 25y” = 400 
25x? + Oy* = 225 Ax + 5y = -20 

FO Sac) air ee 
23. The diagram shows the ellipses ie Ge 1 
2 2 
and @—95) + Y= 1, and the lines y = +x. 


9 16 
a) Show that the two lines are tangents to both ellipses. 
bh) The ellipses and tangents appear to form a pattern. 
Describe the pattern. 


c) Use the pattern to write the equations of two other 
ellipses with centre (5, 0) that have the lines y = +x 
as tangents. 


24. Use the results of exercise 23. Write the equations of 
two ellipses with centre (10, 0) that have the lines y = + as tangents. 


25. Consider the ellipse 25x* + 64y* = 1600 and a line that form a linear- 
quadratic system. Determine the equation of a line for each situation. 
a) The system has one solution. 
b) The system has two solutions. 


c) The system has no solutions. 
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Self-Check NS, 9.1, 9.2 


1. Write each equation in general form. 
a) (x+ 2+ (y+ 4 =9 b) (x + 3° +(y-1° =4 
t) «-5°+ 0-6? =1 d) (x — 1)? + (y - 3)? = 49 
2. Graph the circle represented by each equation. 
a) x+y -6x+4y-51=0 b) x° + y* + 2x -2y-34=0 
c) x° + y*- 7x -9y -4=0 d) x7 + y? + 12x + 14y +60=0 
3. Determine the equation of a circle with A(7, 3) and B(-1, —3) as the 


endpoints of a diameter. 


> 


A circle has centre C(—2, —1) and radius 4 units. 
a) Write the equation of the circle. 
b) Determine the intercepts of the circle. 


c) Graph the circle. 


aa 


Solve this linear-quadratic system. 
x+2y=3 
r+y' = 26 


> 


Determine the equations of the tangents to the circle x* + y? = 12, with 
slope 2. 


™“ 


Determine the coordinates of the points of intersection of the circle 
x? + y? —x — 3y = 0 and the line y = x- 1. 


8. Sketch each ellipse. Identify the coordinates of its foci. 
a @#2? , o=4? — 
a) mt 36.7 1 b) 5 ae. 1 


ys 


An ellipse has centre O(0, 0) and its major axis on the y-axis. Determine the 
equation of each ellipse. 


a)a=6,b=3 
b) The major axis has length 10 and the minor axis has length 8. 


c) One vertex is A(O, 11) and one x-intercept is 2. 


10. The centre of an ellipse is C(2, 3). The major axis has length 8. The minor 
axis has length 6. Determine the equations of two possible ellipses. 


11. Determine the equations of the tangents to the given ellipse with the 


given slope. 
2 2 
a) 16x? + y* = 16; slope 3 b) a + a a1: slope 5 
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9.3. The Hyperbola 


Remember that a hyperbola is defined as the locus P 
of a point P that moves so the difference of its 
distances from two fixed points is constant. 


The two fixed points are the foci F; and F). 
|PF, — PF2| is constant. 


|PF, — PF)| is constant. 


Additional definitions 
e The line joining the foci intersects the hyperbola at the vertices A, and Ao. 


e Line segment A;Az is called the transverse axis. 
Its length is represented by 2a. 


e The midpoint of segment A;Az is the centre. 


Properties of a hyperbola 

The following properties are consequences of the 

definitions. 

e The line containing the transverse axis is an axis of 
symmetry of the hyperbola. 

e The perpendicular bisector of the transverse axis is 
an axis of symmetry. 

e The distance from the centre to either focus is 
represented by c, andc > a. 


e When P is at one vertex, say Aj, then 
|PF) — PF2| = |AiF1 — AiFo| 
= |AgF2 — AiF9| 
= A;A> 
= 2a 
The difference of the focal radii equals the length of the transverse axis. 
This is called the focal radii property. 


We can use the definition of a hyperbola to derive the equation of a hyperbola 
with centre O(O, 0) and foci on the x-axis. 


Let the coordinates of the foci be F,(c, 0) and Fo(—c, 0). 
Let P(x, y) be any point on the hyperbola. 


Then, according to the focal radii property, the difference of the focal 
radii is 2a. 
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PC, y) 


PF, — PF) = 42a 
Va—o?+y- Vater +y? = 12a 


Isolate one radical, then square each side. 


Va-cP +y? = Hat J(xt+c)?+y? 
(v (x-—c)? + ») = (#2 +J/(x+c)+ ») 


(x—cY +y* =4a + 4aJ/(x+ 02 +y2+(xt+0% +y 
XY -2cxt+C+y? = 4a? + daV(x+ 02 +47 4+2cx4¢C4+y* 
Isolate the term containing the radical. 


—4a’ — dcx = t4ay/(x + c)? + y? 
tay (x +c)? + y* 


Divide each side by 4. 


-a* — cx 

Square each side again. 

a’ + 2a?cx + Cx = a(x" + 2¢¢ + y’) 

at + 2a7cx + 07x = a’x? + 2a°ex +. ac? + oy 
Collect like terms. 

C2 — a? — ay = ae? — ab 
This equation may be written as (c? — a*)x* — a’y* = a(c* — a’). 
To simplify this equation, we define b? = c* — a’. 
Hence, the equation becomes b?x” — a?y* = ab?. 


Divide each side by a*b’. P F 
= x =] 


a & 


This is the standard equation of a hyperbola with centre O(O, 0) and foci on 
the x-axis. Both a and b can be any positive numbers. 
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When the equation of a hyperbola is given in standard form, the values of a and 
b can be determined from the equation. To determine the coordinates of the 
foci, the value of c is required. This can be obtained from the definition, 

b* = c* —a’. Since we usually need this equation to determine c, we write the 
equation in the form c? = a* +b’. 

a ae 

36 16 

For this equation, a = 36 and b* = 16, soa=6 andb =4 


Consider the equation 


2 
To determine the x-intercepts, substitute y = 0 to obtain 5 =1l,orx = +6. 


These intercepts correspond to the vertices A;(6, 0) and Ax(—6, 0). 


2 . 
There are no y-intercepts. If we substitute x = 0, we get =e = 1, which has no 
real solution. 
However, for the equation, b = 4 
Although they are not on the hyperbola, we plot the points B,(0, 4) and 
B2(0, —4) on the y-axis. 


The points Aj, Ao, B;, and Bo are the midpoints of the sides of a rectangle. 
We draw this rectangle and the lines containing its diagonals. These lines are 
asymptotes to the hyperbola (see|exercise 27). We use the vertices and the 
asymptotes as guides to graph the hyperbola. 


From the diagram, the slopes of the asymptotes are +5. 


Since the asymptotes pass through the origin, their equations are y = ox and 


y= —2x; that is, in general, y = +2x, 


Line segment B Bz is the conjugate axis. 

2 2 
For the hyperbola x - a = 1, the endpoints of the conjugate axis are B,(0, b) 
and B,(0, —b). 
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2 2 
When we reflect the graph of the hyperbola x - oy = 1 with foci on the x-axis 


in the line y = x, we get the graph of the hyperbola with foci on the y-axis. 


Interch dy in th in 21 ee | 
nterchange x and y in the equation “7 — =4 = | to get-4 — 75 = 1. 

2 2 
This equation is usually written as a - 5 = —1. This is the standard equation 


of a hyperbola with foci on the y-axis. 


Take Note 


Standard Equations of a Hyperbola, Centre O(0, 0) 


Foci on the x-axis Foci on the y-axis 

eae Pe ae Sy 

a b b* a“ 

| same sign as x? term | same sign as y” term 
a’ occurs under x”. a’ occurs under y’. 


Length of transverse axis: 2a 
Length of conjugate axis: 2b 


Vertices: (a, 0) and (—a, 0) Vertices: (0, a) and (0, —a) 
Foci: (c, 0) and (-c, 0) C=a’+b* Foci: (0, c) and (0, -c) 
Asymptotes: y = 42x Asymptotes: y = tx 
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Consider the h ipht 2 ad 
onsider the hyperbola 75 — “= —1. 


a) Graph the hyperbola. Show the asymptotes and the coordinates of the 
vertices and the endpoints of the conjugate axis. 


b) Determine the coordinates of the foci. Show the foci on the graph. 


Solution 
ie ee 
a) 49 9 = -]| 


Since the right side is negative, the foci are on the y-axis. 
For this equation, a =9 and b? = 49, soa =3 andb=7 
The coordinates of the vertices are (0, +3). 

The endpoints of the conjugate axis are (+7, 0). 


Graph these points, then draw vertical and horizontal segments to form 
a rectangle. 

Graph the lines containing the diagonals of the rectangle, which are the 
asymptotes of the hyperbola. 


Use the vertices and the asymptotes as guides to graph the hyperbola. 


b) The coordinates of the foci are (tc, 0). 


C=aa+b’ 
=9+49 
= 58 
c= V58 
= 7.6 


The coordinates of the foci are (0, +V58), or, approximately F,(0, 7.6) 
and F,(0, —7.6). 
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aa 


In Example I, suppose the given equation had been a 1. Since the right 


side is positive, the foci are on the x-axis. The values of a and b are the same as 
before. The coordinates of the foci are (+/58, 0). This hyperbola has the same 
2 2 


asymptotes as the hyperbola rl - > =-l. 


Consider the hyperbola 


@+2P _Q-1P _| 
4 160° 


a) Graph the hyperbola. Show the asymptotes and the coordinates of the 


centre, the vertices, and the endpoints of the conjugate axis. 


b) Determine the coordinates of the foci. 


Solution 
(x42? — (-1? _ 
a) 4 16 l 


Since the right side is positive, the transverse axis 

is horizontal. 

For this equation, a =4 and b? = 16, soa=2 

and b =4 

The coordinates of the centre are (—2, 1). 

The vertices are 2 units left and right of the 

centre: (—4, 1) and (0, 1) 

The endpoints of the conjugate axis are 4 units above 
and below the centre: (—2, 5) and (—2, —3) 


Graph these points, then draw vertical and horizontal 
segments to form a rectangle. Graph the lines containing 
the diagonals of the rectangle, which are the asymptotes 
of the hyperbola. Use the vertices and the asymptotes as 
guides to graph the hyperbola. 
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Cte . bar 


4 16 


b) Use C=a +d’. 


Cc =44+16 
= 20 
c= 720 
=45 


The foci are “20 units right and left of the centre: (-2 + /20, 1), or, 
approximately F,(2.5, 1) and F,(-6.5, 1). 


Take Note 


Standard Equations of a Hyperbola, Centre (h, k) 


Transverse axis is horizontal. Transverse axis is vertical. 


(hy ke 
re 2 as 


a 


@-he  o- _ 


a b? : 


Asymptotes have slopes +2. Asymptotes have slopes ie 


9.3 Exercises 


Al 


1. For each hyperbola: 


i) State the coordinates of the centre. 

ii) State whether the foci are on the x-axis or the y-axis. 
iii) Determine the values of a and b. 
iv) Determine the slopes of its asymptotes. 


x2 y _ x2 y _ x2 y = 
ae ae Ny ie os = 
x2 y _ x2 y _ x2 y _ 
an i ®*) 16-400 =~! ane ia 


2. The equation x” + y” = | represents a circle with centre O(0, 0) and radius 1. 
Describe what each equation represents. 


a) x2-y?=1 b) x7 -—y* =-1 
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Contents| 


3. For each hyperbola: 


i) State the coordinates of the centre. 

ii) State whether the transverse axis is horizontal or vertical. 
iii) Determine the values of a and b. 
iv) Determine the slopes of its asymptotes. 


(5) — (y+3)2 _ @t+1? +4? _ 
a) = =1 b) = =k 
9 25 16 36 
a G29) OSes 4 d) @=4? _ (+4 _y 
4 16 64 25 
g) +2? _O-1P 4 pj GM _ Ot5% __y 
1 9 49 407 


4. Write an equation to represent each graph. 


a) y 


c) y 


—3 


5. Knowledge/Understanding 


For each hyperbola: 
i) Graph the hyperbola. Show the asymptotes and the coordinates of the 
centre, the vertices, and the endpoints of the conjugate axis. 
ii) Determine the coordinates of the foci. 


oe a 
a) 4 | ) 49 16 | 
(+3 — (y-27 __ (x-2)? — (3? _ 
¢) 49 9 ae q) 36 1 = 


6. For each hyperbola: 


i) Graph the hyperbola. Show the asymptotes and the coordinates of the 
centre, the vertices, and the endpoints of the conjugate axis. 
ii) Determine the coordinates of the foci. 


a a eo 
16 6 b) FG 36 
(+2? — O-3P _ -4%  O-5SPr _ 
) 9 4 =< a) 16 64 = 
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7. For each hyperbola: 


i) Write the standard equation. 
ii) Graph the hyperbola. Show the asymptotes and the coordinates of the 
centre, the vertices, and the endpoints of the conjugate axis. 
iii) Determine the coordinates of the foci. 
a) x7 —4y =4 b) x7 — 4y* = 36 c) 9x* — 4y? = 36 
d) 9x7 - y* = 81 e) 5x7 — 2y* = 10 f) 5x” — 2y? = 20 


8. A hyperbola has centre O(0, 0) and transverse axis horizontal. Determine the 
equation of each hyperbola. 
a)a=Sandb=4 b) a=9 andb = 12 
c)a=6andc= 10 d)b=8 andc = 12 


e) The transverse axis has length 8 and the conjugate axis has length 12. 
f) One vertex is A(3, 0) and one focus is F(5, 0). 


g) One x-intercept is 8 and one asymptote is y = —2x. 


9. A hyperbola has centre O(0, 0) and transverse axis vertical. Determine the 
equation of each hyperbola. 
a)a=6andb=8 b)a=10andb=5 
c)a=8andc= 14 d)b=10 andc=15 


e) One vertex is A(0, —4) and one focus is F(0, —6). 
f) The conjugate axis has length 15 and one focus is F(0, 8). 


g) One y-intercept is 6 and one asymptote is y = ox, 


10. A hyperbola has centre O(O, 0) and one vertex A(V/6, 0). The hyperbola 
passes through B(9, 5). 


a) Determine the equation of the hyperbola. 
b) Sketch the hyperbola. 
11. Write the equations of the circle and the 
two hyperbolas shown on the graph at 
the right. 
12. On the same grid: 
a) Graph the circle x* + y* = 9. 
b) Graph the hyperbola x? — y? = 9. 
c) Graph the hyperbola x” — y* = -9. 
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13. Each hyperbola in exercises 11 and 12 is an example of a rectangular 
hyperbola. A rectangular hyperbola has its transverse axis and conjugate 
axis equal in length. 


a) Write the equation of a rectangular hyperbola with vertices Aj(a, 0) and 
Ao(—a, 0). 

b) Determine the coordinates of the foci and the equations of the asymptotes. 

c) What special property do the asymptotes have? 

d) Sketch the hyperbola. 


14. A rectangular hyperbola has centre O(O, 0) and vertices on the y-axis. The 
hyperbola passes through B(2, 8). Determine the equation of the hyperbola. 


15. Communication Four hyperbolas that have similar equations are given 
below. Graph the first hyperbola. Then describe how the other three 
hyperbolas are related to the first hyperbola. Use graphs to illustrate your 


descriptions. 
a S27 sf 2S a | 
25 4 4 25 5 4 4 25 


16. Application Two hyperbolas are conjugate hyperbolas when the transverse 
axis of one is the conjugate axis of the other. 


a) Write the equations of two conjugate hyperbolas. 
b) Sketch the hyperbolas on the same grid. 


c) Suppose you know the equation of one hyperbola. How can you find the 
equation of its conjugate hyperbola? 


d) Is it possible to define conjugate ellipses in a similar way? Explain. 
17. A hyperbola has centre C(—3, —5) and transverse axis vertical. Determine the 
equation of each hyperbola. 
a)a=6,b=10 b)a=12,b=8 
ct)a=5,c = 20 d)b=3,c=10 
e) One vertex is A(—3, —2) and the conjugate axis has length 8. 
18. a) Write the equations of two hyperbolas that satisfy the following condition. 
The endpoints of the transverse axis are Aj(7, 0) and A»(—1, 0). 


bh) Write a single equation to represent the family of hyperbolas that satisfy 
this condition. 
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19. A hyperbola has foci F,(3, 0) and F2(-3, 0). y 


2 


o 


2 


—_ 


22. 


23. 


24. 


25. 


. A hyperbola has foci F,(3, 0) and F2(-3, 0). 


Determine, if possible, the equation of the 
hyperbola so that: 

a) quadrilateral FB ,F Bo is a square. 

b) quadrilateral A;B;A Bz is a square. 

If either of these is not possible, explain why. F5(-3, 0) 


Determine, if possible, the equation of the 
hyperbola so that: 


a) AFB Bo is equilateral. 
b) AA;B,Bzo is equilateral. 
c) AF,B,F» is equilateral. 
d) AA;B,Ao is equilateral. 


If any of these is not possible, explain why. 


. A rectangular hyperbola has centre C(3, 4) and transverse axis horizontal. 


The hyperbola passes through the point B(7, 6). Determine the equation of 
the hyperbola. 


Thinking/Inquiry/Problem Solving 
2 2 
a) A square is inscribed in the hyperbola oF - oe = |. The sides of the 
square are parallel to the axes. Determine the area of the square. 


b) Is it always possible to inscribe a square in the hyperbola defined by 


vy 49 i 
a tae 1? Explain. 
Determine the coordinates of the points of intersection of each line 
and hyperbola. 
a)x+2y=0 b) y=-3x4+3 c)x+4y=3 
va-y=4 9x? — 16y” = -144 4x? — Qy* = —36 


Draw a graph of the rectangular hyperbola x? — y? = 9. 


a) Determine, if possible, the coordinates of the points of intersection of 
each line and the hyperbola. 


y= 5x ii) y=x iii) y = 2x 
b) Determine the equations of the tangents with slope 2 to the hyperbola. 
c) What slopes are possible for tangents to the hyperbola? Explain. 


2 2 
What slopes are possible for tangents to the hyperbola a or a = 1? Explain. 
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26. A square, centre the origin, has horizontal and y 
vertical sides 4 units long. The midpoints of the 
two vertical sides are the foci of a hyperbola. The 
hyperbola passes through the vertices of the square. 
Determine the equation of the hyperbola. 


21. Consider the hyperbola = - %— = 1 
- Consider the hyperbola =— — += = 
a) Solve the equation for y. 


b) What happens to the values of y when |x| 
becomes very large? 

c) Explain why the equations of the asymptotes are 
y= Sx and y = —3x. 


28. From Chapter 7, remember the graph of y ysx 
y= = We write this equation in the 4 
form xy = 2. In this exercise, you will show 
that the graph is a rectangular hyperbola. 

You will do this by showing that there are Fi 
points F; and F so that |PF; — PF4| is i xy =2 
constant for all positions of P on the curve. 


a) Point A; is the point where the line y = x =4 2 2 4 
intersects the graph of xy = 2. Calculate (© 
the length of OA . This is the value of a 19 
for the hyperbola. Fy 


b) Refer to exercise 13b. For a rectangular 
hyperbola, how are the values of a and c 
related? Use this information to determine 
the value of c for the hyperbola. Then write 
the coordinates of the points F; and F, which are the foci of the hyperbola. 


c) Let P be a point that moves so the difference of its distances from F,; and 
F, is constant. What is the value of the constant in this case? Use this 
constant to show that the equation of the locus of P is xy = 2. 


29. Consider the points O(0, 0) and A(6, 0). A point P moves so the slope of OP 
is twice the slope of AP. 
a) Determine the equation of the locus of P. 
b) Identify the locus, then sketch its graph. 
c) Determine the coordinates of two different points on the locus. Verify that 


these points satisfy the locus condition. 


30. Repeat exercise 29, when the slope of AP is twice the slope of OP. 
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9.4 The Parabola 


Remember that a parabola is defined as the locus of 
a point P that moves so it is always the same distance 
from a fixed point and a fixed line. 


Additional definitions 
e The fixed point is the focus, F. 
e The fixed line is the directrix, d. 


e The line through the focus and perpendicular to the 
directrix intersects the parabola at the vertex, V. 


e The chord LR through F and parallel to the directrix 
is the latus rectum. 


Properties of a parabola 


The following properties are consequences of 
the definitions. 


e The line through F and V is the axis of symmetry of the parabola. 
e The vertex V is halfway between F and d. 
@ When P is at R, then RF = RD. 

Hence, FR = RD = 2FV 

The distance from F to R is twice the distance from F to V. 

This is the /atus rectum property. 

We will use this property to graph parabolas. 


We can use the definition of a parabola to derive the equation of a parabola with 
vertex O(0, 0) and focus on the x-axis. 


The focus is F(p, 0) and the directrix is the line x = —p. 
Let P(x, y) be any point on the parabola. 
Then, D is the point (—p, y). 
PF = PD 
V@-pPrt+y=V@+pP 
Square each side. 
(x— py +y = (w+ py 
x* — 2px t+ p? + y? = x? + px + p* 


a = 4px 


This is the standard equation of a parabola with 
vertex O(0, 0) and focus F(p, 0) on the x-axis. 
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When we reflect the graph of the parabola with y 
focus on the x-axis in the line y = x, we get the graph of a 

parabola with focus on the y-axis. Interchange x and y in 

the equation y* = 4px to get x? = 4py. This is the 

standard equation of a parabola with vertex O(0, 0) and 

focus on the y-axis. 


(0, p) x 


(p, 0) 


Take Note 


Standard Equations of a Parabola, Vertex (0, 0) 


Focus on the x-axis Focus on the y-axis 
y= 4px py 

f t 

x is not squared. y is not squared. 
When p > 0, the parabola When p > 0, the parabola 
opens right. opens up. 
When p < 0, the parabola When p < 0, the parabola 
opens left. opens down. 

y 


Ol Fp, 0) 
y’ = 4px 
x=-p 
Coordinates of focus: (p, 0) Coordinates of focus: (0, p) 
Equation of directrix: x = —p Equation of directrix: y = —p 


When the equation of a parabola is given in standard form, the value of p can 
be determined from the equation. We can use this value to determine the 
coordinates of the focus. When we know the coordinates of the focus and the 
vertex, we can graph other points on the parabola using the following rule. 
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Take Note 


The 2-3-4 Rule for Graphing a Parabola 


A parabola is completely determined by its vertex and focus. 
1. Plot the vertex V and the focus F. Let the distance FV be p. 
2. From F, move 2p units perpendicular to the axis to each of points L and R. 


3. From F, move 3p units farther along the axis to G, then 4p units 
perpendicular to the axis to each of points S and T. 


4. Draw the parabola through S, L, V, R, and T. 


Segments FR, FG, and GT are 2, 3, and 4 times as long as segment VF. 


In the 2-3-4 Rule, the latus rectum property tells us that L and R are on the 
parabola. To explain why S and T are on the parabola, see[exercise 5] 


A parabola has the equation y* = —6x. 
a) Determine the coordinates of the focus and the equation of the directrix. 


b) Graph the parabola. 


Solution 

a) y* = -6x Y\[xel5 
Since x is not squared, the focus is on the x-axis. 
Compare the given equation, y* = —6x, with the 
standard equation, y? = 4px. 


4p =-6 

p=-15 -4. FO 4 
Since p < 0, the parabola opens to the left. 
The coordinates of the focus are (—1.5, 0). 4 


The equation of the directrix is x = 1.5. 
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b) Plot the vertex (0, 0). 
Use the 2-3-4 Rule. The focus is 1.5 units from the vertex. 


From F, move 2 x 1.5 units = 3 units up and down to (-1.5, 3) and 

(-1.5, —3). Plot these points. 

From F, move 3 x 1.5 units = 4.5 units left and 4 x 1.5 units = 6 units up 
and down to (—6, 6) and (—6, —6). Plot these points. 


Draw a parabola through the four plotted points and the origin. 


In Example 1, if the If the equation had been If the equation had been 
equation had been y? = 6x, x” = 6y, the parabola would x? = —6y, the parabola would 
the parabola would have have opened up. have opened down. 
opened right. 
b4 y y 
w= 1D x? = by 
‘i y =| 6x : 4 
Vie 15 
X X 
=4 4 —4 4 
fy = 1.5 
+4 414 +4 
iE toy 


Graph the parabola (x + 2)* = 8(y — 1). Show the coordinates of the vertex, 
the focus, and the equations of the directrix and the axis of symmetry. 


Solution 
(x + 2)* = 8-1) 
Since (y — 1) is not squared, 
the axis of symmetry is vertical. 

4p = 8 

p=2 

Since p > 0, the parabola opens up. 
The coordinates of the vertex are (—2, 1). 
Since p = 2, the focus is 2 units 
above the vertex. 
Its coordinates are F(—2, 3). 
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Use the 2-3-4 Rule. The focus is 2 units above the vertex. From the focus, 
move 2 x 2 units = 4 units left and right to (—6, 3) and (2, 3). Plot these points. 
From the focus, move 3 x 2 units = 6 units up, then 4 x 2 units = 8 units 

left and right to (—10, 9) and (6, 9). Plot these points. 

Draw a parabola through the four plotted points and the vertex. 

The directrix is 2 units below the vertex. Its equation is y = —1. 

The equation of the axis of symmetry is x = —2. 


Take Note 


Standard Equations of a Parabola, Vertex (h, k) 
Axis of symmetry is horizontal. Axis of symmetry is vertical. 


y y 
(y — kh)? = 4px - h) 


P 

p 

; (xh)? = 4py - k) 

x x 

h H 
Coordinates of focus: (h + p, k) Coordinates of focus: (h, k + p) 
Equation of directrix: x = h — p Equation of directrix: y = k — p 
Equation of axis of symmetry: y= k Equation of axis of symmetry: x = h 
Opening: right when p > 0, Opening: up when p > 0, 
left when p < 0 down when p < 0 


Al 


1. State the coordinates of the focus and the equation of the directrix of the 
parabola defined by each equation. 


a) y2 = 4x b) y2 = 12x 
c) y? = —20x d) x? = 8y 
e) x2 = —2y f) x? = 3y 
g) y> = 9x h) x* = —Sy 
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2. State the coordinates of the vertex, the equation of the axis of symmetry, and 
the direction of opening of the parabola defined by each equation. 


a) (y — 2)? = 4(x - 3) b) (y + 1)? = -8(x — 2) 
ce) (x + 1)* = 4(y +5) d) («-— 4)? = -12(y- 1) 
e) (y — 3) = 8x f) x? = 16(y — 2) 


© 


3. For each parabola: 


i) Determine the coordinates of the focus and the equation of the directrix. 
ii) Graph the parabola. 


a) y> = 8x b) y> = -3x c) x* = 4y d) x* = -10y 


> 


Knowledge/Understanding Sketch the parabola defined by each equation. 
Show the coordinates of the vertex and the focus, and the equations of the 
axis of symmetry and the directrix. 


a) (y + 2)? = 4(x- 1) b) (y — 3)? = -2(x + 4) 
c) (x — 3)* = 2(y +2) d) x? = -3(y- 1) 
e) y> = —8(x — 2) f) x2 = 4(y + 1) 


5. Communication Refer to the 2-3-4 Rule on|page 547 


a) Explain why a parabola is completely determined 
by its vertex and focus. 

b) Explain why TF = TE. 

c) Explain why T is on the parabola with vertex V 
and focus F. 


d) Explain why S is on the parabola. 


6. Write the equation of the parabola that satisfies 
each description. 


a) directrix y = 2, focus O(0, 0) b) vertex O(0, 0), focus F(O, 4) 
c) vertex V(2, 2), focus F(2, 0) d) vertex V(0, 4), directrix y = 0 


™ 


A parabola has vertex O(0, 0) and focus on a coordinate axis. Write the 
equation of the parabola in each case. 


a) The focus is: i) F(4, 0) ii) F-6, 0) iii) FO, 3) 
b) The directrix is the line defined by y = 8. 


ad 


Determine the equation of the parabola defined by the given conditions. 
a) The vertex is V(1, 2) and the focus is F(3, 2). 

b) The vertex is V(—1, 3) and the equation of the directrix is x = 2. 

c) The focus is F(2, 0) and the equation of the directrix is y = —-6. 
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9. A square, centre the origin, has horizontal and y 
vertical sides 2 units long. Consider the side RS of 
the square. One parabola has focus R and vertex S. 
Another parabola has focus S and vertex R. 

a) Sketch the square and the two parabolas. 
b) Determine the equations of the parabolas. 


c) Determine the x- and y-intercepts of the graphs 
of the parabolas. 


d) Draw a large, accurate graph of the square and 
the two parabolas. 


e) Write the equations of two other parabolas whose foci and vertices are 
the endpoints of one of the other sides of the square. Show these 
parabolas on your graph. 


1 


[—] 


. Use the definition of a parabola to derive the standard equation of a 
parabola, with vertex O(0, 0), and focus F(0, p) on the y-axis. 


1 


—_ 


. Application In your previous work with parabolas, equations had the form 
y = ax’. At that time, you were told that the equation represents a parabola. 
In[Chapter 8} a parabola was defined as the locus of a point that moves so it 
is equidistant from a fixed point and a fixed line. How can you be certain 
that the graph of the equation y = ax” satisfies this definition? 


12. There are infinitely many parabolas with a vertical axis of symmetry and 
focus at the origin. 


a) Write the equations of two of these parabolas. 


b) Write a single equation to represent the family of parabolas with a 
vertical axis of symmetry and focus at the origin. 


13. A parabola with focus F(0, 1) and vertex O(0, 0) 
is given. Chord AB is perpendicular to the axis of 
the parabola. Determine the coordinates of A and B 
so that: 


a) AAFB is a right triangle. 
b) AAFB is an equilateral triangle. 
c) AAOB is a right triangle. 


d) AAOB is an equilateral triangle. 
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14. Thinking/Inquiry/Problem Solving Sketch the graph of y? = 4x. Sketch 
the directrix. Label each point: the focus F; a general point P(x, y) on the 
parabola; and D, the point where the perpendicular from P meets the 
directrix. Determine the coordinates of P in each case. 


a) Triangle PFD is aright triangle. —_b) Triangle PFD is equilateral. 


15. Point P moves so it is always 2 units farther from the point A(4, 0) than it is 
from the line x = —4. 


a) Determine the equation of the locus of P. 
b) Explain how you can tell that the locus is a parabola. Identify the 
coordinates of its vertex and its focus, and the equation of its directrix. 


c) Draw a large, accurate graph of the parabola. Show the focus and the 
directrix on the graph. 


d) Since the graph is a parabola, it is the locus of point P that moves so it is 
equidistant from its focus and directrix. Explain why it is possible for P 
to satisfy this locus condition and the locus condition at the beginning of 
the exercise. 


16. a) Determine the coordinates of the points of intersection of the lines in each 
list with the parabola y = x’. 


i) y=x4+2 ii) y=—2x-1 
y=2x+3 eis ee 
y=3x+4 y=—-4x -3 


b) Graph the parabola and the six lines in part a on the same grid. Write the 
next line in each list, then determine the coordinates of its points of 


intersection with the parabola y = x’. 


c) Extend each list upward. Determine the coordinates of the points of 
intersection of each line with the parabola y = x”. What do you notice 
about the two lists? 


17. a) Draw a large, accurate graph of the parabola y = x? on grid paper. 
b) Determine the equations of the tangents to the parabola with each slope. 
i) 1 ii) 2 iii) 3 iv) 4 
c) Draw the tangents on the graph. 


d) Use the graph. Write the equations of the tangents to the parabola with 
each slope. 
i) -1 ii) -2 iii) —3 iv) -4 


18. Determine the coordinates of the points of intersection of each line 
and parabola. 
a) y =x" b) y =x? t) y=x?-4 d) y-=x-2 
y=x x-y=-2 y=-x+6 y=x-4 
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ic) 


19. Determine whether the 2-3-4 Rule can be extended to plot more points on a 
parabola. If it can, explain how you can be sure that it can. If it cannot, give 
an example to show why not. 


20. What condition(s) must be satisfied by p, h, and k, for each equation to 
represent a parabola whose focus is at the origin? 


a) (y — k)* = 4p(x - h) b) (x — h)? = 4p(y - k) 


21. This diagram shows a parabola, an ellipse, and a hyperbola that share a 
common focus at the point F(6, 0). The line d with equation x = 12 is the 
directrix of the parabola. 


Parabola 
y* = -12(x — 9) 


Ellipse 


@-4% ,¥ _ 
16 a Coie 


Hyperbola 


(x — 14)? yw 1 
16 48 


a) Verify that the equations listed beside the graph are correct. 

b) A conic can be defined as the locus of a point P that moves so the ratio of 
its distance to a fixed point F to its distance to a fixed line d is constant. 
For example, in the diagram above, this ratio is as follows, where N is on 
the line x = 12: 


PF = distance from P to (6, 0) 
PN distance from P to the line x = 12 


i) Choose three different points on the parabola. Verify that =~ =1. 


ii) Choose three different points on the ellipse. Verify that a is constant. 
What is the value of the constant for this ellipse? 
iii) Repeat part ii for the hyperbola. 


c) Visualize other ellipses on this diagram that have one focus at F. How 
would the value of = change for these ellipses? 


d) Repeat part c for hyperbolas. 
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Self-Check 9.3, 9.4 


1. Sketch each hyperbola. Identify the coordinates of its foci. 
2 
ae ae AS = 
a a5 4 : 


Hd 


A hyperbola has centre O(0, 0) and a horizontal transverse axis. 
Determine the equation of each hyperbola. 


a)a=5,b=12 
b) The hyperbola passes through P(2, 3) and one focus is F(2, 0). 
c) One vertex is A(3, 0) and one focus is F(5, 0). 


~ 


Sketch each hyperbola. Label each sketch with the equations of 
the asymptotes. 


2 
(= 1)? _ +2" _| py @+3) _ O- 1" __y 


=) 9 4 9 16 


> 


A hyperbola has centre C(1, —2) and a horizontal conjugate axis. 
Determine the equation of each hyperbola. 


a)a=4,c=10 
b) One vertex is A(1, 1) and the conjugate axis has length 5. 


c) The transverse axis has length 2 and the conjugate axis has length 8. 


s 


Sketch the parabola defined by each equation. Show the coordinates of the 
focus and the equation of the directrix. 


a) y? = 10x b) x7 = —Sy 


> 


Determine the equation of each parabola. 
a) The focus is F(2, 3) and the directrix is y = —-1. 


b) The vertex is O(0, 0), the axis of symmetry is the y-axis, and the parabola 
passes through P(-1, 8). 


™ 


Determine the equation of each parabola. 
a) The focus is F(2, 4) and the directrix is x = 6. 


b) The vertex is V(8, 3), the axis of symmetry is horizontal, and the parabola 
passes through A(—10, 0). 


8. Determine the coordinates of the point of intersection of each line and conic. 
a)xt+y=9 b) y= +3 
xy = 14 xty=1 
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Previous Section 


9.5 Applications of Quadratic Relations 


The signals from a communications satellite 
reflect off the surface of a dish antenna and 
are concentrated at the receiver. 


A dish antenna works because it has a cross 
section that is a parabola. When incoming 
signals are parallel to the axis of symmetry, 
the signals reflect off the parabola and pass 
through the focus. The receiver is placed 

at the focus. 


Conversely, in a parabolic headlight reflector, the 
bulb is placed at the focus, so the light rays reflect 
off the surface and are emitted as parallel rays. 


We can use the equation of a parabola to solve problems that involve 
parabolic reflectors. 


The parabolic dish antenna above is 60 cm wide and 7 cm deep. Calculate 
the distance from the centre of the dish to the receiver. 


Solution 


Sketch a cross section of the parabola, with its vertex at the origin. 


B(-30, 7) A(30, 7) 
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The equation of the parabola has the form x? = 4py. 

The receiver is placed at the focus F(0, p). 

Since the dish is 60 cm wide and 7 cm deep, points A(30, 7) and B(—30, 7) 
lie on the parabola. 

Substitute x = 30 and y = 7 in x* = 4py. 


30° = 4p(7) 
28p = 900 
_ 900 
28 

= 32.14 


The coordinates of the focus are approximately F(0, 32). 
The receiver is 32 cm from the centre of the dish. 


The planets move in elliptical orbits around the sun. The centre of the sun is at 
one focus of each ellipse. 


Many satellites travel in elliptical orbits with the centre of Earth at one focus 
(see Example 2). 


We can use this property of elliptical orbits to solve problems that involve the 
motion of planets or satellites. 


The path of a satellite around Earth is an ellipse, with the centre of Earth 
at one focus. 

A satellite has a minimum altitude of 1000 km and a maximum altitude of 
3500 km. The radius of Earth is approximately 6400 km. Determine an 
equation for the path of the satellite. 
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Solution 


Sketch a cross section with the centre of 


y 
the ellipse at the origin of coordinate axes, 
and the centre of Earth at the right focus, F. 
; : 3500 km 1000 km 
The vertices of the ellipse are A; and Ap. 
The equation of the ellipse has the form 6400km| 6400 km 
x2 y —— a | 
aah + 7 1. Ao Aj 
a b 
The distance between the vertices is: 
2a = 3500 + 6400 + 6400 + 1000 patel 
= 17 300 


a = 8650 
The distance from F to A, is 7400 km; so 
c =a-— 7400 
= 8650 — 7400 
= 1250 


But c? = a? — b*; so b* = a® - c? 


Substitute a = 8650 and c = 1250. 
b* = 86507 — 1250? 
= 73 260 000 
b = 8559 
An equation for the path of the satellite is: 


ea y - 


86502 ay 85592 


9.5 Exercises 


B) 


1. A bridge over a river is supported by a parabolic arch. y 
The arch is 200 m wide at water level. The maximum 
height of the arch is 80 m. 


a) Write an equation to represent the arch. 


b) What is the height of the arch measured from a point 


9 
on the water 40 m from the centre of the arch? Cap Tol 1 do 
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2. 


(J) 


> 


> 


™ 


Before the use of the Global Positioning System (GPS), y 
the LORAN (LOng RAnge Navigation) system was used 300 
to determine the position of a ship. The LORAN system 
is based on the definition of a hyperbola. Equipment on 
a ship determines the difference of the distances to two 100 
transmitters on shore by measuring the time difference 
for simultaneous signals to reach the ship from the 
transmitters. Suppose the transmitters are 300 km apart 
and are at the foci of a hyperbola. The ship is 200 km 
farther from one transmitter than the other. The foci are F;(150, 0) and 
F,(-150, 0). The position of the ship is S(x, y). Determine the equation of 
the hyperbola on which the ship is located. 


. An ornamental pool has the shape of an ellipse. The major axis is 15 m long 


and the minor axis is 9 m long. 
a) Write an equation for the ellipse. 


b) Calculate the width of the pool at a point on the major axis that is 5 m 
from the centre. 


The cables of a suspension bridge hang in a curve that approximates a 
parabola. The road passes through the vertex. The supporting towers are 
550 m apart and 50 m high. 


a) Determine an equation of the parabola. 


bh) Determine the height of the cables at a point 25 m from the vertex. 


Knowledge/Understanding The roof of an ice rink is supported by 
parabolic arches. Each arch is 20 m high and spans 80 m. 


a) Determine an equation of the parabolic arch. 


b) Calculate the height of the arch at a point 15 m from the centre of the 
base of the arch. 


The Colosseum in Rome has the shape of an ellipse 188 m long and 156 m 
wide. The formula for the area of an ellipse with semi-major axis a units 
and semi-minor b units is A = tab. 


a) Calculate the area of the Colosseum. 

b) How is the area of an ellipse related to the area of a circle? 

c) Pose a problem about the Colosseum. Solve the problem you posed. 

The arch of a bridge has the shape of one branch of a rectangular hyperbola. 


The arch is 100 m wide at its base. The highest point on the arch is 27 m 
above its base. 


a) Determine an equation of the hyperbola. 


b) Calculate the height of the arch at a point 20 m from the centre of its base. 
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8. A parabolic dish antenna is 80 cm wide and 9 cm deep. The receiver is 
placed at the focus of the parabola. Calculate the distance from the centre of 
the dish to the receiver. 


so 


Pluto’s orbit around the sun is elliptical, with the centre of the sun at one 

focus. The diameter of the sun is approximately 1 392 000 km. The closest 

distance between Pluto and the sun is 4.48 billion kilometres, and the farthest 

distance is 7.36 billion kilometres. 

a) Determine an equation of the orbit. 

b) Derive a formula that could be used to determine similar equations for 
other planets. 


1 


[—] 


. Application A stone is thrown horizontally from a bridge over a river. The 
path of the stone is a parabola. When the stone is thrown, it is 30 m above the 
river. The stone hits the water at a horizontal distance of 45 m from where it 
was thrown. Pose a problem about this situation. Solve the problem you posed. 


11. Communication In the 1800s, a large deep parabolic reflector, called a 
sounding board, was placed behind the podium in a meeting room. The 
purpose was to direct the sound of the person speaking toward the audience. 
Explain why the sounding board did not work as intended. 


12. A road bridge is supported by a hyperbolic arch. The arch is 250 m wide at 
its base. The maximum height of the arch is 60 m. Pose a problem about this 
situation. Solve the problem you posed. 


13. A plane, flying at a constant altitude of 10 000 m, is observed from an airport’s 
control tower. Show that the equation that relates the horizontal distance, x, and 
the direct distance, d, from the tower to the plane is that of a hyperbola. 


14. A stream of water from a hose fastened on the ground follows a parabolic 
curve. The stream of water reaches a maximum height of 20 m at a 
horizontal distance of 32 m from the nozzle of the hose. Determine an 
equation for the stream of water, then sketch its graph. 


1 


ol 


. Thinking/Inquiry/Problem Solving A tunnel is built through a mountain. 
The tunnel is 20 m wide. The road is 15 m wide and each sidewalk is 2.5 m wide. 
The cross section of the tunnel is half an ellipse. For trucks to drive through the 
tunnel, it must be at least 4 m high at all points above the road. The smallest 
possible tunnel is used. Calculate the height of the tunnel at the centre of the road. 


iC) 


16. The orbit of a satellite is an ellipse with the centre of Earth at one focus. One 
satellite has an orbit with major axis 15 540 km and minor axis 15 490 km. 
The centre of the orbit is 600 km from the centre of Earth. The radius of 
Earth is 6370 km. Calculate the height of the satellite at each point. 
a) its lowest point (the perigee) b) its highest point (the apogee) 
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9.6 The General Equation of a Conic 


When the equation of a conic is written in standard form, the numbers in the 
equation indicate certain properties of the graph. 


For example, in|Section 9.2, Example 2 coo 


tb? | y-2? _ 
pte el. 


GHD? | Y—2? _ 
pe 


we graphed the ellipse 
From the equation, we can identify the coordinates of 
the centre of the ellipse, and the lengths of its major 
and minor axes. 


We can expand the left side of the equation and write it in 
a different form. 


+1) - 2) 
Sa + o=% =| 
Multiply by the common denominator 225. 
25(x + 1)? + %y — 2)? = 225 
25(x? + 2x + 1) + 90% — 4y + 4) = 225 
25x? + 50x + 25 + Oy? — 36y + 36 — 225 = 0 
25x? + 9y* + 50x — 36y — 164 = 0 
This equation is in general form. 
When an equation is in general form, we cannot identify the properties of the 


graph from the equation. To determine the properties, we must first write the 
equation in standard form. 


Consider the conic defined by 4x” — 9y* + 32x + 18y +91 =0. 
a) Write the equation in standard form. 
b) Describe, then sketch, the graph of the conic. 


c) Determine the coordinates of the foci. 


Solution 
a) 4x* — 9y* + 32x + 18y + 91 =0 


Collect the terms that contain x, and the terms that contain y. 
4x? + 32x — Oy? + 18y +91 =0 
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Complete each square. 
A(x? + 8x) -— 9(y? — 2y) +91 =0 
AQ? + 8x + 16 — 16) — 9G” —2y + 1-1) +91 =0 
A(x + 4)? -— 64 - Wy - 1)? +9491 =0 
A(x + 4)? - 9(y - 1)? = -36 
Divide each side by 36. 


+4? — (-1? _ 
9 4 


-l 


b) The equation represents a hyperbola. 


The coordinates of the centre: (-4, 1) 
The length of the transverse axis: 2a = 4 
The length of the conjugate axis: 2b = 6 
The transverse axis is vertical. 
Coordinates of the vertices: 

(—4, 1 + 2), or (-4, 3) 

(-4, 1 — 2), or (4, -1) 


G4’ | otirL iy 
9 4 


c) For ahyperbola: c? = a? +b’ 
=4+9 
= 13 
c= V13 


The coordinates of the foci: (-4, 1 + 13) and (-4, 1 — 713); 
or approximately (-4, 4.6) and (-4, —2.6) 


In Example 1, we could have predicted that the given equation represents a 
hyperbola because the quadratic terms are separated by a — sign. 


An equation that represents a parabola contains only one squared term; hence, 
only one square can be completed. 


Consider the conic defined by x? + 10x + 4y + 13 = 0. 
a) Write the equation in standard form. 


b) Describe, then sketch, the graph of the conic. 
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Solution 
a) x7 + 10x+4y+13=0 
Complete the square for the x terms. 


x + 10x+ 25-254 4y+13=0 
(x +5)? + 4y-12=0 

(x +5) =—4y+ 12 

(x + 5)? = —4(y - 3) 


b) The equation represents a parabola. 
It has the form (x — h)? = 4p(y — k). 
The coordinates of the vertex are (—5, 3). 
The parabola opens down. 
The equation of the axis of symmetry is x = —5. 
Use the 2-3-4 Rule to sketch the parabola. 


(xi+ 5) =A — 8) 


The equations in Examples I and 2 are particular cases of the general equation 
Ax? + By* + 2Gx + 2Fy + C = 0. Remember, from[Section 8.5} that when a plane 
intersects a cone the result is usually a circle, an ellipse, a hyperbola, or a 
parabola. However, special cases including a single point, a line, or two 
intersecting lines can occur. The same is true for this general equation. It usually 
represents a circle, an ellipse, a hyperbola, or a parabola, but it can also represent 


a single point, two intersecting lines, or nothing at all (seelexercise 14). 


Al 


1. State which equations represent each conic. 


i) a circle ii) an ellipse iii) ahyperbola __ iv) a parabola 
a) x7 -6y-3=0 b) 4x7 — 4y7-9 =0 c) x° + 4y?-8 =0 
d) 3x2 + 3y?-5=0 e) x = 6y” f) 2x? — 3y?+6=0 
2. Each equation represents a conic. State which equation represents each conic. 
i) a circle ii) an ellipse iii) ahyperbola __ iv) a parabola 
a) 9x7 + 4y* — 54x + 1l6y+61=0 pb) 2x*-3y*- 8x -6y+11=0 
c) y> — 4x + 6y — 23 =0 d) x+y? +4x+ 5y=0 
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3. Determine which equations represent circles. For each circle, determine the 
radius and the coordinates of its centre. 


a) x7 + y*— 10x +4y + 20 =0 b) x7 + y?- 6x—- 2y-15=0 
c) x7 + y+ 6x —2y+12=0 dx? t+yt+xty—-4=0 
e) 2x7 + 2y*- 4x + 3y-—5 =0 f) 3x7 + 3y? + 5x-9y+40=0 


4. Sketch the circle represented by each equation. 
a) 7+ y?-6x+5=0 b) x+y? + 2y-8=0 
c) x7 + y°- 2x -6y=0 d) x + y? + 6x—4y+9=0 
e) x7 + y?— 6x + 10y +25 =0 f) x? +y?+ 8x4 8y+ 16=0 
5. Convert each equation to standard form. 
a) x7 -— 2x-—3y-8=0 b) x7 + 6x+5y-1=0 
c) y — 4x + 4y+24=0 d) y° +3x-—2y+7=0 


f—7) 


. Write the standard form of the equation for each ellipse. 
a) 9x2 + 64y? — 36x — 128y — 476 = 0 
b) 4x? + y? + 24x —- 6y +41 =0 
c) 9x7 + 4y? — 18x — 24y+9=0 
d) 4x? + 25y? + 16x — 100y + 16 = 0 


7. Identify each equation as representing a circle, a parabola, or an ellipse. 
a) x7 + 2y* + 12x+4y+8=0 b) 3x2 + 18x + 3y+5=0 
c) 8x7 + 8y* — 32x — 32y = 0 d) —2x* — 5y*+10=0 
e) Sy? + 2x + 30y+9=0 f) 3x7 + 3y? + 6x + 9y+7=0 


oo 


. For each hyperbola whose equation is given below: 


i) Write the standard equation. 
ii) Determine the lengths of the transverse and conjugate axes, the 
coordinates of the vertices and foci, and the equations of the asymptotes. 


a) 4x” — 8x — 9y? = 40 b) x? — 4x — 4y’ = -20 

c) 16x? + 32x — 25y* — 50y = -391_ d) 4x — y* - 6y = -91 

e) x? — 2y* = -50 f) 3(x + 2)? - 4G + 1)* = -24 
9. Knowledge/Understanding Each equation defines a conic. Write the 

equation in standard form. Sketch the conic. 

a) 2x7 + y?+ 12x -—2y+15=0 b) 4x7 + 9y* — 8x + 36y +4 =0 

c) x7 — 9y* 4x + 18y-14=0 d) x7 — 4y?- 2x -3 =0 

e) y>— 4x + 8y +3 =0 f) x7 +2x+3y+4=0 
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{ 10. Communication Describe the graph of each equation. 


a) x +y?-8x+6y+9=0 b) x7 + 4y* — 2x + l6y +13 =0 
c) 3x7 + 4y? + 18x - l6y+31=0 — d) 3x?- 2y*- 36x +96 =0 
e) y’ — 8x -—8y =0 f) 6x7 + 24x -y +19 =0 
‘ 41. _ i) Classify each equation as representing a circle, a parabola, an ellipse, 
or a hyperbola. 


ii) Write each equation in standard form. 
iii) Identify the vertices and foci where appropriate. 
iv) Sketch the curve. 


a) 16x? — 9y? — 64x + 72y —224=0 b) x*+y*- 10x- 10y + 25 =0 

c) 4y* x — 24y +40 =0 d) 4x7 + Oy? + 24x — 90y + 225 = 0 
e) 9x7 + 4y* + 54x -—40y+145=0 fx? +y*+4x-2y-5=0 

g) 4x7 — 9y* — 8x — 54y —-77 = 0 h) x7 — 4y7 + 8x + 20 =0 

i) 8x7 + 32x -y +35 =0 j) 3x7 + 3y* — 18x — 24y - 33 =0 


‘ 42. Application The diagram shows three overlapping squares. 


a) The green region has the same area as the blue region. 
What is the equation that relates x and y? 


b) Graph the equation that relates x and y. 


13. Consider the equation Ax? + By? +2Gx+2Fy+C=0. 
What conditions must be satisfied by the coefficients for 
this equation to represent each conic section? 


a) acircle with centre O(0, 0) 


b) a rectangular hyperbola with centre O(0, 0) and vertices on the x-axis 
c) a rectangular hyperbola with centre O(O, 0) and vertices on the y-axis 
d) a parabola with vertex O(0, 0) and a horizontal axis of symmetry 


e) an ellipse with centre O(0, 0) and vertices on the y-axis 


f 414. Thinking/Inquiry/Problem Solving 
a) Describe the graph of each equation, if it exists. 
i) 3x7 + 2y* — 6x + 16y + 35 =0 
ii) 2x? + y? — 12x - 2y + 20 =0 
iii) x7 — y? + 4x + 6y-5=0 
bh) Write the simplest equation you can that represents the same picture as 
each equation in part a. 
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Self-Check 9.5, 9.6 


1. A building’s entrance is a parabolic arch 2.8 m high at the centre and 3.7 m 
wide at the base. Determine an equation that represents the arch. 


i) 


. A design on a coordinate grid consists of a series of triangles. Each triangle 
has the line segment that joins A(O, —2) and B(0, 2) as its base. The 
perimeter of each triangle is 12 units. Determine the equation of the curve 
on which the third vertex lies. 


oo 


. A pool is elliptical. The major axis is 10 m long and the minor axis is 6 m long. 
a) Write an equation for the ellipse. 


b) Calculate the width of the pool at a point on the minor axis that is 1 m 
from the centre. 


c) Pose a problem about the pool. Solve the problem. 


4. Write the standard form for each ellipse. 
a) 16x? + 49y? — 32x + 98y — 719 =0 
b) 36x? + 25y? + 144x — 150y — 531 =0 


5. Write the standard form for each hyperbola. 
a) 64x° — 4y? — 256x — 32y — 64 = 0 
b) 16x* — 9y? + 96x + 36y + 252 = 0 

6. Write the standard form for each parabola. 
a) x7 + 4x+4y =0 
b) y>- 2y-—4x-19=0 


7. i) Identify each conic. 
ii) Write each equation in standard form. 
iii) Identify the vertices and foci where appropriate. 
iv) Sketch each curve. 
a) x° + 4y?-6x+1=0 b) 2x? - y?- 4x - 4y =0 
c) x* + 8x — 8y + 16=0 d) 2x? + 2y* -3y -1=0 
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Previous Section 


' The Reflection Property of a Parabola 


In you learned the following reflection property of a parabola: 
all incoming light rays parallel to the axis of symmetry reflect to the focus. 


This has practical applications. A parabolic mirror has a cross section 
that has the shape of a parabola. Parabolic mirrors are used in 
telescopes to focus the light from distant stars. When a parabolic 
mirror is pointed at the sun, the parallel rays upon reflection are 
concentrated at the focus; a dry stick placed there will burst into 
flames. This is the origin of the word “focus” in the study of conics; 
in Latin, focus translates to hearth or fireplace. 


We will verify that incoming rays parallel to the axis of symmetry of a 
parabola reflect to the focus. We will use algebra. We start with the 
equation of the parabola and a ray of light parallel to its axis of 
symmetry. We then determine the path of the reflected ray, and verify 
that it passes through the focus. 


Formulating Questions 


Consider the parabola y* = 16x. Its focus is F(4, 0) and its axis of 
symmetry is the x-axis. Suppose a horizontal ray at height 4 units 
strikes the parabola at the point C(1, 4). 


Does the reflected ray pass through the focus F(4, 0)? 


Selecting Strategies, Resources, Technology, and Tools 


From physics, we know the following properties of light. 


e In general, light travels in straight lines. 


e Light reflects from a curved surface, such as a parabola, as if it was 
reflecting from a line that is tangent to the parabola at the point of 
reflection. 


e The angle of incidence and the angle of reflection are equal. By 
symmetry, the incoming and reflected rays make equal angles with the 
tangent at the point of reflection. 


Thus, the ray will reflect off the parabola at the point (1, 4) as if it was 
reflecting off the tangent at (1, 4). So, that’s our first job — to determine 
the equation of the tangent at (1, 4). We can then construct the reflected 
ray and check whether it passes through the focus. 
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Previous Section 


In Insights into a Rich Problem in{Chapter 4] we found a tangent to a 
parabola by moving a line with a given slope parallel to itself until the 
line intersected the parabola at a single point. However, in that problem, 
we knew the slope of the tangent and did not know the point of tangency. 
Here, the reverse is true. We know the point of tangency, but do not know 
the slope of the tangent. So, we represent the slope as an unknown 
parameter m. 


Representing the Tangent in Mathematical Form 


Let m be the slope of the tangent at C(1, 4). Members of the family 
of lines with slope m that pass through the point C(1, 4) have equation 


y-4=m(x- 1) 


To determine the coordinates of the points of intersection of the line 
and the parabola, we solve this system of equations. 


y-4=mx-—m ® 


y? = 16x @ 
The algebra will be simpler if we solve equation @ for x, then 
2 
substitute into equation ©. From equation @, x = ed 


2; 
ae ee 
y 4=m(2) m 
l6y — 64 = my* — 16m 
my’ — l6y + 64 — 16m = 0 


This is a quadratic equation in y where a = m, b = -16, 
and c = 64 — 16m. 


The solutions are y = 


16 + ./256 — 4m(64 — 16m) 
2m . 


Interpreting Information and Forming Conclusions 


There is a single point of intersection when the discriminant is zero; 
that is, when b? — 4ac = 0. 
256 — 4m(64 — 16m) = 0 
256 — 256m + 64m” = 0 
m —4m+4=0 
(m- 2) =0 


m= 2 


From equation ©, the equation of the tangent is y — 4 = 2x — 2, 
ory = 2x+2. 


y-4=mea-1) 


Reflecting on the 
Reasonableness 
of Results 


From the diagram 
above, there is a 
unique line that is 
tangent to the 
parabola at (1, 4). 
The other lines 
intersect the parabola 
at one or more points. 
This is confirmed by 
the algebra. The 
equation simplifies to 
a perfect square; and 
any perfect square 
equation has a 

single solution! 
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To draw the reflected ray, we ignore the parabola and use the tangent 
instead. Point A is on the incoming ray, y = 4. Point B is on the tangent, 
y = 2x + 2. Point D is at the x-intercept of the tangent. Point D has 
coordinates (—1, 0). The problem now reduces to this: 


A horizontal light ray at y = 4 reflects off the line y = 2x +2 atx = 1. 
Does the reflected ray pass through F(4, 0)? 


One way to do this is to draw the line from C(1, 4) to F(4, 0) and show 

that it is the reflected ray. If the line CF makes the same angle with the 

tangent as the incoming ray, then CF is the reflected ray. So, we need to 
show that ZACB = ZFCD. 


First, we show that AFCD is isosceles with FC = FD. We do this by 
calculating the distances FC and FD. 


FC = (4-1)? + (0-4) FD = 4-(-1) 
= /9+16 =5 
= J25 
=5 


So, FC = FD and AFCD is isosceles. 


Now, all that is required is to show that ZACB = ZFCD. 


e Since CA and DF are parallel, ZACB = ZFDC (corresponding 
angles are equal). 


e Since FC = FD, ZFCD = ZFDC (property of an isosceles triangle) 


e Both ZACB and ZFCD are equal to ZFDC. Therefore, they are 
equal to each other; that is, ZACB = ZFCD. 


Hence, the reflected ray passes through the focus F(4, 0). 


1. Verify that the parabola, y* = 16x, has focus F(4, 0). What is the 
equation of the directrix? 


2. Repeat the process of the solution to show that a horizontal ray of 
light striking the parabola y” = 16x at each given point also reflects 
to the focus F(4, 0). 


a) (4, 8) b) G 2) 


3. Consider the parabola x? = 4y. Suppose an incoming vertical ray of 
light strikes the parabola at x = 4. Show that the reflected ray passes 
through the focus of the parabola. 
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4. The method used to determine the equation of the tangent, given the 
coordinates of the point of tangency, can be applied to any conic. 
For each conic whose equation is given, determine an equation for 
the tangent at the given point, with the given slope. 

a) x+y? = 25; (4, 3); m = 5 
b) x + 4y? = 20; (2, 2); m =-4 


c) 4x7 — y? = 75; (5, 5); m =4 


Challenge Problems 


5. Repeat the process of the solution using the same parabola, y* = 16x, 
but a general point. 
a) Consider the general point (a”, 4a) on the parabola. Determine the 
slope of the tangent at that point. 
b) Consider the general slope m of a tangent to the parabola. Determine 
the coordinates of the point on the parabola at which the tangent has 
slope m. 


c) Explain how each of parts a and b verifies the reflection property. 


In|Chapter 8} you learned about the ellipse and its reflection property. 
All rays emitted from one focus are reflected off the ellipse to 


x yo . 
16 1 has foci at 
(+2, 0). Suppose a ray emitted from (—2, 0) strikes the ellipse at point 
P(2, 3). The tangent to the ellipse at P has slope —;.Verify that the 


reflected ray passes through the focus (2, 0). 


> 


concentrate at the other focus. The ellipse 


~ 


. Use the ellipse in problem 6. In that problem, you found the equation of 
the tangent at the point P(2, 3). Suppose a horizontal ray strikes the 
ellipse at that point. Where does the reflected ray intersect the x-axis? 


INSIGHTS INTO A RICH PROBLEM 569 


Review Exercises 


Mathematics Toolkit 
Algebra Tools 


Standard equations of conics 


e A circle, centre C(h, k), radius r 
x-hPt+Q-khP=r 


e An ellipse, centre O(0, 0), major axis length 2a, ; : 
minor axis length 2b; where a > b @-hy+Q-kear 
Major axis horizontal Major axis vertical 

2 2 
= + y =1 


y 


(}\ x 


Vertices: (a, 0), (—a, 0) Vertices: (0, a), (0, —a) 
Foci: (c, 0), (-c, 0) Ce=a-b? Foci: (0, 0), (0, -c) 
When the centre of an ellipse has coordinates (h, k), the equations are 
& <j op 1 — =| aaa = 4g AY = 

corresponding changes in the coordinates of the vertices and the foci. 


= 1, respectively. There are 


A hyperbola, centre O(0, 0), transverse axis length 2a, conjugate axis length 2b 
Transverse axis horizontal Transverse axis vertical 
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Vertices: (a, 0), (—a, 0) Vertices: (0, a), (0, —a) 
Foci: (c, 0), (-c, 0) C=a+b? — Foci: (0, c), (0, -c) 
Asymptotes: y = 47x Asymptotes: y = tox 


e When the centre of a hyperbola has coordinates (h, k), the equations are 
= 2, —k 2 —h y) -—k 2 
a = oe =) Sud ara = v8 = 
corresponding changes in the coordinates of the vertices and the foci; 
and in the equations of the asymptotes. 


—1, respectively. There are 


e A parabola, vertex O(0, 0) 
Axis of symmetry horizontal Axis of symmetry vertical 
y? = 4px x° = 4py 


O} F(p, 0) 
y? = 4px 
x=-p 
Focus: (p, 0) Focus: (0, p) 
Directrix: x = —p Directrix: y = —p 


e When the vertex of a parabola has coordinates (h, k), the equations are 
(y - ky? = 4p(x — h) and (x — h)? = 4p(y — k), respectively. There are 
corresponding changes in the coordinates of the focus, and in the 
equation of the directrix. 


A parabola may be graphed using the 2-3-4 Rule (see|page 547). 
The general equation of a conic is Ax? + By* + 2Gx + 2Fy+C =0. 


NS 1. A circle has centre C(2, 1) and radius 3 units. 
a) Write the equation of the circle. 
b) Graph the circle. 


2. Write each equation in general form. 
a) (x—2)*+ (+3) =9 b) (x+ 4)? + (y+ 1)? = 49 
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9.1 


9.2 


> 


s 


ml 


10. 


11. 


12. 


Previous Section 


Review Exercises 


. Write each equation in standard form. Graph the circle. Show the coordinates 
of the centre, and the radius. 
a) x2 + y? + 6x —4y -3 =0 b) x7 + y>— 2x — 10y- 10 = 0 
Solve each linear-quadratic system. Check the solution. 
a) x2 +y* = 35 b) x7 +y" = 18 t)xty=1 
y=2x+4 2x+3y=1 rt+y=1 
The difference of two numbers is 17. The sum of their squares is 689. 


Determine the numbers. 
Determine the equations of the tangents with slope 1 to the circle x7 + y? = 6. 


a) Graph the circle (x + 5)* + (y + 10)? = 25. 


b) Write an equation to represent the family of lines passing through O(0, 0). 
Draw some of these lines on the graph, to show the different ways the lines 
can intersect the circle. 


c) Determine the equations of the members of the family that are tangents to 
the circle. 


Sketch each ellipse. Identify the coordinates of its foci, and the lengths of 
the major and minor axes. 


x2 y? _ x2 y = 
Nig? 36 | Ng gg 4 
@-1? | (Wt+2)? _ («+3 . (2)? _ 
e) cc - ae a a) i. - ~ l 


An ellipse has centre O(0, 0) and major axis on the x-axis. Determine the 
equation of each ellipse. 


a)b=3,c=4 
b) The major axis has length 12, and the minor axis has length 9. 
c) The x-intercepts are +3, and the y-intercepts are +2. 


A point P moves so the sum of its distances from A(4, 1) and B(4, 5) is 12. 
Determine the equation of the locus of P. 


Determine the coordinates of the points of intersection of the line and the ellipse. 
6y-x=6 

x + 3y* = 36 

Determine the equation of each ellipse. 

a) Centre D(—1, -5), major axis vertical with length 10, minor axis length 6 


b) Centre E(1, 4), major axis horizontal, one focus F(5, 4), minor axis length 4 
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13. Sketch each ellipse. Label each sketch with the coordinates of the foci, the 
centre, the vertices, and the endpoints of the minor axis. 
+3 ) O-4? _ @=2P . +6? _ 
ar inn eee ag ae 


9.3 14. A hyperbola has centre O(0, 0) and one vertex A(—2, 0). The hyperbola 
passes through P(3, 2.5). 


a) Determine the equation of the hyperbola. 
b) Sketch the hyperbola. 


15. A hyperbola has centre O(0, 0). It passes through A(1, 2) and B(2, 24/2). 
a) Determine the equation of the hyperbola. 
b) Determine the equations of the asymptotes of the hyperbola. 


16. A rectangular hyperbola has equation xy = 4. 
a) Sketch the hyperbola. 
b) Determine the equations of the asymptotes. 


c) Determine the equations of the transverse and conjugate axes. 


17. Sketch each hyperbola. Label each sketch with the coordinates of the foci 
and the equations of the asymptotes. 


— 1) —~2)2 — 4)2 2)2 
gy G= _ 9=2? _y py OH 4? _ HDF _y 


18. Determine the equation of the hyperbola with asymptotes y = 42x and one 
vertex A(3, 0). 


19. Determine the coordinates of the points of intersection of each line and 


hyperbola. 
a)x+y=2 b) 2x-y=4 
2x*-y=1 v-y=4 


9.4 20. Write an equation for the parabola that satisfies each description. 
a) Vertex V(3, 3); focus F(3, 0) b) Vertex V(0, 2); directrix x = 1 
c) Focus F(O, —3); directrix y = 3 
d) Vertex V(4, —3); axis parallel to the y-axis; parabola passes through (8, 5) 
21. Sketch the parabola defined by each equation. Label each sketch with the 


coordinates of the vertex and focus, and the equations of the axis of 
symmetry and directrix. 


a) x° = -10y b) y* = 16x 
c) (y — 3)? = -2(x + 1) d) (x + 4)* = -3(y + 2) 
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Review Exercises 


22. Determine the coordinates of the points of intersection of the line and 


the parabola. 
y =x+2 
y=-x+4 


9.5 23. Many famous buildings (for example, the Taj Mahal) have elliptical ceilings. 
An ellipse has the property that a light ray or sound wave from a source at 
one focus will be reflected through the other focus. Suppose a building 
has a ceiling whose cross section can be described by the equation 
25x* + 256y” = 6400. All measurements are in metres. How far apart must 
two people be to be able to whisper to each other using this focal property? 


24. The arch of a viaduct has the shape of a rectangular hyperbola. The arch is 
100 m wide at its base. The maximum height of the arch is 40 m. 
a) How high is the arch at a point 10 m from the centre of its base? 
b) Pose a problem about the arch. Solve the problem you posed. 

25. A ray of light that is directed toward one focus of a hyperbolic mirror is 


reflected through the other focus. Determine an equation for the hyperbolic 
mirror. The dimensions are shown in the diagram below. 


3.5 cm|2.8 cm 


9.6 26. Each equation defines a conic. Write the equation in standard form. Sketch 


the conic. 

a) x7 + 4y?- 8x-5 =0 b) 2x7 + 2y*-3x-1=0 

c) y>— 2x -2y-9=0 d) 5x? — 4y? + 20x + 8y -4 = 0 
27. _ i) Identify the curve represented by each equation. 


ii) Write each equation in standard form. 
iii) Identify the vertices and foci where appropriate. 
iv) Sketch each curve. 


a) 2x* —y?+12x+14=0 b) 2x* = 3 — 2y? 
c) 3x7 - 6x =3-y* d) 4x? — 16x - 12y -23 = 0 
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Previous Section 


Self-Test 


1. Determine the equation of a circle that passes through A(1, —4) and whose 
centre is C(—5, —1). 

2. Determine the coordinates of the points of intersection of each line and conic. 
a) x+y? =2 b) x7 — y* = 25 

x-2y+3=0 xt+y=3 

3. Knowledge/Understanding Determine the equation of an ellipse that 
satisfies each set of conditions. 
a) The length of the minor axis is 8; the foci are (0, +3). 
b) The foci are (+3, 0); a = 4. 
c) The foci are A(2, 1) and B(2, 3); the length of the major axis is 6. 


4, Communication A certain computer part costs c dollars. A number, 1, of 
these computer parts can be bought for $1000. If one computer part costs $5 
less, then 10 extra parts can be bought for $1000. Here are the equations that 
represent this situation: 

cn = 1000 

(c —5)(n + 10) = 1000 
a) Explain how each equation was derived. 
b) What is the cost of 1 computer part? 


c) Explain how you completed part b. 


oa 


. A hyperbola has vertices A(1, 0) and B(-1, 0). The equations of its 
asymptotes are y = +2x. Determine the equation of the hyperbola. 


2 2: 
. Sketch the hyperbola fe: = _ 9 ii > = |. Label the sketch with the 


coordinates of the foci and the vertices, and the equations of the asymptotes. 


~ 


. A lamp has a parabolic reflector. The bulb of 
the lamp is at the focus of the parabola, 
as shown. The reflector is 10 cm deep. 


a) Determine an equation of the parabola. Bulb 


b) Determine the width of the reflector at 10 cm ——— 
its widest point. 
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8. A graphic designer draws a series of triangles on a grid. Each triangle has its 
base from (—3, 0) to (3, 0), and a perimeter of 14 units. Determine the 
equation of the curve on which the third vertex of each triangle is located. 


so 


Application The radiator grill on a car has the shape of an ellipse, 16 cm 
high and 60 cm wide. Determine the width of the radiator grill 10 cm 
from the top. 


10. i) Classify each equation as a circle, an ellipse, a parabola, or a hyperbola. 
ii) Write each equation in standard form. 
iii) Identify the coordinates of the vertices and foci where appropriate. 
iv) Sketch each curve. 
a) 4x7 + 9y* + 24x = 0 b) x7 + 2x-—4y-3=0 
c) 2x? + Oy? + 8x-—72y+134=0 dd) 2y?-4y=9x-2 


11. Thinking/Inquiry/Problem Solving The equation of a conic is 
x? + ky’ = 1. Identify and describe the conic in each case. Use examples in 
your description. 


a)k <0 bhk=1 cthO0<k<l dpk>1 


Assessment Tasks 
2 


—_ 


. Describe the type of curve represented by the equation x? + ky? = a® in 


each case. 
a)k=1 bhk<0O cthO0<k<l dpk>1 


in) 


. Determine the locus of a point that moves so its distance from the line 
x = —3 is two times its distance from the point A(3, 0). Sketch the curve. 
Identify and describe any special points. 


~ 


A sealed-beam car headlight is backed by a parabolic mirror whose cross- 
section can be represented by the equation x* = 4py. The bulb at the focus 
of this parabola produces a parallel beam of light. Determine the shortest 
distance from the bulb to the mirror. 


2 2 
Consider the ellipse Be + ie = 1. One foci is the focus of a parabola. 


One vertex is the vertex of this parabola. 


> 


a) How many different parabolas are possible? 
b) Determine the equations of the parabolas. 
c) [llustrate your results on a graph that shows the ellipse and the parabolas. 


d) Determine the coordinates of the points of intersection of the parabolas. 


s 


Create a problem similar to exercise 4, about a hyperbola and a parabola, 
then solve it. 
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Previous Section 


Answers 


Chapter 1 Sequences and Series 4 New: Patterns and Sequences 
Necessary Skills Exercises, page 7 
1 Review: Percent 1.a)20 Add 5 to the number to find the next number. 


b) 80 Double the number to find the next number. 


Exercises, page 3 045 Add 9 to the number to find the next number. 


1. a) 0.2 b) 0.04 9 0.15 d) 0.75 d)0.1 Divide the number by 10 to find the next number. 
e) It f) 0.0875 8) 0.015 h) 0.0325 e) 6.25 Divide the number by 4 to find the next number. 
i) 0.005 j) 0.001 f)21 The difference between consecutive numbers 

2. a) 25% b) 47.2% 0) 8% increases by | each time. 
d) 0.3% e) 137% 2.a)7 Add 1 to each number. 

3. a) $94.65 b) $9840 0) $224.31 d) $984 b)1 The pattern 1, 2, 3 is repeated. 


«7 Each sequential odd number is followed by a 2. 


4. b) 4 1 d) 21 

ae ree sade Nene d)21 Add the previous two numbers to find the next 
5. a) $339.15 b) $390.02 number. 
6. $1433.50 e)48 Add all the previous numbers to find the next 


number. 


w 


. a) 23 The difference between consecutive numbers 
increases by | each time. 


2 New: Exponent Laws for Integer Exponents 


Exercises, page 5 b) 34 Add the previous two numbers to find the next 
1. a)8 b)~ Py = 44 number. 
e) 16 2 2) 1 h) | © 80 Add all previous numbers to find the next number. 
81 d)11 A number is added to each number following the 
i) 100 8 pattern 1,2, 1,2, .... 
2. a) 16 b+ ¢ 16 d)-16 e) 11 Add 3 to a number in an odd position to find the 
°) 1 - 1 1 h) 16 next number; all numbers in even positions are 3. 
16 16 16 f)65 The differences between consecutive numbers form 
i) * j) = a series of powers of 2. 
3. a) 8 by rs) tle d) 128 4.a)9, 11 Add 2 to each number. 
1 mee 8 1 b) 160, 320 Double each number. 
®) ag ore g) 12500 Whe 60,75 Add 15 to each number. 
i) Tar j) 1024 k) aa 1) 1024 d) 60, 50 Subtract 10 from each number. 
e) 81,243 Multiply each number by 3. 
4. a) 10'° b) 6° 93+ f) 2, -2 Multiply each number by —1. 
5. a) 920 = 1 048 576 b) (4) = 0.125 g) 10 000, —100 000 Multiply each number by -10. 
316 Z h)-12,-17 Subtract 5 from each number. 
Qa = 2 690 420.1 79 : 
i)>,— Add 2 to the numerator and denominator of 
6. Answers may vary; 3° + 3° = 3°~? = 33; (27)? = 2?*3 = 2° so each term. 
j) > = Multiply each number by > 
3 New: Numerical Roots k) 17, 21 Add 4 to each number. 
Exercises, page 7 1) 25, 36 Squares of consecutive numbers 
La)7 b) 3 03 2 5. a)a,c,d,h,k b) b, e, f, g,j di, 1 
e) 10 f)-4 2)9 h) 10 6. Answers may vary. 
2. a) 2.49 b) 2.61 92.78 2, 4, 8, 16, 32, ...; multiply by 2. 
d) -2.42 @ 111 2, 4, 8, 32, 256, ...; multiply the two preceding numbers to 
get the next number. 
3. a) 3.46 m by 3.46 m b) 2.45 m 
4. a) 44.72 cm b) 447.21 cm 


5. 73.42 cm by 73.42 cm by 73.42 cm 
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1.1 Exercises, page 12 


1. a) Yes; 4 b) Yes; —2 
e) Yes; 7 f) No 
i) Yes; | j) No 
2. a) 3; 21, 24, 27 
©) 10; 57, 67, 77 
e) 3;1,4,7 
g) —5; -18, -23, -28 
i) -11; 33, 22, 11 
3. $26 


P 


Previous Section 


0 No d) No 

g) No h) Yes; —2 
b) -4; 13,9, 5 

d) -10; 1, -9, -19 


f) 0.5; 3.3, 3.8, 43 
h) 50; 350, 400, 450 
j) 0.64; 3.15, 3.79, 4.43 


a) No; there is no common difference. 


b) Yes; the common difference is 128. 
© No; there is no common difference. 


5. a) i) 36 ii) -3 
iv) -19 v) 60 
6. a) 17, 20, 23, 26, 29 


b) Rowl 


bal 


difference of 1. 


iii) 122 
vi) 44 


a) Each row is an arithmetic sequence with a common 


b) Each column is an arithmetic sequence with a common 


difference of 7. 


¢ Every diagonal is an arithmetic sequence with a common 


difference of 8. 


a) 2012, 2024, 2036 
©) i) 2022, 2034, 2046 
iii) 2020, 2032, 2044 


bd 


b) Pig 


ii) 2017, 2029, 2041 


a) 39 million years ago and 13 million years ago 
b) 13 million years from now 


10. All terms would be multiples of the first term. 


11. a) This year; 112 000 ounces 
Next year; 134 000 ounces 


b) Total Output of a 
Northern Gold Mine 


Mass of gold (ounces) 


0 1 Fe le 
Year 


©) The line would be steeper. 


12. a) 1924, 1928, 1932, 1936, 1940, 1944 
b) The 1940 and 1944 Olympics were cancelled due to 


World War II. 
0 16 


d) Answers may vary. The Olympic committee wanted to 
alternate the summer and winter game years. 


13. a) Yes, the common differences must be 0. For example, 


Diy Ds Discisinan 


b) No, there would be no common difference between the 
terms. For example, 2, 3, 5, 3, 2. 


14. a) i) 2, 7, 12, 17, 22 
iii) 5, 13, 21, 29, 37 
v) 18, -8, 2, 12, 22, 32 


ii) 37, 33, 29, 25, 21 
iv) 50, 45, 40, 35, 30 
vi) 43, 51.5, 60, 68.5, 77 
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1 2 
15. 8, 155, 225, 30 
16. 10, 21.25, 32.5, 43.75, 55 


17. a) 11, 14, 17, 20, 23 
¢) 12, 10, 8, 6, 4 


1.2 Exercises, page 22 


1. a) Yes; 2 b) No 
e) No f) Yes; 0.1 
i) Yes; 107? _j) Yes; 1.08 
2. a) 10; 2000, 20 000, 200 000 
1, 3 
b) 55 6, 3, 2 
d) 3; 81, 243, 729 
f)-1;-1, 1,-1 
h) 3, -27, -81, -243 
13,8 
D> 3° 4,6 


a 


b) 25, 30, 35, 40, 45 


© Yes; -+ d) Yes; -t 
g) No h) Yes; 10 


©) -2; -40, 80, -160 

ee ne ae 
2° 2°4’ 8 

g) 2; 16, 32, 64 

11, 1 1 1 


53 5a Te” aR6 


a) Geometric; there is a common ratio of 100. 


b) Neither; there is no common difference or ratio. 

© Arithmetic; there is a common difference of 4. 

d) Neither; there is no common difference or ratio. 

e) Arithmetic; there is a common difference of —7. 

f) Geometric; there is a common ratio of 0.1. 

g) Geometric; there is a common ratio of —1. 

h) Both; there is a common ratio of 1, and a common 


difference of 0. 


i) Neither; there is no common difference or ratio. 
j) Neither; there is no common difference or ratio. 


P 


a) 400 


u 


b) 1600 


a) No; there is no common ratio. 
b) Yes; the common ratio is 2. 


c) 6400 


©) No; there is no common ratio. 


> 


a) 0.9 m, 0.81 m, 0.729 m 


b) There is a common ratio of 0.9. 


¢ 0.35 m 


a) i) 96 
iv) 20 480 v= 


a) Yes; 2, 2, 2, ... 
©) Yes; 2, 2, 2, ... 


a) $600.29 


bal 


b) Value of an Oil Painting against Time 


Value ($) 


0 1 213/415 16 
Year 


iit) 0.02 
vi) 2 
81 


b) Yes; 2, —2, 2, -2, ... 


c) More than $400: curve shifts up; less than $400: curve 


shifts down. 


d) More than 7%: curve gets steeper more quickly; less than 
7%: curve gets steeper less quickly. 


10. $591.84 
11. $1593.85 


12. a) $9380.40 


b) Value of a Vehicle against Time 
30-000: 
25-000 
° 
Se 
2 20-000 
aI iY 
Gl 
> 
15.000 . 
. 
10-000. ° 
0 1 2 3 4 5 


Year 
c) More than $30 000: curve shifts up; less than $30 000: 
curve shifts down. 
d) More than 20% decrease: curve decreases faster; less 
than 20% decrease: curve decreases more slowly. 
13. $225.00, $202.50, $182.25, $164.03, $147.62 


14. $1248.06 


15. a) Length of Width of Area of 
Number one piece | one piece | one piece 

Step of pieces (cm) (cm) (cm 
Start 1 30 20 600 

1 4 15 10 150 

2 16 75 5 Eye) 

a 64 3.75 2.5 9.375 

4 256 1.875 1.25 2.344 


b) Column 2: there is a common ratio of 4 
Columns 3 and 4: there is a common ratio of + 


Column 5: there is a common ratio of ‘ 
16. The other terms are powers of the first term. 
17. a) 2, 4, 8, 16, 32, 64, 128, 256 


b) Number of Bacteria against Time 


250 


150. 


Number of bacteria 
° 


100 


50- 


0 8 9 


2 3 4 3 6 
Number of 20-minute periods since noon 
No; you cannot have a fraction of a bacterium. 


18. Answers may vary. 
a) Rates of growth for individual bacteria can vary. 
b) No; the bacteria will run out of space and resources. 


20. a) 4, 8, 16, 32, 64 b) 108, 36, 12, 4,4 
¢) 1, -3, 9, -27, 81 
d) 1, 4, 16, 64, 256 or 1, -4, 16, 64, 256 
e) 320, 160, 80, 40, 20, 10 or -320, 160, -80, 40, -20, 10 
f) 10, 50, 250, 1250, 6250 or 10, 50, 250, -1250, 6250 


21. 2, 6, 18, 54 
22. 4, 20, 100, 500, 2500 


24, a) 4, 4.29, 4.59, 4.92, 5.28 


b) The sequence is geometric; the common ratio is 2°!. 
25. Yes, it is possible for a sequence to be geometric and 
arithmetic, for example 2, 2, 2. 
964 8 -8 
26. a) 1, 3, 9, 27, 81 b) =. 5°5° 15? or 9, -6, 4, 3 


1.3 Exercises, page 29 


1. a) 7, 12, 17, 22 b) 16, 14, 12, 10 


0) 2, 4, 8, 16 d) 6, 18, 54, 162 
e) 2,5, 10, 17 f) 2, 6, 12, 20 
2. Arithmetic sequences: a, b 
Geometric sequences: c, d 
Neither: e, f 
3. a) 27 b) 10 g-4 
4) 99 ei f) 90 
4. a)—2 + 6n b) 58 ¢ 118 
5. a) 14-—3n b) -10 ~-61 
6. a) 3(2)"~! b) 192 0 6144 
7. a) 3(-2)""! b) 192 0) -6144 
9. a) t, =2+3n b) t, = 7-—2n 
Ot, =—-6+2n d) t, = -—3 + 6n 


10. a) tf, = —1 + 3n; 59 
© th = 23 — 3n; -217 


I. a) t, = 2"7! 


b) t, = 8 + 2n; 108 
d) t, = 47 — 2n; -153 


n-1 b) n= rey - 1 
én= 8(4) ies 3(-+) 
12. a) t, = 2(3)"~!; 486 b) t, = 3(5)"~!; 1 171 875 
n-1 
ée2 10(4) : 0.078 125 d) t, = 4(-3)""!; -78 732 


i 


w 


. a) Sequence 1: 2, 3, 4,5 

Sequence 2: 3, 5, 7, 9 
Sequence 3: 4, 7, 10, 13 
Sequence 4: 5, 9, 13, 17 

b) The first terms form an arithmetic sequence with a 
common difference of 1. 

©) The second terms form an arithmetic sequence with a 
common difference of 2. 

d) The third terms form an arithmetic sequence with a 
common difference of 3. 

e) The fourth terms form an arithmetic sequence with a 
common difference of 4. 


14. a) Row 9 
15. 15th term 


16. a) 32 b) 59 ¢ 38 
d) 33 e) 21 f) 101 


17. 27 


b) 11 rows 


18. a) 32 
c) 1 048 576 


b) 1024 
d) 1.1 x 10! 


19. Answers may vary. Mortality rates were higher in previous 


generations. 


ANSWERS 


20. a) $17 500.00, $12 250.00, $8575.00, $6002.50, $4201.75 


b) Value of a Car against Time 
26-000, 
22.000 
e's 000 + 


314000 


Vah 


10-000 
6.000 ° 


2.000 


0 1 2 3 4 
Year 


©) tn = 25 000(0.7)" 


n 


22. a) ty = er 


23. a) t, = rm+n 
(4) th = n(2”) 
24. b) 8100, 7290, 6561, 5905 
5129, 4616, 4155, 3739 


2n-1 
b) t, = 
n 


4n-—2 
2n-1 
b) t, = (2n — 1)(3n - 1) 
d) t, = (4n — 2)(2n + 1) 


Ot, = 


©) n$x(0.9)", where n is the number of weeks 


25. a) $176 319.37 b) $259 071.00 
0) $120 000(1.08)" 


26. a) 2, 4, 6, 8, 10, 24 


b) For the first 5 terms, f, = 21. When n > 5, the second 
term is not zero so the pattern changes. 


27.-10 


Self-Check 1.1-1.3 (Functions), page 33 


1. $1102.50 

2. a) -8 

3. a) 0, 3, 8 

4. a) 2a 

5. a) t, =2+3n 


b) 2b, 3b 


6. a) f, = 2"~! 


™ 


J a) tn = 25)" 


8. a) f, = (2n — 1)(3n — 2) 


1.4 Exercises, page 35 
. a) 1,3, 5,7,9 

0 5, 10, 15, 20, 25 

e) 8, 3, -2, -7, -12 
. a) 1, 2, 4, 8, 16 

0) 3, 6, 12, 24, 48 

e) 1, 10, 100, 1000, 10 000 


N 


w 


b) 2560 
b) 15, 22.5, 33.75 
9 3a 
b) t, = 7—2n 
n-1 
b) ty = 8(-4) 


2n-1 
t= 
b) tn 3n-1 


— (Qn-1)Qn +1) 
b) fn = 2n(2n + 2) 


b) 2,5, 8, 11, 14 
d) 4, -2, 0, 2, 4 

f) 10, 110, 210, 310, 410 
b) 2, 4, 8, 16, 32 

d) 3, -6, 12, -24, 48 

f) 16, 8, 4,2, 1 


. a) The second part of the formula tells you how to generate 


other terms of the sequence. 
b) The first part of the formula gives the starting point of 


the sequence. 


a) i) 1,2,3,4,5 
1,3,5,7,9 
1, 4, 7, 10, 13 
1,5, 9, 13, 17 


P 
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6. 


bl 


~~ = 


17. 


a) i) 1,1,1,1,1 ii) 1,-1,1,-1,1 

1, 2, 4, 8, 16 1, -2, 4, -8, 16 

1, 3, 9, 27, 81 1, -3, 9, -27, 81 

1, 4, 16, 64, 256 1, -4, 16, -64, 256 
a) 100, 107, 114, 121, 128 


b) -9, 1, 11, 21, 31 

¢ 1, 0.5, 0.25, 0.125, 0.0625 

d) 1, -0.5, 0.25, -0.125, 0.0625 

e) 2, 0, 2, 0, 2 

f) 6, 18, 72, 360, 2160 

a) Geometric; common ratio is —1. 

b) Neither; there is no common difference or common ratio. 
©) Neither; there is no common difference or common ratio. 
d) Neither; there is no common difference or common ratio. 


a) 993 
a) 3 906 250 


. a) 1, 3, 6, 10, 15 


¢ 1,3, 7, 15, 31 


. a) 1,2, 3,5,8 


© 1, 2, 4, 8, 16 


b) 1, 5, 11, 19, 29 
d) 1, 4, 10, 22, 46 
b) 1, 3, 4,7, 11 

d) 1, 2,5, 11, 26 


. at, = 4,t) =tr-1 +d 


. a) it) = 4, tf) =t-1+7,n>1 


ii) t) = 32,t, =t-1-6,n>1 

iii) ) = 1, t, =-10t,-1,n > 1 

iv) t) = 32, m= Str-1.n> 1 

b) i) The first term is t; = 4; after the first term, each term is 
7 more than the previous one, so t, = t,-1 + 7. 


b) tf) = 4, ty = Ttn-1 


. a)m = 1, b is any real number 


b)b=0,m#0 QOm#1,b#0 


. a) 1, 1, 2,3, 5,8, ... 


b) l,t 1, th tr-2 4 t-1,n > 2 
a) 1, 1,4,9 
byt = 1, = 1, th = tn + Vin-2)°n > 2 


Yes; for example, 2, 4, 8, 16, 32 
t= 2,t, = 2t%-1,n>1 
th =2,t =t-1+2"-',n>1 


Self-Check 1.1-1.4 (Functions and Relations), 


page 38 
1. $5624.32 
2.a)8 b) 512 
3. a) 2,5, 10 b) 11.2, 15.68, 21.952 
4. a) 2a b) 2b, 3b 0 3a 
5. a) t, =4+3n b) t, = 10—3n 
= n—1 = = L\ tr | 
6. a) ty = 2(4) b) f, = 99( 7) 
= n-1 _ 4n-3 
7. a) ty = 3(4) b) In = 
= = Gn=2HGn+ 
8. a) t, = 2n(3n) b) t, = n+ Din D 
9. a) 7, 8, 7, 2,-11 


b) 2.5, 6.25, 97.66, 2 328 306.4, 7.35 x 107 


. a) fy = 32, i,= 1-1 -6,n>1 


DA =Pn= tn—(q?),n >1 


1. 


1. 


uw 


13. 


15. 


16. 


18. 


20. 


21. 


= 


22. 


23. 


b) Elephant: approximately 106 years 


Cat: approximately 19 years 
Shrew: approximately 3 years 
a) 16 b) 0.755 


. 12.337 = 21.7968 


5 Exercises, page 42 1.6 Exercises, page 50 
a) 1 b) 2 ~03 d) 4 e) 5 1. a) xi b) x6 
f) 1 g)8 h) 27 i) 64 j) 125 e) x3 f) x72 
.a) 1 b) 2 03 d) 4 e) 5 2. a) 3672 se 
f) 1 g)4 h) 9 i) 16 j) 25 9 644 = 
. a) —1 b) -2 ¢-3 d) -4 e) —5 e) 93 =27 
.a) i)2 ii) 4 iii) —2 iv) -4 3. a) 128 b) 256 
v) -2 vi) 4 vii) 2 viii) —4 e) ae f 1 
32 16 
. a) 2 b) 4 °8 d) 16 e) 32 130 by 8 

1 1 » 1 + 1 4a 
fl 8)> h)z 5 De = 
a)3 b) 9 0) 27 d) 81 e) 243 e) 

1 1 + | eel 4 
fl 85 h)> eal da 5. a) a? By: 
a) 2.175 b) 28.635 0) 83.593 eye Hes 
d) 55.330 e) 19.973 f) 0.459 6. a) 32 b) 32 
g) 0.035 h) 0.012 i) 0.018 1 a) 7i b) 7: 
pioey 8. a) 514 = 9,52 
a) 0.616 kg b) 0.859 g fa) 95.54 = 46.53 
a) 1.05 kg 9. a) 1 b) 4 

. a) net mm b) 3.05 m? e) 0 f) 1 
. a) 403 = (/40)3 b) 15.91 10. a) i) -9 ii) 6 
. a) i) 8 i}? iii) ” iv) 128 v)3 vi) 6 
v) oe 000 vi) 5, vii) 5 viii) = 1.-4 
ix) *) F00 12a)x=3,0 b)x=2,1 
a) 7.622 b) 4.050 ©) 332.554 d) 279.508 eee ae Naat 
e) 97 518.719 f) 0.204 g) 0.032 h) 0.012 )x=1 
i) 0.334 j) 0.010 13. a) 0.277 m3 
a)5 cm, 125 cm} b) A? cm, A? cm? 14. 1.13 m-°-128% 
c) A2, A, A2; geometric; common ratio A? 5 - 
1 x * Year Population 
a) 9.28 cm, 86.18 cm? b) V3 cm, V3 cm? 1985 200 
(9) V3, V3, V; geometric; common ratio Vi ms = 
1987 245 
a) -2 b) -216 ¢ 16 d) 8000 1988 271 
4 125 if 1989 301 
le Let 8343 ar 1950 333 
{).—— = 1991 368 
i 4 ) 27 1992 408 
a) Elephant: 3.45 kg 1993 452 
Cat: 0.0345 kg es 200 
Shrew: 0.000 345 kg 16. van Asmat 
b) The body masses form a geometric sequence with a a0 
common ratio 1000. The brain masses form a geometric 1980 378 
sequence with common ratio 10003. 1983 4716 
1986 600 
a) Elephant: 27 beats/min, 6 breaths/min 1989 755 
Cat: 152 beats/min, 34 breaths/min 1992 952 
Shrew: 852 beats/min, 189 breaths/min 1795 ad 
b) Frequencies cee as masses decrease. a a 
a) 900°7 = 9007 b) 116.94 ; 
- /907 17. a) i) 2.8075 
a) Approximately 11.84 m°?° 14. a) 19.95 b) 199.5 
e) 0.1995 f) 0.019 95 


OQ xs d) x6 

gs h)xB 

b) 253 =5 

d) 161 =8 

(8); =4 

h) (-8)3 = 16 

032 d) 16 

1 1 
8) og N) 556 
1 

a a7 

i h) 55 

rs) si d) i? 

8) p? h) ns 

03? d) 37 

oT? d) 7-3 

b) 3°-°° = 72.57 

d) 7° = 3.21 

o7 d) —1 
3 1 

85 h) ay 

iii) 3 iv) 0 

vii) 9 viii) 12 

Ox=2 dx=2 

gx=1 h)x = 2,0 


b) 0.0482 e132 


ii) 0.3563 
¢) 1995 d) 19 950 
g) 0.001 995 h) 0.000 199 5 
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Self-Check 1.5, 1.6, page 53 


La) 1 b) 16 r) 32 d) ~625 
e) 1 f) oy 8) 9 h) “T5 

2. a) 2.609 b) 15.385 0) 828.956 
d) 0.003 e) 7.622 f) -0.547 

3. a) x20 b) x8 ox d)xt 

4, a) 256 b) 64 

5. a) 57! = 29.365 b) 7.27? = 166.146 

6. a) 6 b) 0 


1.7 Exercises, page 56 


1. a) 30 b) 40 ¢ -30 d) -40 
2. a) 153 b) 385 ¢) 244 d) 441 
3. a) 375 b) -98 ¢) 35 000 d) —357 
4. a) 11.04 b) 55.56 ¢) -109.2 d) -168 
5. a) 400 b) 590 ©) 970 d) 115 
6. a) 210 b) 320 ) -290 d) 180 
e) 519 f) 37.5 
7. a) 55 b) 5050 
¢) 500 500 d) 50 005 000 
8. a) i) 416 ii) -598 iii) 3604 iv) -110 
9. a) 1380 b) -637 c) 646 d) 246.5 
e) -383.5 f) -137.6 
10. Job A 
11. Job B pays more over the summer. 
2 
a 
13. a) 63 b) 690 
14. 272 
15. a) 44 b) 15 ©) 345 
17. a) $9000 b) $18 000 
18. a) $1520 b) $29 885 ©) Year 5 d) $209 195 
19. —59, 38 
20. 90 
21.5, 7,9, 11 


22. a) Doctors prescribe the correct pharmaceuticals, but you 


cannot read the prescription. 


b) Each word has one more letter than the word before. 


9 210 
24. a) 125 b) 15 
25. 16, 18, 20, 22, 24, 26, 28, 30, 32, 34; or 
7, 11, 15, 19, 23, 27, 31, 35, 39, 43 
26.3, 4, 5, 6, 7, 8, ..., 17; or 
7685.95 10, sins VSS Oe 
28, 29, 30, 31, 32; or 
36, 37, 38, 39; or 
49, 50, 51 
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1.8 Exercises, page 61 


1. a) 62 b) 22 0 -22 
d) 363 e) 183 f) -183 

2. a) 63 b) 1092 ©) 682 
d) 77.5 e) -21 f) 27.5 

3. a) 1562 b) 484 9 93 
d) 46.5 e) 605 f) 55 

4. a) 0.1111 b) 254.1 0 -363 
d) 133.2 e) 0.9375 f) 6.6968 

5. a) 78 732 b) 118 096 

6. a) -1365 b) 24 570 0 16 777 215 
d) 4920.741 e) 191.953 f) 63.984 

7. a) 5115 b) -1705 915 
d) 0.75 e) 9.99 f) 3.33 

8. a) Prize 1 b) $1 048 575 

9. a) 11 b) 6141 

10. a) 254 b) 3906.24 =.) 4372 d) 2047.75 

I. a) 62 b) 2046 
0 2 097 150 d) 2.2 x 10? 

12. a)7 b) 128 0) 254 d)2”-2 9 

14. a) 15 b) 31 0 63 


d) Number of players: 2”; number of games: 2” — 1 
15. 127.996 


16. (4) Sum of Sequence against 
Term Number 


17. 9841 


Self-Check 1.7, 1.8, page 65 


b) 1050; arithmetic 
d) 3.283 68; geometric 


. a) 133; arithmetic 
©) 2032; geometric 


2. a) 167.5 b) 32.5 ©) 29 524 
d) —14 762 e) 1.998 f) 0.666 

3. 49.5; 515 

4. 131 072; 174 762.5 

5. a) 138 601 b) 69 432 

6. 2, 11, 20, 29, 38, 47, 56; or 


11, 17, 23, 29, 35, 41, 47; or 
26, 27, 28, 29, 30, 31, 32; or 
20, 23, 26, 29, 32, 35, 38; or 
17, 21, 25, 29, 33, 37, 41; or 
14, 19, 24, 29, 34, 39, 44; or 
8, 15, 22, 29, 36, 43, 50; or 
5, 13, 21, 29, 37, 45, 53 


7.6141 
8. $67 108 863 


Insights Into a Rich Problem— 
The Bouncing Ball, page 68 

1. 8.747 m, 6.75 s 

2. Neither D,, nor T,, is geometric as there is no common ratio. 


4. a) hy, = 0.8" 


b) Height of Ball against 
Bounce Number 


5. a) The time when the ball reaches maximum height; yes 
b) Maximum height; yes 


6. a) The time between bounces; no 
b) The change in height between bounces; no 


7. Yes 
8. a) No b) Yes 
9. a) The distance the ball falls in one bounce; they are 


opposites. 
b)h =-4.9° +1,0<t< 452 
0 h = -4.9(t — 0.856)" + 0.8, 0.452 < t < 1.26 
d) t = 0.452 andh = 0 


11. Height of Ball against Time 
18 
Se l4 . 
ae a 
as 
3: 10 4 
a elt 
3} 
0 10 20 30 
Time (s) 


Chapter 1 Review Exercises, page 71 


1. a) i) 34 ii) -67 iii) 123 iv) -49 

2. a) —1, 7, 15, 23, 31 b) 58, 47, 36, 25, 14 
0) 5, 14, 23, 32, 41 d) 50, 43, 36, 29, 22 
e) -17, -8, 1, 10, 19, 28 f) 41, 55, 69, 83, 97 

3. a) t, = 8n-1 b) 79 9 159 

4. a) 23, 42, 61, 80, 99, 118, 137, 156 


b) —7.56, —4.6, —1.64, 1.32, 4.28, 7.24, 10.2, 13.16 


. a) Neither; no common ratio or common difference 
b) Neither; no common ratio or common difference 
©) Arithmetic; common difference is 3 
d) Neither; no common ratio or common difference 
e) Neither; no common ratio or common difference 
f) Geometric; common ratio is 0.1 
g) Both; common ratio is 1, common difference is 0 
h) Geometric; common ratio is —1 
i) Neither; no common ratio or common difference 
j) Neither; no common ratio or common difference 


6. a) i) 256 ii) < iii) 19 683 iv) 1458 


uw 


™ 


eo 


10. 


12. 


13. 


14. 


15. 


16. 


a)*, 8, 24, 72, 216 b) 192, 48, 12, 3,5 
0 1, -4, 16, -64, 256 
d) 1, 5, 25, 125, 625 or 1, -5, 25, -125, 625 
e) 168 070, 24 010, 3430, 490, 70, 10 or 
—168 070, 24 010, -3430, 490, -70, 10 
) 6, 36, 216, 1296, 7776 or 6, -36, 216, 1296, 7776 


a) ft, = 3(2)""! b) 48 0) 3072 
a) -8, 20, -50, 125, -312.5 
b) 2.7, 8.37, 25.947, 80.4357, 249.350 67 
a) Arithmetic; —3, -8, -13, -18 
b) Arithmetic; 16, 19, 22, 25 
© Neither; 3, 6, 11, 20 
d) Geometric; 15, 45, 135, 405 
e) Neither; 5, 11, 21, 35 
f) Neither; 3, 8, 15, 24 
. at, = 4n— 2; 78 b) t, = 80 + 20n; 1080 
© ty = 36 — 3n; -204 d) t, = 45.5 — 0.5n; -4.5 
a) t, = 2(3)""!; 1458 b) t, = 3(0.5)"~!; 0.093 75 
9 t = 10(-0.5)"~!; -0.078 125 
d) t, = —4(3)""!; -78 732 
_ ol _ 2n-1 
a) in = 9 b) tn = 2n 
0 ty = n(2)°-" d) t, = (4n — 2)(n + 2) 
a) 1 b) -2 03 d) 4 e)5 
fy 1 g) 4 h) 9 i) 16 j) 25 
k)3 1) 27 m) = n) 81 0) -243 
1 
p)4 q) 16 r) 256 s) 1024 rd 
a) 8.739 b) 3.505 0) 419.066 
d) 29 897.688 e) 31 543 779 f) 0.209 
g) 0.001 h) 0.063 i) 0.273 
j) 0.046 k) 3.106 1) 0.056 
m) 0.016 n) 15.709 0) 2.278 x 10!3 
a) -5 b) 216 0) 36 d) 8000 —_e) 900 
4 5 1 9 . 8 
); 8)5 h) 7 Daz 
a) -192 b) 36 8 d) = 
1 1 1 
e) f) 4 8) 2 "is 
i) 27 j) 2048 Ke ts 
. a) 24 300 b) 53 144 100 ¢ 1.046 x 101? 
. a) 6'4 = 12.286 b) 8°° = 3326.986 
0) 58 = 416 599.59 d) 7°? = 677 916.92 
. a) 1 b) 10 0-7 d) 1 
. a) 610 b) -360 9 1170 d) 153 
1, 1,355 
.a) 147620 —-b) 1705 0) 13.986 d) 3.34 
. a) $1720 b) $1992.56 
. a) 555 b) 795 0) 16 383 d) 357 
. a) 6 b) 2187 ©) 3280 d) 9 
. 20, 80, 320; or -20, 80, -320 
. a) 1, 4,7, 10, 13 b) 2, -1, -4, -7, -10 


0) 5, 11, 23, 47, 95 
d) —4, -11.8, -35.2, -105.4, -316 
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Previous Section | 


29. a) 100, 107, 114, 121, 128 
b) 4, -9, -14, -19, -24 
0) 1, 0.5, 0.25, 0.125, 0.0625 
d) 1, 3,-0.8, 2.5, -1.81 


30. a) Arithmetic; common difference of 7 


Chapter 2 Rational Expressions 


Necessary Skills 
1 Review: Operations with Fractions 
Exercises, page 78 


b) Neither; no common ratio or common difference 1. a) 12 b) 15 93 
© Neither; no common ratio or common difference 5 2 4 
d) Neither; no common ratio or common difference 2. a) + b) -3 (3) 4 
ve 8 me 
Chapter 1 Self-Test, page 75 oo4 me P 
1. a) Arithmetic; common difference of 4 70 ) 95 


; ants 4 
b) Geometric; common ratio of 2 d) 3 e)-l N> 
© Neither; no common ratio or difference 


3 1 31 
d) Neither; no common ratio or difference 4. a) 5 b) 6 54 
71 15 13 
2. a) 83 b)-17 4) > No 
3. a) 156 250 b) 262 144 
4. 117.5 2 Review: Operations with Monomials 
5. 137 781 Exercises, page 80 
6. a) —27 b) 144 1. a) 9x +4 b)—4a - 1 
95 d) 2 0) 2x? — 6xy + By" d) 3a? — 2a 
e)3 f) 512 2. a) 6a? b) —6a? 0) 6a° 
at h) 9 3. a) 18xy b) 32p°q¢ 9 -457’s? 
7. a) 1740 b) 562 4. a) 4x3 b) -9m° 0 4d? 
8. a) 2 441 406 b) -6.66 5. Answers may vary. 
9. a) 12.172 b) 0.244 a) (9a*)(4b), (4a*)(9ab*) , (6a7b)(6a7b) 
° 0.008 d) 0.044 b) (5x)(-3yz), (-5xy)(3z), (-15xy)(2) 
e) 37.674 f) 11 391 573.800 (2mm?) (22), (Am) on), (-2’)(2m) 
10. 34.5, 42, 49.5, 57, 64.5, 72, 79.5, 87 6. Answers may vary. 
Rab? 36a°b* 72a%b? 
11. -50, 100, -200, 400, -800 ya? ae? 
12. 787 552 b) -30xy2e -15x2yz —45xy?2 
" Dye: 7 oe" Byz 
13. t33 = 432; S33 = 7920 —8m*n -16m® —12m4nt 
) 2n ’? 4m?’ 3n4 
14. t) = 0.1875; So = 95.8125 - 6 oe 
1 7. a) 54x b) —12a'’b 0) 45st 
15. a) ig b) -7 Orts? 3xty 27,3 
16.31 8. a5. b) 0) 14a°b 


17. a) 1, 3,5, 7,9, 11 : : : 
b) 2.4, 4.32, 7.776, 13.9968, 25.194 24, 45.349 632 3 Review: Factoring Polynomials 
Exercises, page 83 
1. a) x(x + 2) 
0 (x — 3) + 3) 
e) 2(k — 6)(k + 6) 


Assessment Tasks, page 76 


. a) Geometric; common ratio of 101 
b) 1012 + 1012 = 101, 1012 + 1012 = 101 


b) 3(x — 2)(x + 2) 
d) (2m +.5)(2m — 5) 
f) 5(x + 2)(x — 2) 


2. a) No g) 9(2x + 3)(2x - 3) h) 2(5x — y)(5x + y) 
3. a) Answers may vary;2 x 3+4x9+6x27+8x 81 i) (2 +b’\a- b)(a + b) 
b) 4072 2. a) (x + 4)(x + 3) b) (x + 4)(x — 3) 
0— (x — 4)(x + 3) d) (x — 4)(x - 3) 
e) (m — 6)(m — 5) f) (a + 6)(a — 3) 
8) (a+ 3)(a+ 1) h) (vy — 7)(y + 1) 
i) 3(a + 2)(a — 1) j) 2¢m? — 11m — 30) 
k) 2(x + 9)(x — 8) I) 13(¢ - 1)? 


m) 2(x — 5)(x — 2) n) 3m(m — 3)(m + 2) 
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w 


. Answers may vary. 
a) (3x — 5)? 


16x? — 16x +. 4 = (4x - 2)? 
x -6x+9=(x-3) 
4x? — 4x + 1 = (2x - 1)? 


b) (3x + 5)(3x — 5) 


4x7 — 9 = (2x + 3)(2x — 3) 


2 


x —-4= (x +2) - 2) 


25x" — 16 = (5x + 4)(Sx — 4) 


©) Cannot be factored 
4x? +9 
+4 
5x° + 16 
4. a) (2x — 3)? 
0) Ba + 2b)(a — 5b) 
e) (2m — 3)° 
. a) 7(x — 2y)(x + 2y) 
0) (4a + 3b)(a + b) 
e) —2(2x — 3)° 


wu 


b) (2m + 3)(m + 5) 
d) (2p + 1)(p — 3) 
f) (5x — 1)? 

b) 5(n — 9)(n + 1) 
d) (2x — Dix — 1) 
f) 3y(@" - 3y") 


6. If we take a common factor of —1 from a — b, 


the result is -(b — a). 


4 4 
Za)1 b) : —5 95> e 
d) > 2 es f) 3, set 
2.1 Exercises, page 86 
1. a)5x-1 b) 12a -—5 ~2b-1 
d)—-Sy +5 e) 3a —2b f) 4m — 3n 
2. a)x+9 b) 2a+1 0) 6b-11 
d)3y-1 e)—-lla-18b f) -—2m + 7n 
3. a) 13m? — 3m b) 4a? + 4a? + 3a 
9 7x° + 10x — 5y d) 5x? —xy+y" 


e) —Sm* — 9m + 16 
g) —3x? — 22x + 19y 
4, a) 20m — 8 
o¢ —12mn — 6n + 3 
e) —7p + 56pq? 
. a) 24m — 21n 
0) 4x? + 44xy + 1219? 
e) 12x — 4x — 5 
6. a) 10x” — 20 
0) —21k? + 24k 
e) 72m — 63m + 45 
9) 84x7 — 36x 
i) 14p* — 21pq 
k) 24m4n — 30m3 
Lax +7x+12 
0) -3b? - 3b + 6 
e) 2x7 +x -— 15 
g) 4y? + 23y — 35 
i) m? + m—30 
a) i) +4k4+4 
iii) a? — 12a + 36 
vy -2y+1 
vii) 16x? — 64x + 64 
ix) 16m? + 24mn + 9n? 


o] 


f) 12a3 — 10a* + 9a 

h) x7 + Oxy + Oy? 

b) 12p — 18q 

d) 10x + 15y + 20 

f) 3mn? — 33mn + 3n3 — 12 
b) 3x — 13x — 10 

d) 44m? + 92mn — 8n 
f) 9x? — 42xy + 497 

b) 12a — 20 

d) 467 — 10b + 18 

f) 4p? — 55p + 66 

h) —20a? + 32a 

j) -40n? + 90n3 

I) -14x3 — 21x?y 

b) 2a? — 8 

d) 7? — 10t+9 

f) -k? + 2k + 24 

h) k? — 11k + 24 


ii) 9m? + 18m +9 

iv) 4b? + 28b + 49 

vi) 2 + 127 + 36 
viii) a? — 6ab + 9b* 


9. 


b) (a +b)? = a? +. 2ab + b? 
12a+ 10 


10. Answers may vary. 


11. 


13. 


14. 


15. 


16. 
18. 


19. 


20. 


21. 


= 


22. 


23. 


24. 


a) (4a + 6) + (4a + 4) 
© (—3m — 7n) + (—m — 4n) 


Answers may vary. 


a) (12a + 12) — (4a + 2) 
0 (6m +n) — (10m + 12n) 


97 +x -—2 


b) 893; 4x? + 43x + 63 


b) (4b + 5) + (-2b + 10) 
d) (10 — 7x) + (6 — 10x) 


b) (-5b — 2) — (b— 17) 
d) (15 — 2x) — (-1 + 15x) 


© Each has four individual multiplications. 


a)x7 + 5x +6 


a) —5x? — 3y° —3 
0) 9a? + 2a? — 19 
e) —2x7 + 2x*y + 4xy? — 3y 


b) 13m? — 3n? 
d) —7x* — 12x + 6 


f) -2p°¢? + p°¢? - 4p + 3q 


8) Sxy + x°y — 8xy" 


h) a2b? — 2b? — a*b 


i) 16a + 88b — 84c 

a) 4x? + 17xy + 189? 

0) 30x? + 19xy — 4y? 

e) 24m? — 22mn + 3n? 

a) 17x> — 20x?y 

0) —4p* + 40p*q 

e) —32mn? — 8m3n3 + 12m?n3 
f) 12x” — y? — 43xy + 30y 

g) 6b* — 15b°c — 14be + Tc? 4 
h) 6x° — 12xy? — 5xy — 63x°y 


Answers may vary; —6x* + 5x + 4; -3x° — 6x — 2 
a) 2x + 18 b) —107a — 448 

0) 6y — 35 d) 21m — 28 

e) -10p* — 63p f) -23x — loy 

g) 5x - 15 h) 3x — 57 


j) 20m — 27n + 36 

b) 9a? — 30ab + 25b* 

d) 14x? — 57xy — 27y? 

f) 72x? + 77xy + 20y* 

b) —23a* — 53a°b 

d) —17a* + 44a3b — 57a3 


4bc? 
14y3 


a) 6x? — 13x? — 38x + 35 
b) 6n* + 18n? + 13n? + 45n 
0) 3a> — 20a” + 39a — 28 
d) 26p? + 29p? — 13p +3 
e) 6m? + 17m? — 31m + 63 


70 


f) 200y? + 20y?z — 10y? + yz + 13z 


a) x3 + 3x7 + 3x41 
0) 8x3 + 12x*y + 6xy? + 3 

e) 27x7 — 54x°y + 36xy” — 8y3 
a) 7x - 11 

0) 6a? + 3a — 29 

a) 6x° + 2x* — 128x — 160 

b) 3b> — b? — 172b + 224 

0) 18x3 + 3x7 — 88x — 80 

d) 50a? — 235a? + 228a — 63 
e) 75m? — 10m? — 28m + 8 

f) 8k3 + 12k? — 18k — 27 


b) x° + 3x7y + 3xy? + y3 
d) 8x3 + 36x? + 54x + 27 


b) —2x? — 21x —4 
d) 13a* + 9a+3 
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iii) 


26. A = 


—4x* + 200 


21.a0<x<5 
b) No; as x increases, the surface area decreases. 


28.| Side length of 


Total surface 


square cut out (cm) 
1 


Blow] 


area (cm?) 
196 
184 
164 
136 


29. b) Approximately 3.54 cm 


30. a) x° 


586 


+443; ii) 1; 
24+ 5x46; e+x—2; 
xe +6x+9 x2 + 2x —-3 
x2 -25; 
x +x—20; 
x2 + 2x - 15 
(x +3) 44) =27 + 7x + 12; 
(x +3) 45) =27 + 8x + 15; 
(x + 3)(x + 6) = 27 + 9x +18 
(x + 4)(v - 1) = 27 +3x-4; 
(x+5)(x— 1) =2?+4x-5; 
(x + 6)\(x - 1) = 27 +5x-6 
(x + 5)\(x — 2) = 27 + 3x- 10; 
(x +5) - 1) =27 +4" —-5; 
(x + 5)(x — 0) = 27 + 5x 
i) (x + 3)(x + 0) = x7 + 3x; 
(x +3) - 1) =27 +2x-3; 
(x +3) -2)=27+x-6 
ii) (x + O)(x- 1) =x? - x; 
(x — 1)(x— 1) = x? — 2x 41; 
(x -2)(x- 1) = 27 -3x4+2 
(x + 5)(x — 6) = x? —x — 30; 
(x + 5)\(x-—7) = 2x7 — 2x -35; 
(x + 5)(x — 8) = 27 — 3x —40 


(x- 1) 5x4 + 10x? — 10x? + 5x-1; 

(x- 1)° 6x? + 15x4 — 20x73 + 1527 — 6x + 1; 

(x-1)’ 7x8 + 2149 — 35x4 + 35x93 — 21x? + 7x-1 
(9) x? — 13 x4 — 2x? + 15x — 3x4 + 3x2 - 1; 


(x + 14 — 14 = x8 — 4x6 + 6x4 — 4x7 +1; 
(x + 1P(x — 1) = x! — 5x8 + 10x® — 10x4 + 5x? - 1; 
(x+ Da - DP = 


x2 


6x! + 15x8 


20x° + 15x4 


6x7 +1 


2.2 Exercises, page 93 


1. a) -t 


5 
qd) 


P 


b)= 
1 
e) = 
h) Undefined 
3 
b) =a 
e) 13 
h) Undefined 
b) 3 
e)0 
1 
h) ri 


The denominator is equal to zero. 


f) Undefined 


it 


5. A rational number is a fraction of two integers; a rational 
expression is a fraction that contains at least one variable. 
6. a) -2 b)3 92 
d) —2 e) 0 f) 0 
3 5 + 1 
8) 2 h) q i) 3 


bl 


The expressions in parts g and h cannot be evaluated 


+2x+1; 

+ 2x7 + 2x41; 

+ 2x3 42x? +2041; 
DOot4+ P4274 x41) 
2x4 + 2x3 +.2x7 +2041; 
DOP +x4423 4x? 44x41) 
2x9 + 2x4 + 2x3 4+ 2x7 +2041; 
NOS4+ xP tat4 84274441) 

+ 2x6 + 2x? + 2x4 4 2x3 + 2x7 4.2041 

= 1; 

+1; 

-1; 
Dot-P4+x2-x4+ 1 =P 41; 
IO? —x4 423-2? +x-1) = x6- 1; 
DOS-P tat -— 4x? —-x4+ 1) H=x741 
2x + 1323 + 3x2 + 3x4 1; 

+ 4x3 + 6x2 + 4x4 1; 
1) 2 + 5x4 + 10x37 + 10x? + 5x41; 
1)° x9 + 6x + 15x47 + 20x37 + 15x27 + Ox + 1; 
1)? = x7 + 7x8 + 210 + 35x4 + 3523 + 21x? + Tx 
2x + 1323 — 3x2 + 3x- 1; 


— 4.3 + 6x7 - 4x41 


> 
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because the denominator cannot be 0. 


b) Undefined 
©) Numerators can be 0, but denominators cannot. 


8. a) 0 


9. a) 0 
d) None 
g)3 0r-3 


b)-1 


make the denominator zero. 


(one) 
f)1 


i) None 


; there are no values of x that 


11. a) i) 0.48 ii) 10 iii) 0.29 
iv) -0.92 v) -0.5 vi) —3.49 
b) x 4 3y,y 42 ii) y # —2x, x # —F 
se! 7, 2 P x 
iii) x # Sy, y # 5x ix 4 Ty, y FS | 
wxedyye se vi) y # V3x,0 # 
12. a) y = 1 b)x =6 
Of x y qd) GP 
2 1 4 x+2y=0 
6 a 
0 0 e 
4 2 
8 4 


e) The equation is the denominator equated to zero. 


13. a) 40 mm 


b) 120 mm 


¢ 60.55 mm 


2.3 Exercises, page 99 


4x a 
1. a) 5x Diane 7g 
2m 9x3 x 
aes ae 8) I 
x+1 2a 1+ 3x 
* ey Mar ieee 
= nh + es 
e) 2b cee 8) 3 
3 1 
3 a) Six —2 b)5.x #5 
dox#5 e)4x,x #3 
-3m+2 = 
snag? tm # 1 


3 . 4 
h) nF Osn# z 


4. a) 1 
d)-1 


0°04 
Laxt 1;x#41 


b)x #-3 andx #1; 
d) Same 


x+4 
2x 


x-1 


©) Same line, except one has a gap atx = 1. 


d) The first screen represents y = 


rai 


screen represents y=x+1. 
e) No; we must include the restriction x # 1. 


10. a) 


12. a)~ 


13. a) 


2x 
5(g + 1) 


8) Sg+1 


14. Chantelle 


m2 —7m + 10 


b)-1 


i and the second 


(3) 5 


2-3 


x+4 
i) 


2a + 6) 
3(a + 5) 


m-2 
9 m+2 
3x —2 
) x-1 
i) Qy-Do+) 
2y2 + dy +3 
(a+4) 
9 —2(a-7) 
3(b + 5) 
h 2(b + 6) 
i) 3x-1 
3x +2 


Self-Check 2.1-2.3, page 102 


Lax t+x—4 b) 6m? + 2m — 3 
0 —15n? — 8n - 3 d) —2b? + 14b + 19 
. a) 14x72 +x b) 18y + 9y — 20 


2. 

3. a) 25x7 + 20x + 4 
4. a) —3x? — 16x — 14 
5. 


. a)x =O andy=0 


b) 36m — 84mn + 49n? 
b) 125y? — 150y? + 60y — 8 


b) The expression is defined for all values of x. 


Ox =2 andx =-2 


iii) 3(x — 2), x #-1 


v)-4(t — 3), t #2 
2x + 
—3x 


0 and x 


vi) 224) ye -1 x 


3 


6. a) -6 b) 2 r) -3 
ae. A(a + 3) 3a - 4b? 
ze) 4y3 b) 5 q b?(2a + by 
8. a)x #—-1 andx # 2,2=3 
xt+1 
b) x #—6 andx # 4; ae 
x+6 
. +2) - 2) 
Ox#1andx# 4% Gand) Dan) 
4a —5 x+1 a3 + 4a) 
a) 2a—5 b) 3x — 1 9 2b 
10. a)a #—1 anda # 1; oa 
_b-1 
b)b #1; 7 
Oc #-l andc 4 1;—— 
c+l1 
2.4 Exercises, page 105 
6a x —m? 3b 
1. ay b> oa d) 
<8: . 2 a 
e) 5 f) 6 g) 25x ) ap 
3b a 
2. a) > b)S r) 
-20 2r 
d) 6ab Saad ) > 
2m 2x «. 2 
85 h) = > 
8y 3. 45ab 
3. a)= : b) ae IS 
3m ac 
dao a \ op 
3 < sen —16x2 
4. a) i) ain ii) 9xy iii) 2 
‘ 1 m ac 
No "i0n ory 
ae Sa eae 5 3p_ 
vii) ié viii) 4xy ix) ie 
2,3 
5. a) 1 poe o@ 
82 2c 4m* 
Doe oe a 
6. Answers may vary. 
6m 9x 2x 3 6m 4 
Se oa Ba Sag Oe ay 
la 5 8a . 15b? 12ab . -b 
a Rae cae Ve ae 
7. Answers may vary. 
2x, 2x? 5x, 5x =3 . 12mn 
0 ees Ne La BER 
Sa”. 5a 12ab . 4a 4 . 4 
KG eg a )32i * Bab 
8a) i) 10,x#-Landx40 i), #0 andx #3 


iv) 12s,5 #0 ands #4 
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2 3a 4y 
eas b) Se 9545 
33a + 4) Sm 
apes ea , f) 3(x + 3y) 
Ax(x + 1) 25b «, 9(n — m) 
8) 27 h) 8a%(a + b) i) 2mn 
2 2(x + 1) a+2 
10. a) 7 \SG@—1) (9) * 
b-2 c+2 x-2 
doe V1 eran 
2(x + 2) 3(e? — 2) a+3 
thd) 3(x + 1) Yael =2) Mise 
n-2 (m — 2)(m + 2) c+3 
cea ) (m+ 1)? IS 
12. a) “a b)-(a+5\a+2) ol 
a-2 (x - 3)? m+1 
qi O43 NoeT 
13. Answers may vary. 
be x1 
8) eI xx 
b) x 4x44 x + 2x 
x +4x+4 x2 — 2x 
) a +2a a> +ab +2a+2b 
a + 2ab +b? a+4a+4 
(x+y LY Pay) 
so Ko 
d) rm) ey 
14. Answers may vary. 
a) 3x+6 . 2x+4 
3x27 +3x "2x 
by 2,44 i x2 -3x4+2 
etx 44 rr) 
0 a +ab aS: a? + 2ab + b? 
ep * ab 
d) x2 + xy + y? a ey 
eH xy aes y 
—2(x + 3y) —3(a + b) —n 
5. a) 3 b) 2 9) 3m(2m + 3) 
—6m —2(3a + 4b) ~y 
) n(2n + m) e) a 4 
16. a) | b) -1 
0 2a+5b d) —(2a + 5b) 
2.5 Exercises, page 109 
8y 15x? -18xy 
13) 36xy b) 36xy ) 36xy 
66x2y? -l4y —52xy 
¢) 36xy ) 36xy 36xy 
) 252 ) —33y* i) —30x2y 
8 36xy 36xy 36xy 
) —44xz 
J 36xy 
5m 2m 9 4 -3 
28) 910, Vay? Be 935" 3p 
y 1S Ae y Bez Say jt 2x - 10 
18x’ 18x 12yz’ 12yz Dx? = Dx 
3.a)l,x #0 b)+,x #0 9 2t® 140 
x x Tx 
1 a 4x 
d) a.m #0 eb #0 ay) #0 
3x 26a* + 11b? 
8) ay? y #0 h) Ge 0 andb #0 
3 2 3+ 5x 
4. a) — b) se ) a 
7-—6m x 25a? 
d) me e) 2y f) Th 
4m -12 
3n Nie 
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11 


13. 


14. 
15. 


16. 


Previous Section 


27 


are b) 10m? ™ #9 
15x? + 14 14 + 15a? 
) ex #0 ae ,a#0 
17 5x +4 
e)—,a x 
a" ae iv 6x7’ =e 
9x? + 4y? Tarb + 6c 
—,x#0andy#0 h)———,a andc #0 
8) ae x y# ) aa 0 # 
+. 3y + 5x i 
i) 7 x #0 andy #0 
—2x -1 20 — 3a 
abi +) ba 9a 
-2 3b — Ta 24ab — 35 
4) arr Se 
Tab — 20 22b — 15a’ » 9x -7 
h) ———— i 
8) Sa ) 33ab ) 6y 
10xy — 28x —8 — 15a 3a + 20b 
a) 35y b) 20a 9 12ab 
25y* — 6 3a* — b? 24ab — 21a 
¢) I5xy *) 4ab? » 56b7 
) 8ab — 10b ) 22b — 35a* i) 15x? -1 
Sa Tlab 6xy 
17a -7m 19 
cs )D 20a 
17 10n — 18m + 45 23y — 9x 
¢) 20y ®) 15mn ) 3xy 
21x -8 6b — 6a +6 » 385y — 99x — 42 
8) 20xy h) Sab i) 23 1xy 
2a+5 -1 6x —2 
ar) b) > 9, 
—2x +8 3m —5n —n 
d 
) x ) mn f) mn 
Sy +8 5d -— 13 al 
gs n—— i> 
10 — 17b n-8 7 = 19x 
) 12 K) 10 ) 12 
-, 69 — 10m sy 17 —5m 
a) i) a ii) 3 
« 12a + 8b-1 «7 — 19y 
iii) ——-——_. iv > 
) 4a ) 4y 
vy) 4mn+m+6 vi) 3xy — 5y — 3x 
2mn xy 
.., Spr — 15q? — 80qr? «3b + 4a — 10ab 
vii) P= Sees viii) ae. 7 aan 
«a 25y — 45xy —9 
ix) So 
) 15xy 
. Answers may vary. 
1 1 a a tow a 
see bap * 2 Cab + 9b 
Q 2x -1 ,2 
d) 4 e 
) 4y? 4y? ) 4x y 
Answers may vary. 
3 1 a a 1 8 
Dorears NS ap Ve ab 
ye peak 
y? 4y2 y 4x 
12a - 13 8x +5 
a) 10 b) 6 
6xy + 5x — 2 m + 4? + 15 
9Q-—- 0 d) —_,—, m#0 
) 32 yF ) 5m »NF 
6a? — Sa-14 -10x - 3 
e) ———_,a #0 ——..x #0 
) Ta at 6x2” = 
b) 8.86 cm 
Answers may vary. 
a 1 1 
a) 4 z b) pe 
x Ix +1 
g-+1 d) +1 
y x 
1+ 4x 4x -1 
ay rer 
4x-1 2+ 6x 
c d 
) 4x +1 ) 4-3x 


2.6 Exercises, page 114 


aa 


Previous Section 


a-3 
1 a)~ par 3 ol 
a 4a-6 x+8 
am 2 243 M45 
9-k 5m + 10 + a+ 100 
Qae-1 h) aA are 
Sx-1 5(2a + 3) 20 — 3y 
2 a) = yaa +5) 950-4) 
2(2a + 7) x +2x-6 2(11 — 3a) 
¢) a(a +2) ®) 2x + 2) ) S(a + 3) 

y 2m = 3) by &= Hx +2) i) =A 84+ 5 
m(m — 1) (x -— 4)(x + 1) 5(a+ 8) 
2(3a — 8) 20 + 7a 3y +1 

3. a) a-3 b) a+2 Q) yt+2 
—10m—-1 —x? x +8 -a+a+ll 
¢) 2m+1 ®) x-1 h a+3 

) 3m +4 h) -2x? + 3x +37 i) 8a? — 12a -3 

8 m+1 x-5 2a-3 
2x -6 2(3a — 4) 
a0) (x + 3)(x - 3) b) (x + 3)(x - 3) 9 (a — 3)(a + 2) 
) x-10 e) x(7x + 39) f) a(—2a + 31) 
(2x + 1) - 1) (x + 2)(x +7) (a — 5)(a + 2) 
Tx -8 x(9x — 53) . m(m — 1) 
8) (x + 1)(2x — 1) hy (x — 2)(x — 7) i) (m + 3)(m + 2) 
x? + 6x — 23 a — 8a —26 2m? + 5m +5 
5. ) (x — 3)(x — 2) ) (a + 2)(a — 4) ) (m + 3)(m — 1) 
d) -5x-7 ) Ala — 29 f llx — 49 
(x - 1-5) 10(a — 1)(a + 1) 6(x + 1) - 3) 
a 10x + 10 h) Tw? + 1l4w —5 i) —2(4a? + a — 35) 
8 (2x + 1)(x - 1) 4A(w — 1)(w + 1) 15(a + 4)(a — 1) 
6 ) 2+ 8x = 28 ) a(a — 13) ) 5Sm+7 
“"" (x = 3)(x = 2) (a + 2)(a - 4) (m + 3)(m — 1) 
d) Sx-7 y Za + 220-41 f) 22 = 20a + 4 
(x + lw +5) 12(a + 1)(a- 1) 2(a — 9)(a + 1) 
— -ilx-7 m(17m + 8) +, x(5x — 27) 
8) (x + 1)(x - 2) ) 4A(m — 2)(m + 1) i) 6(x + 1)(x — 3) 
7. Answers may vary. 
1 Ll eo 2 b , b 
ee "xt bs " x6 ews "a+b 
8. Answers may vary. 
Ba x= x+4 2 5b 3b 

a) el x+1 6 x-6 ee a+b 

2x+1 2x +3 2x+5 
9. a) — 1)’ id 1) + 2)’ («+ 2)(x + 3) 
2x+7 
ao aa (x + 3)(x + 4) 
1 1 _ 2x+9 
x+4 x+5 (x + 4)(x + 5) 
3x+4 5x +12 Tx + 24 


b) 


(vt Dt 2)? @+DOA43)’ @EDAED 
4 5 9x +40 


x+4 x+5 


(x + 4)(x + 5) 


5 6 _  1lx+60 
x+5 x+6 (x + 5)(x + 6) 
rs) 2 2 
(x— Iw + 1)? (~— 2)(x + 2)’ (x — 3) + 3) 
1 to 2 
x(x — 4) x(x + 4) (x — 4)(x + 4) 
1 Lo 2 
x(x — 5) x(x + 5) (x — 5)(x +5) 
10. Answers may vary. 
1 1 -l 
ae st 
ers =2 
x—1 x-2 
1,1 =3 
x-2 x-3 x-3 


Py 1 1 
x(x — 1) x(x + 1) 
2 rs 2 
2x(x — 2) 2x(x + 2) 
3 ie 3 
— — 3) 3x(x + 3) 
-1 18 
ey ri 1) b) 12x - 4) 9 5(x — 2) 
19 Tx + 10 2(9 — b) 
d) 6(x — 3) e) 2x(y — 1) ) 3b(ab — 1) 
) A(x + 10) h) 2x? — 4x + 6) i) 2x? + 3x — 12) 
8 (3x — 4)(3x + 4) (x + 2)(x — 2) (x — 3)(x + 3) 
Ja-2 -7Tx — 38 —2(2m + 5) 
Z a) (a — 2)(a + 2) b) (5 — x)(5 + x) ) (m — 3)(m + 3) 
d) 4x + 23 ) 2x + 13 f) —18a +17 
(5 —x)(5 + x) (x- 4x + 4) (3a — 2)(3a + 2) 
13. a) i) 60° ii) 90° q 
iv) 120° 


v) 135° 


p) 1800 


: 144° 


Tx +4 
(x- Dawst 1) 
m(n + 15) 
) (m + 4)(m + 3) 
) —10c — 29 
(c + 7)(c — 2) 
3(2n? +n — 2) 
(2n — 1)(2n — 5) 
a(9a — 8) 
(a — 4)(a — 2)(a + 3) 
b(5b — 2) 
(b + 4)(b + 2)(b — 2) 
6n(n + 3) 
(n —5)(n — 2)(n + 4) 
2x(4x + 11) 
(x — 5)(x + 3) + 2) 


20x? — x — 3) 
16. a) (x — 5)(x + 2)(x — 4) 
Py (3x — 14)(« — 1) 
(x — 5)(x — 4) - 3) 
2 
(a—-4)(a— 1) 
5b? + 16b — 30 
8) (b — 5)(b + 3)(b + 6) 
14x — 3 


14. a) 


8) 
15. a) 
) 

e) 

8) 


e) 


17. a) 


) a(3a+7) 

(2a + 3)(a + 2)(a + 3) 
) m(3m + 7) 

(m + 3)(m + 1)(m + 2) 


A 
Oo 
O) 


(2x — 3)(x + D(2x + 3) 


, where n is the number of sides and n > 2 


=x? — 6x +3 
b) (x -— 2)(x + 2) 
d) —4n? + 2n — 5 
(2n + 1)(2n + 3) 
f) 8m? + 3m — 10 
(2m — 1)(2m — 3) 
) -a? — 22a - 13 
(2a + 3)(a — 6) 
3x 
(«- 4a - 1) 
—2m(m — 15) 
(m — 3)(m — 2)(m + 3) 
—a(a + 10) 
u) (a+ 8)(a+ 1)(a+7) 
h) x(x — 8) 
(x+ 4a - 3) + 1) 
—3(3a — 5) 
) (a+ 5)(a+ 3)(a — 5) 
4) —2(2x? — x — 14) 
(6 — x)(6 + x)(2 — x) 
ry -2(a? + 22a - 9) 
(a+ 7)(a + 3)(a — 5) 
—2(x7 — x — 15) 
) (x + 6)(x — 3)(x + 4) 
-llx-8 
) (3x + 2)(x + 1)(2x + 1) 
d) 2n(4 — 7n) 
(2n + 1)(n — 3)(n — 7) 
f) 


b) 
d) 


c(4c + 13) 
(3c + 1)(c + 4)(2c + 3) 
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+ 10x-4 -19a - 14 5.4 
16a) (2x + D+ 3) — 2) b) 2(a+ I(a+ Na +1) i) 
0) d) -2 6. a) No 
e-5 m+2 b) Approximately 95.2% of the original amount 
) 11x? + 19x + 10 y ~(n + 6)(n + 3) 1 
(Bx + 2)(2x + Dx + 2) Bn + 1)(n + 2)2n — 5) are 
19. a) 2x b) -5y 7. a) No b) = 9 
5x — 6y 2a ~ 
9 6 q) (a — 3b)(a + 3b) 8. B also increases by 20%. 
20. TAMERS ey ee ‘ ; 9. b) As r approaches 1, s approaches 7 
) 74 Gap Dey ay 10. a) 36% it 
De 2 «ht j on Pit 2p 
(9) BOY b) The height is decreased by a fraction (+p 
1 1 2v-1 ane ‘ _ 1 
21. a) vane aD ©) The radius is decreased by a fraction 1 Tey? 
1 1 2x3 2 
ga0 Pod (x — 2x — 1) 11. A wins the race. B loses the race by a fraction of ( i ~ z) 
1 1 _ 2x -5 of A’s time. 
x-3 x-2 (x — 3)(x - 2) 
0 1 1 
b) —4+ = . A 
ne fae es Chapter 2 Review Exercises, page 122 
eg ed La) 208 + 5x24 4x43 b) 2x4 +43 +242 — 4x —4 
~2 -l 3x44 oo Laos Fae nee 
x-2 x-1l @-2da-) Q) Tx — x ) 3x°y — 2xy — 2y 
ry 1,122 2. a) x? — 3x -2 b) 2y> + y? + 9y-7 
xx) x@) x 0) x? + 3xy + 4y? d) 3a°b? + 8a°b — dab} 
1 SD. 2 
wath xa-l) @—Det+b) 3. a) “or + 20xy b) 3m — 8mn + Tn? 
1 1 2 0) —4x° + Ixy d) 3a“ — 12ab 
x(x + 2) x(x — 2) (x — 2)(x + 2) e) —5x°y = 20xy? f) ~12m2n + Smn2 
4. a) 23x7 — 69x b) —14c + 12d — 57c 
Self-Check 2.4-2.6, page 117 0) 8m? — 17mn + 13m d) 8x° + 16x°y — 26x? 
5 wa 8 3 7 i) =, ) 
Se ee 
o4am — m + a a 
6c 2 
qd) e) 4s 5 e) 4x3 — 24x? + 27x + 20 f) 24y? + 41y’ — 9y — 28 
3(x — 5) 3a x+2 6. a) 1 b) 1 Q7 
2. a) Deo ol a eee i 
3. a)2 ) r= 4) 9 4-2 4) 42x=3) > 96 ); 
Ve 23x —1) Sa° x1 Lax #5 b)x #-1 
4. a) 43 ee gt gx#s d)x #—Sandx#5 
d) 194 e) 40293 ) 15x 54x = 35 e)x #—4 and x #3 f) x # —2 and x # —5 
60y 60xy ASxy 10ab 2(5x — 1) 
: ) 4 8a = 13 sh oa % 8. a) > — b) 2m + 1 oe 
a 5a and a 2 
= -23a — 1 2 33 
ares Fig 1 ¢) aE : ¢) x=3 f) See 1) 
b) ————_, x # l andx # - 
ake 2 ; ; 5 9. a)-4,y # > b) At3 x #Oandx #3 
Le XS a 
d é = 
9G Ded gon gt2 xedandx4—4 22 a4 2andaz3 
pe +1im~4 ne 1 andm 1 m—-3 x 
4(m — 1)(m + 1)’ e) pi landm#4 f) ye 6 and x 2 
-y? = 26y - 13 oe 2 an ah 
504 Ny =a’) * 3 andy 10. a) 2a? b) -2n I=5 
2 Ones 4x3 la 3a2b? 
Vane Deen’ * *2** 2, and x 1 d) On f) 48a°b 
; ; I. a) b)— ot 
Insights Into a Rich Problem— eo oi 8b 
How Much Time Does Extra 164° 12x" 
1 -3 1 
Speed Save?, page 120 12. a) =~ bare a5 
2. 
Lon d) 2a(a + 1) et ry peaed 
2. a) 27.3 min b) No 3. a) 2 b) 2 jet 
3. a) 75 min b) No ee ay ; en 12 
4. a) 2 min b) 3 min dab (a+ by 
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14. 
15. 


16. 


18. 


5 23 m+4 
a) 2a b) ‘4x ) 3m 
17x 5 38b —3 
ee as ) 142 
3x -2 5x+1 24a* +a - 10 
a) x b) 6 9) 20a 
13x+7 Ta —5a—8 28m? — 4m — 3 
d) 12x ) 4a ) 18m? 
9a-10 7m+10 2(2 — x) 
a) a(a — 2) b) m(m + 5) Q) x(x - 1) 
3m —5 —5a-11 oy +4 
d) m—2 ®) a+3 Na 
19 29 — a) 20 —7n 
a) 6(2x — 1) ) 3a(b — 1) 9) 5n(mn — 1) 
) 5x +13 ) —6a +17 p 6x +11 
(x — 3)(x + 3) (2a — 5)(2a + 5) (x — 2)(x + 2) 
a) 5-—2x ) 3x+49 
(x — 3) — 1 (x + 7)(x — 4) 
9 6x7 + 11x +8 ) 6x —1 
(2x + 3)(x + 4)(2x — 3) (Bx + 2)x — 1) 


Chapter 2 Self-Test, page 125 


1. 


> 


wu 


b) —a* + 17ab” 
da+8 
b)x #0 andx #2 


a) 5m — 2n + 3n? 

0) 5x” — 13xy — 6y" 
a)x #O and y #0 
ox#landx#7 
d) The expression is defined for all values of y. 


2) 1 9 
. a) ie b) 55 (9) 2 d)1 
3b 
- a ; b) 2 - 
x= —3(x + 2) 
9 x-3 ) x+1 
. Answers may vary. 
ab 3ab 3b Qab 21b ab 
ee eS 
12a?” 6a?" «12a 12a2 12a * a? 
3 7t(t — 3) 
. a) 2 b) 12(t — 1)14 - 2) 
A(x + 4) 
) 
15x 
aja-—3;a#-l,a sal 
1} 3 3 
b)—2(4+ 1); x # prt pe 3 
—3x — 14 
96356-0675" * 4.x 3,243 
d) eS a#0,a#l,a 3 


a(a— 1)(a+3)’ 


. Answers may vary. 


2 
aE x a b) x 5 
Vn * Imad 
. Answers may vary. 
22s eS nese 
9 - se 
. a) z= roe b) 5.45 ohms 


Assessment Tasks, page 126 


1. a) | Width (m) | Length(m) | Area (m?) 


1 14 14 
2 13 26 
3 12 36 
4 11 44 
5 10 50 
6 9 54 
7 8 56 
8 7 56 
9 6 54 
10 5 50 
11 4 44 
12 3 36 
13 2 26 
1 


Area of Rectangle whose Perimeter is 30 m 


60 


50 


40. 


Area (m?) 


20 


6 [7 | 8 | 9 | 10/11 | 12 | 18 | 14 | 15 
Width (m) 


Maximum area is 7.5 m X 7.5 m = 56.25 m2 


2. a) i) “ i) < iii) + 


Chapter 3 Financial Mathematics 
Necessary Skills 

1 New: Simple Interest 

Exercises, page 130 


1. a) $3.33 b) $13.67 
d) 5% e) 9 months 


2. $36.94 
3. 88 days 
4. 7.40% 
5. $5.37 

6. $467.92 


©) $1941.18 
f) $51.11 
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7. a) AInGgules Iaeeoot bea 8. Part a; the divisor (1.0575)® does not change, so if the 
T numerator doubles, the present value also doubles. 
i 9. a) i) $1550 ii) $2300 iii) $3500 
, iv) $5250 v) $8000 
40 + b) Estimates may vary. 
g i) 9.9 years ii) 16.5 years iii) 26 years 
: 1 + c) The amount grows exponentially. 
3 d) i) The graph would start at the same point but 
3 rise more rapidly. 
= 20 . ii) The graph would start at a higher point and rise 
z more rapidly. 
To ; e) No 
: 10. a) i) $2800 ii) $1600 iii) $900 
iv) $500 v) $300 vi) $280 
oT estes leis b) Estimates may vary. 
i) 21.5 years ii) 16.5 years iii) 9 years 


b) Linear growth 
©) The yearly accumulated interest is an arithmetic sequence 
with a = 6.50 and d = 6.50. 


©) The rate of decrease of the present values gets smaller 
as the number of years increases. 
d) i) The graph would start at the same point, but would 
rise more rapidly. 
2 Review: Solving Equations ii) The graph would start at a higher point and fall 
more slowly; that is, the graph would be stretched 


Exercises, page 131 by a factor that is determined by the increase in 


1. a)= b) = to) - the mortgage. 
d) 20 ei-4 hae 12. a) i) $1129.87 ii) $1407.10 
yi f 
. iii) $1579.70 iv) $1857.59 
g) +/5 h) t+/2 i) +/2 b) i) $1086.81 ii) $1181.15 
iti) $1516.21 iv) $1866.99 
Exercises, page 134 14. a) $1286.47 b) $1459.14 ©) $1655.00 
c) 1020 d) 6.2500 16. a) i) $1047.50 ii) $2782.56 iii) $5913.04 
iv) $12 744.29 v) $137 008.67 
4 Review: in Iculator to Evaluat 17. a) $2904.93 b) $2409.93 
as Using a Calculator to Evaluate c) $9928.40 d) $4905.55 
Expressions 
; 18. $2726.97 
Exercises, page 134 
19. a) $7107.90 b) $6838.43 ©) $6581.62 
are BTS aO7 d) $6336.75 e) $6103.16 
2. a) 584.21 b) 4630.74 «77 632.00 20. a) $1000 today if I could invest it at a rate of 15% or more 
3. a) 1149.47 b) 12 043.93 b) $1000 today 
) $1000 today 
3.1 Exercises page 138 d) part a: 14.9%; part b: 14.9% 
a 3 
21. Ye 
1. a) $562.43 b) $1124.86 = 
0) $629.86 4) $632.66 23. $1 586 874.32 
2. a) $796.92 b) $1648.83 24. $33 947.76 
©) $1322.52 d) $1552.42 25. a) 14 years b) 12 years c) 10 years 
3. a) $841.97 b) $1683.95 4) 9 years e) 8 years 
©) $712.99 d) $708.92 26. a) 18.92% b) 9.05% 0) 5.95% 
4. a) $644.61 b) $924.08 d) 4.43% @) 3.53% 
©) $1629.00 d) $3862.47 27. 10.31% 
5. a) $2676.47 b) $1770.14 ©) $1790.87 29. a) i) 7.2 years ii) 4.9 years 
6. Part a; when you double the principle the amount is doubled. b) i) 12.1% ii) 7.1% 
7. a) $6393.77 b) $2093.01 ©) $2044.01 30. $396.88 
31. $3701.07 
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32. $1020.06 
33. a) $4900.88 b) 5.50% 


3.2 Exercises, page 146 


1. a) $132.39 b) $273.71 
©) $275.95 d) $221.85 
2. a) $468.38 b) $274.14 ©) $745.55 
3. a) $835.26 b) $1317.81 
©) $2264.31 d) $3896.33 
4. a) $3069.57 b) $4370.67 ©) $7430.63 
5. a) $645.08 b) $445.35 
©) $860.64 d) $2398.66 
6. a) $317.62 b) $661.26 ©) $877.63 
d) $7839.65 e) $489.85 f) $1142.50 
7. a) $45.51 b) $45.94 
8. a) $290.37 b) $289.92 
9. a) $875.02 b) $873.94 
10. 7.72% 
11. $1061.42 
12. a) Growth of a $6000 RRSP against Time 
8000 
7500. 
i 7000 
6500. 
6000: 
0 1 4 eds 4 5 
b) Exponential growth 
©) 15 years 
d) Estimates may vary. $9100.00 
13. $2030.14 
14. a) $0.90 b) $0.46 © $0.31 
15. Plan A: $569.78; Plan B: $570.35 
17. a) Plan B b) $5.57 
18. $546.90 
19. 5.84% 
20. a) $1380.42 b) 9.5 years ©) $5064.82 
21. a) 7.64% b) 7.71% 0) 7.76% 
22. 25 years 


23. 24 years 2 months 
24. The investment schedule in part b 
25. a) 10.07 years b) 13.38 years 


26. a) Y; = $816.48, Yo = $816.61, Y3 = $816.63 
b) Each is just over $4.00 more. 


¢ 8.2 years 


Self-Check 3.1, 3.2, page 150 
1. a) $958.62 b) 10.22% 
2. a) $1162.84 
3. a) $651.60 
4. a) $5418.33 
5. a) $877.63 
6. $1640.14 
7. $2826.45 
8. 5.48% 

9. $1354.95 

10. $866.51 

11. 20.25 years 


©) 14.3 years 
b) $3379.47 
b) $986.15 
b) $2095.60 
b) $4069.13 


3.3 Exercises, page 154 


1. a) $4607.11 b) $9214.23 
©) $5318.31 d) $10 912.27 
2. a) $680.19 b) $1094.14 
c) $2789.01 d) $1111.53 
3. a) $386.49 b) $238.51 
©) $342.93 d) $175.38 
4. a) $523.61 b) $351.16 
¢) $229.57 d) $45.54 
5. a) $3173.90 b) $1679.22 ©) $3400.56 
6. Part a 
7. a) $441.20 b) $194.17 ©) $95.43 
8. Part a 
9. Estimates may vary. 
a) i) $7000 ii) $16 000 iii) $30 000 
iv) $55 000 v) $90 000 vi) $150 000 
b) i) 38 years ii) 52 years iii) 60 years 


©) As the years increase, the amount grows exponentially. 


d) i) The growth would occur more rapidly, so the graph 
would rise more rapidly. 
ii) The graph would rise more rapidly and the starting 
point is higher. 


10. a) i) $9616.52 ii) $784.26 
iii) $10 020.10 iv) $3436.73 
b) i) $1034.26 ii) $2164.79 
iii) $6227.88 iv) $10 548.82 
11. a) $787.67 b) 8.35 years 


12. $20 892.74 
13. $1146.39 
14. $3488.50 


15. a) Annuity C 
b) A: $27 908.01; B: $32 775.87; C: $46 204.09 


16. a) $4096.98 b) $7270.47 0 $11 551.02 
17. $111.46 

18. $194.94 

19. a) $191.83 b) $171.42 

20. $1299.85 
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21. $105 174.33 6. a) $14 445.19 b) $18 103.95 
22. $10 078.44 7. $2608.99 
24. a) Martha: $40 000.00; Randy: $100 000.00 8. $373.51 
b) Martha 9. $3488.50 
0 No 
10. $1526.11 
25. Dave’s plan 
26. a) $2459.85 b) 4.86% © 40 years . 
ete 3.5 Exercises, page 170 
. 13.1 years 
2 1. a) 0.493 862 2% —_b) 0.534. 474.01% =). 0.575 033 95% 
28. 8.14% ee d) 0.635 646 16% e) 0.682 417 84% 
L = L 
PALS aS ak 2. a) $888.60 b) $656.60 0) $686.89 
3. a) $116 944.37; $55 411.94; $88 808.75 
aie reey ©) $109 891.91; $45 417.60; $86 100.76 
1 : eres z se d) $106 512.44; $39 979.09; $84 578.87 
c : : 
2. a) $2030.28 b) $4491.56 4. a) $758.54 b) $173 074.40 
9 $13 365.34 d) $6851.31 gigas ey 
3. a) $564.13 b) $566.73 Bah e228 By S1D R702 
©) $285.99 d) $335.87 7. a) $811.61 b) $143 483 
4. a) $2820.12 b) $1104.75 8. Estimates may vary. 
0) $1094.41 d) $280.70 a) i) $2000 ii) $1200 iii) $975 
5. a) $3823.66 b) $1748.44 ©) $3536.47 iv) $850 ¥) $800 vi) $750 
b) As the amortization period increases, the monthly 
6. Part a payments decrease. 
7. a) $435.56 b) $227.49 ©) $113.62 ©) i) The graph would start higher and fall more slowly. 
8. Part a ii) The graph would start higher and fall more slowly. 
9. Estimates may vary. 9. Estimates may vary. 
a) i) $5500 ii) $8400 iii) $10 200 a) i) $20 000 ii) $44 000 iii) $75 500 
iv) $11 300 v) $11 900 vi) $12 200 iv) $104 000 v) $140 000 vi) $170 000 
b) i) 9 years ii) 16 years iii) 28.5 years 10. a) i) $2044.59 ii) $1232.02 iii) $976.16 
©) The amount grows more slowly as time passes. iv) $888.56 v) $795.36 vi) $758.54 
d) i) The graph rise more slowly. b) i) $763.21 ii) $779.23 
ii) The graph rises faster. iti) $811.61 iv) $827.98 
12. a) i) $11 590.98 ii) $944.28 11. a) 20.5 years b) $29 508 
a + sree : se 12. a) $934.15 b) $155 245 9 $119 372.99 
ii) $5329.54 iv) $7087.26 13. a) $1491.85 b) $183 044 ©) $163 290.96 
14. $5772.79 15. a) i) $549.97 ii) $607.21 iii) $630.83 
15. a) Annuity A 16. a) $525.31 b) $773.92 o) $1211.21 
b) A: $20 690.22; B: $18 014.69; C: $13 958.08 18. a) $801 311.27 b) $99 999.56 
16. $13 777.03 19. a) $658.40 b) $711.22 
18. $142.48 20. a) i) $65 358.69 ii) $76 174.65 iii) $83 935.52 
20. 7.93% 21. a) $8306.12 —_b) $40 360.52 o $418.18 d) $8820.87 
21. a) $7801.69 b) p= R49 -a +)" 
F 
3.6 Exercises, page 176 
Self-Check 3.3, 3.4, page 166 1. 28 payments 
1. a) $10 062.31 b) $11 491.32 2. 13.6% 
2. a) $3188.49 b) $7494.34 3. $14 504.09 
4. $471.39 5. $10 790.33 
5. a) $2974.13 b) $7138.96 6. $6190.43 
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7. a) 6.70% b) Yes 6. Estimates may vary. 
8. 14 years a) $1237.71 b) $8306.61 
9. a) | Investment Accumulated amen mee Nanas 
period (years) | amount ($) a) $9125.85 b) $418.47 
1 1233.56 
- ea 8. a) $238 611.66 b) $138 611.66 
20 Is38/22 10. On each line of the spreadsheet, the balance has been 
= ae rounded to 2 decimal places; this introduces slight errors 
20 46 204.09 
25 69 299.40 in amounts. 
. ROS 11. a) The /nterest payment decreases while the Principal 
iG og ar payment increases. 
ae b) This is the time at which one half a monthly payment 
b) Value of an Annuity against Time . . 
Tae goes toward the principal and one half goes toward 
the interest. 
{ 12. a) i) $92 500 ii) $81 500 _ iii) $64. 500 __ iv) $38 900 
= aide b) 18 years 
A 13. a) $138 611.66 b) $99 996.34 
100000 ©) There is still $3.66 outstanding. 
: 14. 16 years 9 months 
<= 
i 15. a) | interest rate 6% 1% 8% 9% 10% 
Monthly payment | $639.81 | $700.42 | $763.21 | $827.98 | $894.49 | 
SS b) 6% to 7% = $60.61; 7% to 8% = $62.79; 
Sede 8% to 9% = $64.77; 9% to 10% = $66.51; No 
0) investment mount i | 
period teats) invested (8) 16. a) sa barat tas | 
i 1200 6% 91 940.85 
5 000 1% 110 122.72 
10 12.000 8% 128 966.11 
15 18 000 9% 148 391.14 
20 24 000 10% 168 343.30 
25 30.000 
30 36 000 b) 6% to 7% = $18 181.92; 7% to 8% = $18 843.39; 
35 42.000 8% to 9% = $19 425.03; 9% to 10% = $19 952.16; No 
40 48 000 
17. a) $1614.94 b) $1601.19; $13.75 
d) Amount Invested and Value of an Annuity against Time r) $384 507 67 
200-000 : 
g 18. a) $858.56 
z b) i) $106 053.82 ii) $32 557.84 
g 150-000. 
3 19. a) $976.16 
i Acdartmatanta b) i) $75 708.04 ii) $62 903.61 
ae i 20. b) i) $123 204.76 ii) $15 406.90 
3 iii) 22 years 8 months 
= 50.000 treated 21. b) i) $111 325.45 ii) $272 286.21 
E iii) 20 years 10 months 
Fn NI GHEE NIECE REE 22. b) i) $132 441.79 ii) $6169.87 
Wear iii) 24 years 3 months 
e) Investing early allows more time for your money to grow. 23. b) i) $111 549.31 ii) $27 062.35 
iii) 22 years 5 months 
3.7 Exercises, page 180 24. a) $103 520.06 b) $35 091.60 


©) 19 years 9 months 
3. Interest paid is very high compared to the principal paid 


because the balance is high. 


Self-Check 3.5-3.7, page 186 


4, Interest paid is very low compared to the principal paid 


because the balance is low. 1. a) 0.493 862 2% __b) 0.635 646 15% =) 0.682 417 84% 
5. The interest payments decrease because the balance 2. a) $888.60 b) $656.59 
decreases. So, the principal payments increase because the 3. $938.94 


monthly payment does not change. 
4. a) $693.80 b) $118 140 
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5. a) $1102.04 b) $185 612 ©) $138 655.69 
6. a) $1038.19 b) $1120.08 
7. a) $737.85 b) $796.75 


8. a) The interest is very high and the principal low. 
b) The interest is very low and the principal is high. 


9. a) Regular payment increases; total interest decreases. 
b) Total interest decreases. 
© Regular payment is unchanged; total interest decreases. 
d) Total interest decreases. 


Insights Into a Rich Problem— 
Where Did the $314 Come From?, page 189 
1. a) $4708.69 
2. a) $95.02 
4. It matures in less than 1 month. 
6. The price would increase. 
7. Yes; $103.22 
8. 40 semi-annual payments 


9. $7800; this is the maximum value of the bond. 


Chapter 3 Review Exercises, page 192 


1. a) $1074.19 b) 3.25% ¢ 11.8 years 
2. a) $1926.71 b) $4760.75 ©) $3081.98 
3. a) $651.60 b) $986.15 ©) $2507.63 
4. $4446.14 


5. a) $20 506.43 b) $1891.19 $1523.39 — d) $5321.05 
6. a) $463.94 b) $9439.98 $8139.64 = d) $4226.31 
7. $1870.10 

8. 10.44% 

9. $2755.79 

10. $563.41 

11. 25.2 years 

12. a) $10 062.31 
13. a) $25 662.70 
14. $7178.74 

15. a) $9266.08 
16. a) $2875.53 
17. $675.11 

18. $2451.55 

19. $332.92 

20. $10 025.91 
21. $868.62 


22. a) 0.655 819 69% 
©) 0.975 879 42% 
e) 0.562 853 24% 


23. a) $1015.40 
24. $953.86 


© $10 826.17 
©) $8488.04 


b) $11 491.32 
b) $12 857.42 


b) $4708.40 
b) $11 479.08 


©) $4964.02 
©) $32 294.59 


b) 0.816 484 61% 
d) 0.461 313 57% 
f) 0.715 415 15% 


b) $657.79 ©) $917.80 
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25. a) $735.37 b) $123 611 
26. a) $1021.02 b) $173 306 0) $127 278.58 
27. a) $1132.74 b) $1223.39 
28. a) $935.73 b) $1047.66 


Chapter 3 Self-Test, page 195 
1. a) $1914.88 b) 2.74% c) 11.05 years 


2. 6%: $290 335.90; 8%: $573 770.16; 
10%: $1 163 908.53; 12%: $2 400 018.25 


3. a) $1317.19 b) $416.39 
4. $14 049.37 

5. $20 465.57 

6. a) $891.01 

7. $1772.35 

8. $5221.87 

9. 10.04% 

10. Nearly 30 years 
11. $4197.35 

12. $455.63 

13. $802.04 

14. $1025.56 

15. a) $749.27 


b) $1512.69 


b) $125 781 0) $94 636.80 


Assessment Tasks, page 196 


1. a) $63.98 
b) Leave the money in the bank account; it amounts 
to $24 644.86. 


2. a) $11 098.19 
b) First aunt: $5582.38; second aunt: $3502.46; 
third aunt: $2329.33 


Chapter 4 Quadratic Functions and 
Complex Numbers 


Necessary Skills 
1 Review: The Quadratic 
Function y= ax? + bx+¢ 
Exercises, page 200 
La)y =(x+2)-3 b)y =(x +3) -1 
2 
dy=@-4P-21 dy =(x-3) - 


i 
4 
2 2 
ee en = 7 9 
ay = (x >) ri fy (x+2) Z 


b) y = -(x + 5)° + 26 


2a)y =-(x-3) +17 
dy=-(r+2) 41 dy=-(x+3)-8 
ee ee ee 


3. ay =(x+ 1)? +6 b)y=-at+ b?-5 3 Review: Intercepts and Zeros 


y b 


10 2 Exercises, page 203 
Ey n) a lLa)x=4,y=8 b)x=4,y=3 
5 sk 
TS 6 y=-2v48 6] 
4 4 
3x + 4y = 12 
2 2 T 


2 Review: Number Systems 


Exercises, page 201 2. a)y=-7 b)y =—5 dy=2 
1. Answers may vary. d)y=5 ey=8l fly = 16 
a) 0, 2, 4 b)5, —5, 0.6363... 3.a)x = 2.7 b) x = 0.375 
©) 0, sin 60°, 3 d)-3, 0,7 x =-4 andx =-3 d)x = 0.75 
e) /5, 2.314 765..., 7 f) 5, 7, 286 e)x =—1.6 andx = 3.5 f) There are no x-intercepts. 


2. a) Natural, whole, integer, rational, real 
b) Rational, real 
©) Rational, real 
d) Irrational, real 


d)x =-5 andx=1,y=-5 


y 


e)x =3 andx=6,y 


y=xr+9x- 18 


18 flx=-4,y=16 


yexr+8xrt+ 16 8 
16 


4 New: Multiplying and Dividing Radicals 


Exercises, page 205 


e) Natural, whole, integer, rational, real 1. a) v0 b) V2 9 v7 d) v5 
f) Whole, integer, rational, real 2a) 2/2 b) 2/3 03V3 d) /35 
g) Integer, rational, real e) 2/10 f) 5/2 g) 2/15 h) 3./7 
h) Natural, whole, integer, rational, real i) 6/2 j) 5/3 k) 4/5 )) 10/2 
i) Irrational, real 3. Answers may vary. 
j) Irrational, real a) /98 b) /21 
3. Real numbers, R 
: me 4.1 Exercises, page 210 
jadi hee 1. a) —3; minimum b) 5; minimum 


© 2; maximum 


d) —1; minimum 


a e) 0; maximum f) 16; maximum 
2. a) i) 4; minimum ii) —2 
b) i) -2; maximum ii) —3 
© i) 3; maximum ii) -1 
d) i)—10; maximum ii) 1 
e) i) 6; minimum ii) O 
f) i) 0; maximum ii) —4 
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.a)y=(x-3)-1 
Oy=(4+2"-11 


gy=(r+5) -2 
4. a) y = 2( 2) 
oy 3(x4 a) t * 
gya4(v+t) 41 
Lay =2(e+ 8) - 3 by=3(r-2) +4 
oy 2(x4 i) = d) y = 3(x =). 33 
ay=4( +3) “= Ny =-4(x+ 3) apart 


4 
a) y = 2(x — 3)? — 3; minimum is -3 
b) y = 3(x — 1)? +5; minimum is 5 


b)y =(x+ 5° — 16 
d)y=(x-1P 


py=(x+3) -2 


b) y = 3(4+ 1-11 


d) y = —2(x — 2)? + 12 


f)y =—4(v + 1)? +5 


uw 


ca 


2 
pe AY lovee ete 
gy = 2(x 3) + 7 > minimum is 
d) y = (x + 3)? + 14; maximum is 14 
e) y = —5(x — 4)? + 77; maximum is 77 


f) y = 4( + 3)? + 42; maximum is 42 


bal 


ay = 5+ 3-3 b)y = 3-3-2 
dy =-3(@- 6)" + 16 


hy = + 10P-6 


Oy =—f@e- 2-2 


e)y =-7 (+ 6)? + 18 


b)y =-(x- 37° +17 


y 


. a)y =(x- 1-4 


5 


Oy =-2(x-3)P +2 


y 


x 


-2 |0 6 
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9. a) Minimum is —5; 4 
b) Maximum is —5; 1 
© Maximum is 14; -4 
d) Minimum is —13; 2 
e) Minimum is -*%: 25 


f) Maximum is 59; ae 


10. Answers may vary. 
a)y = 37-4) +6 
Oy =-3(x + 2)? + 10 
ey=-x-3 

11. Yes; answers may vary. 
a) y = 12(x- 47 +6 
Oy =-7x+ 2) +10 
e)y=-4+77-3 


13. a) 12m b) 1s 


b) y = 2(x-5)? -3 
dy =3x°+7 


b) y = 6(x — 5)? -3 
d)y =3(x-5)P° +7 


o7m 


14. Least value: 1.875 V at 2.25 min; greatest value: 17 V at 


5 min 


4.2 Exercises, page 218 


1. a) iii; —3 b) ii; 2,5 9 vi; no real roots 
d) i; -2,1 e) iv; no real roots f) v; -1.5 
2. a) 3,4 b) 1,8 ¢ -2 
d) -3, 8 e) -6, 6 f) -12, 12 
3. a) -5, 5 b)-V6, V6 
g-2/5, 2/5 a? 2 
e) -3,5 f)-/3 —2, /3-2 
4. a) -6, 4 b) 1,5 
¢) 0.7639, 5.2361 d) —3.4142, -0.5858 
e)-2, -3 f) -4.1794, 0.1794 
5. a) —3, —2 b) 2,7 


©) -8.4244, 1.4244 
e) 0.8915, 5.6085 


6. a) i) 1,5 ii) 2 


“WU 


7. a) 0.89, 5.61 
co) -1.14, 1.47 
e) No real roots 


8. a) 3, 11 
L, 
Q—35 
e) 0,4 


9. a) i) -4.4365, -0.5635 
iii) —2.5 


3 
2 


d) No real roots 
f) -2.1514, -0.3486 


iii) No real roots 


b) 0.72, 2.78 
d) -0.11, 4.61 
f) No real roots 


b) —9, 2 
1 
d) -3, 3 
0,5 
ii) -3.5, -1.5 


b) Answers may vary; 4x? + 20x + 26 = 0 


10. 


12. 


13. 


14. 
15. 


16. 


18. 


a) -3,5 
4 
(9) 3° -l 


L-3 
)-399 


. a) —1.4342, -0.2324 


© No real roots 
e) = 

2 
a) aandb 
ocandd 


a) -1.35, 0.15 
0) -1.90, 1.23 
e) 0.18, 1.82 


a) -0.5, 1.5 
30.5 


a) 47.42 m 
026.17 s 
a) i)3 

itt) 3 

7 2 

b) When b- — 4ac = 0 
©) i) No 

iti) No 
a) i) No real roots 

iti) No real roots 
b) When b? — 4ac < 0 
© i) Yes 

iii) No 
ab>4orb<-4 
o4<b<4 


b) -8, -4 
1 
d) ac 5 
1,3 
b) —2.8860, 1.3860 
d) No real roots 


f) 3 
b) e and f 


b) -0.16, 3.16 
d) -1.15, 0.65 
f) 0.18, 2.82 


b) -0.2071, 1.2071 
d) No real roots 


b) 3.06 s 
d 1.5m 


ii) -5 
iv) -3 


ii) Yes 
iv) Yes 


ii) No real roots 
iv) No real roots 


ii) Yes 
iv) No 
b)b=4o0rb=-4 


Self-Check 4.1, 4.2, page 221 


1. 


es 
ay = (x-3) re 
2 
dy =-2(x+3) vos 


ey =3@+2P-7 


.a)y=(x-5)P?-14 


dy=-(~- 2) +5 
ey = (x= 10-7 


. a) Minimum is —14; 5 


©) Maximum is 5; 2 


e) Minimum is —7; 10 


4, Answers may vary; y = 


5. 


e) -0.5486, 1.2153 


a) No real roots 
©) No real roots 
e) —1.8968, 1.2301 


b) y = 2(x+ 1)? +5 


2 2 25 
d) y = 2(x- 2) -» 
ab 3 19 
fly = +(x +3) vo 


b) y = 2(x + 3)? - 27 


dy=Ar+ 1) 4% 


fy =—Z(x + 10° +24 


b) Minimum is —27; -3 
d) Maximum is a -t 


f) Maximum is 24; -10 


—2(x + 3)? +6 


3 
b)> 
d)-4,-1 
3 
-3,5 


b) No real roots 
d) 0.0941, 2.6559 
f) No real roots 


b) No real roots 
d) No real roots 
f) -1.5826, 7.5826 


4.3 Exercises, page 226 


1. 


w 


uw 


™ 


10. 


12. 


13. 


a) -8.1623, -1.8377 
9-5 


a) 2i b) 5i 
e) /5i f) 2/2i 
a) -9 b) -25 
e)-1 f)-i 


. a) Rational, real, complex 


b) Irrational, real, complex 


b) —7.2361, —2.7639 
d) No real roots 


O7i d) /2i 
8) 3V2i h) 6/2i 
0-6 d)-12 
g) 1 hi 


¢ Integer, rational, real, complex 


d) Complex 
e) Complex 


f) Whole, integer, rational, real, complex 


g) Irrational, real, complex 
h) Complex 
i) Rational, real, complex 
j) Rational, real, complex 
k) Irrational, real, complex 
1) Complex 


a,c, f 
. a) +5i b) +2,/3i 943i 
d) +4i e) 42/51 f) +33 
a) +4 b) +4; jtv6 d) +/6i 
e) +3 f) +33 g) 2 h) +23 
a dD 
alti b)-2 +i g-1t+ V2i 
-14VJ7i 54+ V3 V2 
)—> > jis 
b) +6i 
a) 1 +2i b)-2+/11 ga 
14 J5i 2+ J/10i 14+ J 7i 
d—, > ee 
a) —4, 3 b) 5,5 = a 
gS e) 3 N-1+ V3i 
.a)-V6 
b) For /a x Vb = Vax b, a and b cannot be negative. 
a), b) Tagine 
5 A 
o3+4i 
e443 
Gry ao CT Real 
—3 0 5 7 10 
aut i 
2-3: 
Ti Hedi 


©) Answers may vary; the opposite of A is —3 — 4i 


(point J on the grid). 


Imaginary 
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14. a) -1, -i, 1, i, -1 
°) 


d) j!2 1, 7! i, po 


15. a) —2i, i 


ptt! 


4.4 Exercises, page 233 


1. a)9 — 33 b) 2-37 ¢114+2i 
d) —2 + 61 e) 10 f) 7i 
2.a)24+ 1li b) 6 — 227 08+ 14i 
d) -3 e)—9 + 33 f) 8 — 81 
3. a)5 b) 25 Q—5 + 10i 
d) 22 + 147 e) 2i f) 33 — 56i 
4. a) The results are real numbers. 
: ‘ 7. 2. 
6. a) = b) i (9) =a! d) rq! 
e) <i zi g) 3i h) 37 
3. 3. 3 3 a 
7. a)2 ou b) —2 x! 95 2i qd) —> — 2i 
1.5. 2 at Fads 15, 
eZ tz f)\—5 — 2 8) 4° 3! h) 2° 3! 
8. a)l, i, -1, -i, 1, i, -1, -i 
b) i) 1 ii) i iti) -1 iv) -i 
9. a) 5 b) 10 Q 25 d) 29 
5 5 
7 n= 83 hy | 
The results are real numbers. 
10. Yes; answers may vary; (4 + 07)(6 + Oi) = 24 
11. a) 4 b) 6 ¢-8 d) -10 
e) 1 p= g) 2/2 h) 1 
The results are real numbers. 
12. Yes; answers may vary; (6 + Oi) + (4+ 07) = 10 
13. a) 10 + 67 b) 8 — 107 9 31-29% 
d) 43 — 187 e)—3 + 361 f) 8 — 25: 
g) 60 + 1447 h) -2 - 27 
14. a) 17 — 327 b) -6 + 233 o8-4i 
d) 14-153 e)-2 + 4./6i 7 — 6V/2i 
g)-24+2i h) —60 — 637 
3 1. 8 1. : 7 6 
15. a)5 + 51 bes! Qi desi 
2_ 6 16. 5 _ 
e) 5 r 5 a! g)64+4i h) 2 — 47 
75 , 30. 3 ae ds 1 8. 
N55 +39! Day - at WZtqt NSF 
a-—bi 
16. a) BP 
Paes ie gt =. Dis gel oo Ds 4,3, 
b) ))-51 ii); 5! iii) ; + Zl iv) 95 a5 
Qiand-i 
17. a) Answers may vary; 
oD ee Be atae Dig. Bix 
2+ 3155 ia! 2 3i, 43 + 43! 
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24+4i 2. 
18. Yes; answers may vary; 3461 3 
19. a) 5 + 27, -2 + Si, -5 — 21,2 — Si, 5 + 2i 
b) 1 + 61,-6 +i, -1 — 61,6 —-i,1+ 67 
04-i,14+4i,-4+i7,-l1-4i,4-i 


20. a) Answers may vary; 5 + 2i, —2 + Si, 
—§ = 21,2 = 5i,5 +2i 


2+ Sie 


b) A rotation of 90° counterclockwise about the origin 


© A rotation of 180° about the origin 
21.a = 21;b =-20 


ee Wc Dis, es 
22. a l,i, =e b) t yar Ta Wek 
23.a = = b= 3 
m2 = (ay az + byb2) + (agby — aybo)i 
“29 ay + by 
Self-Check 4.3, 4.4, page 236 
1. a) 9i b) /82i 9 10i d) /10i 
e) -16 f) -16 g)-5 h) -5 
roy 1, 23. 14 V3, 
2.a)-1 + V2i bt tei are 
gta e)2+ V6i f)-20, 5 
+ 34 vI5. Benne 
3.a)-l +i b> + (9) 5 +5 
14 V59. 3, V31. 5 Te 
ar cae 59 * 20! a 
4. a) 15 + 147 b) 7 —7i o1-9i d)-144+ 8 
5. a)3 —4i b) 3 + 4i o-4-10i d)-6+i 
6. a) 15 + 187 b) 26 — 13 9 35 — 127 d) 524+ 391 
7. a)-12 b) -8 0 -5i 
. 1 ou 23 14, 
d) 6 + 9i 5-5! 5 ~ a5 
1. i Bs 3,4, 
8. a3! b) 5 ~ 75! O55 + 55! 


Insights Into a Rich Problem— 
Parabolas and Lines, page 239 
1. 2 


a) One of the lines is a tangent. Each line above the tangent 
intersects the parabola twice; each line below the tangent 


does not intersect the parabola. 


b) The family of lines is y = 4x + b. a) When —2 < b < 2, there are 2 solutions. 
y Hy} When b = +2, there is 1 solution. 
When b < -2 or b > 2, there are no solutions. 


©) When k < -3 or k > 1, there are no solutions. 


When b > —4, there are 2 solutions. When k = 1, there is | solution. 


When b = -4, there is | solution. When -1 <k <1 ork= -3, there are 2 solutions. 
When b < -4, there are no solutions. When k = —1, there are 3 solutions. 
2. a) ai When -3 <k <-—l, there are 4 solutions. 
ya =D 4 
mEY Lb 9. When a < —V/2 ora > V2, there are no solutions. 
Lobel b When a = —-/2 ora = of 2: there are 2 solutions. 


When a = +1, there are 3 solutions. 

When 1 <a<VJ2,-1 <a< 1, or-/2 <a<-l, 
x there are 4 solutions. 

There will never be 1 or 5 solutions. 


b)y =—-2x+b 


©) When b > —2, there are 2 solutions. i 2 
Wien f= <0, dhere ied: solution. Chapter 4 Review Exercises, page 241 


When b < —2, there are no solutions. 1a) i)y= aes +4) — 13 ii) (-4, -13) 


. a) When b > 4 or b < -4, there are 2 solutions. iii) x = —4 iv) -9.0990, 1.0990 
When b = +4, there is 1 solution. vy) TTP 
When —4 < b < 4, there are no solutions. 


w 


[10 \-8 -4 -4 -2 0 


yee yee 


JY =-O+ 12-5 ‘ 
= re ib F 2 | 
ys fa+4y—13 


a) When k > > there are 2 solutions. 


: 1 = 
When k = > there is 1 solution. b) i)y= mecaed + 12° + 60 ii) (-12, 60) 


When k < > there are no solutions. z aaele ‘ By cena alos 
4 60} 
Ok= 5 
5. a) Each line intersects the parabola at | or 2 points. 


Oy = 6x 
6. a) All the parabolas pass through the origin and have a 


maximum value. 
b) Each parabola intersects the line y = 2x at least once. 


dy =x(2- x) y = tx(6 - 2) yap persia +60 | 


+95 -20 +15 +10 |-3 |0 5 
5 
9 i)y=2x4+1"%-8 ii) (-1, -8) 
iti) x = —1 iv) -3, 1 
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N 


Pw 


uw 


Sa 


bal 


vy) 


y = 2@/+ 17-8 


d) i)y = 37-2" -3 ii) (2, -3) 
iii) x = 2 iv) 1,3 
v) y 
in 
e) i)y =-(x- 37 +4 ii) (3, 4) 
iii) x = 3 iv) 1,5 
i {| yes Dies 
2 
ty 
f) i)y =-2(¢+ 1)? +8 ii) (-1, 8) 
iii) x = -1 iv) -3, 1 
vy) y 
y=-2r+1P+8 
. a) Minimum is 0; —7 
b) Maximum is 4; 3 
é : 3 1 
© Maximum is — aia 
. a) 35m b) 2s 0) 4.65 s 
a) 3,5 b) 3, 10 95. 5 
d)—3,2 e) —5, -1 3ti 
. a) 4i b) 61 04V3i 273i e) -25 
f) 49 g)-3 h) -5 i) 1 j)-i 
a) -10, -4 b) 2,6 
0) -1.7958, 7.7958 d) -3.4495, 1.4495 
e) 142i f)-6 + 3i 
a) 9 —2i b) 7 — 10i Q-18 + 12: 
d) 8 + 28: e) 26 — Ti f)31-i 
g)—21 + 20i h) —40 — 42i i) 53 
a) -3i b) -2i Fy -3 = 3i 
3 z a 10 I beer 
qd) —3i e4-2i Noy Po5 
ri 4 197 
g)i 55 — 39° 
a) =i b+ 
2 i 4 3i 
95-5 55 + 35 
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Chapter 4 Self-Test, page 243 


1. a)y = 2x — 2) + 10 by=3(x+2) -2 
2 
realy: 1 =1y,-3p- 233 
oy= 2(x >) +5 dy 5 3) 7 
2. a) i) 10 ii) Minimum iii) 2 
«73 a ee sy 11 
b) i) an, ii) Minimum iii) ra 
Fy 5 ii) Maximum ii) 3 
4) i) -3 ii) Minimum iii) 3 
3. a) 80m b)3s O7s 
4. The x-intercepts of each graph are the roots of the 


corresponding equation. 


a) -1,3 b) 2 0 No real roots 
5. a) +4 b) +/5 otV7i 
1 5 
d) -4, 5 Cre f)-> 
6. a) +12i b) -0.4495, 4.4495 
Q-1+3i d)-l+i 
34 V31, lav 
i eo ee 
La) 5i b) 2./3i 9 -36 d) 8i 
8. Sum = -2; product = £ 
9. a) 7 — 8i b) 12 + 10i 
9 85 d) 7 — 24i 
3 5. 
10. a) —7 b)-5 +5i 
1 36 3 4. 
95-9! q5— 5! 
i 4 3 
11. a) a Nos + 55! 
Assessment Tasks, page 244 
EC 
=p 
= 
Oo 
te TB) ii) 
b) i) (t, -r?) ii) y = —x* 
2. a) Yes; 7.24 cm or 2.76 cm 
b) No 050 cm?; 5 cm 


Chapter 5 Trigonometric Functions 


Necessary Skills 
1 Review: Trigonometric Ratios in Right Triangles 
Exercises, page 247 


1. a) 38° b) 51° 0) 39° 

2. a) 2.0 cm b) 3.2 cm 90 14cm 
3. a) 3.4cm b) 3.7 cm 91.9 cm 
4. a) ZD = 29°, EF = 5.9 cm, DF = 12.1 cm 


b) ZJ = 53°, HJ = 4.6 cm, GJ = 7.6 cm 
0) ZM = 61°, KM = 2.8 cm, LM = 5.0 cm 


Previous Section 


d) QP = 5.1 cm, ZQ = 57°, ZP = 33° 
e) TV = 5.2 cm, ZV = 32°, ZS = 58° 
. ab = 5.3 cm, ZA = 26°, ZC = 64° 
b)a = 7.6 cm, ZA = 34°, ZC = 56° 
dc =6.6cm, ZA = 38°, ZC = 52° 
d) ZC =47°,b =3.4cm,c = 2.5 cm 
e) ZC = 58°, a = 3.5 cm, b = 6.6 cm 
f) ZC = 19°,a = 8.8 cm,c = 3.0cm 


wu 


2 Review: The Sine Law in Acute Triangles 
Exercises, page 249 


1. a) 52° b) 56° 0° 58° 

2. a) 10.6 cm b) 5.8 cm 9 3.9 cm 
3. a) 6.6 cm b) 12.1 cm 95.5 cm 
4. a) 5.7 cm b) 10.1 cm 95.2 cm 
5. a) ZD = 73°,d = 11.4cm, f =5.0cm 


b) ZJ = 82°,g =5.9cm,h=2.8 cm 

0) ZP = 43°, ZM = 53°, m= 9.9 cm 
6. a) ZQ = 76°. p = 7.6 cm, r= 13.2 cm 

b) ZS = 47°, ZU = 51°,u = 10.1 cm 


¢ ZW = 51°, w = 16.9 cm, x = 21.8 cm 


3 Review: The Cosine Law in Acute Triangles 
Exercises, page 252 


iti) Positive 


y 


iv) Negative 


1 
62° 
oO 


> 


v) Negative vi) Positive 
y y 
92° 
PN x 2 x 
oO A fe} A 


b) For 90° < @ < 180’, the cosine ratio is negative. 


4. a) 0.940, -0.342 


y 


b) 0.996, —0.087 


(0.342, 0.940) (0.087, 0.996) |” 
1 1 
110° 95° 
x EN x 
0 A ) A 


c) 0.669, —0.743 


(0.743, 0.669) 


d) 0.956, 0.292 


¥ 
(0.292, 0.956) 


1 
a 
x x 


Oo 


(0.788, 0.616) 


> 
i} 
> 


e) 0.616, —0.788 f) 0.574, 0.819 
(| 0.574) 
1 
x as" \ 3 
A oO A 


1. a) 5.8 cm b) 4.9 cm 06.5 cm g) 0.139, -0.990 h) 0.809, 0.588 
2. a) 68°, 46° b) 30°, 73° 9 64°, 33° » y 
(0.588, 0.809) 
3. a) 86° b) 41° 9 59° ; 
a, a) 50°, 45° b) 84°, 55° 6) 50°, 71° cD eee ‘se \ 
5. a)d = 3.9 cm, ZC = 84°, ZE=47° “ . 
b) ZF = 55°, ZG = 46°, ZH = 79° i) 0.777, -0.629 
Qk = 12.6 cm, ZJ = 39°, ZL + 55° 
6. a) ZB = 96°, ZC = 66°, ZD = 18° 
b) f = 13.0 cm, ZE = 65°, ZG = 44° 
¢ ZH = 56°, ZI = 60°, ZK = 64° 
1. Yes 5. a) 45°, 135° b) 120° ©) 68°, 112° 
d) 135° e) 60°, 120° f) 180° 
51 Exerci 957 g) 49°, 131° h) 41° i) 139° 
mV ERETEISES, PAGE 6. Each equation that contains the sine ratio has 2 solutions. 
1. a) 0, 1 b) 0.1736, 0.9848 es ‘ é 
0) 0.3256, 0.9455 d) 0.4540, 0.8910 . ; oe ; as ‘ oe or : i 
e) 0.5736, 0.8192 f) 0.7193, 0.6947 2 a0 deat hy opr i) 120" 
g) 0.8910, 0.4540 h) 0.9744, 0.2250 42", 138" W) 14°, 166" 146" 


i) 0.9877, 0.1564 


2. a) 0.8660, —0.5000 
©) 0.8572, -0.5150 
e) 0.3746, —0.9272 
g) 0.9816, —0.1908 
i) 0.7431, -0.6691 
3. a) i) Positive 


y 


(e 
PY x 


oO A 


1,0 
b) 0.2588, -0.9659 
d) 0.9945, -0.1045 
f) 0.6018, 0.7986 
h) 0, -1 

j) 0.0698, -0.9976 


ii) Positive 


10. a) i) 0.5, 0.8660 
iii) 0.8660, 0.5 


ii) 0.7071, 0.7071 


b) sin 30° = cos 60°; sin 60° = cos 30°; sin45° = cos 45° 


30° 


0.8660 


45° 


0.7071 


45° 


1. a) 0.714 
12. a) —0.980 


0.7071 


b) 0.954 
b) 0.8 
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15. a) 0.968, -0.968 b) 0.760 18. a) 18.8 cm b) 74.4° 
V4. a) i) 1,0 ii) 0, 1 iii) -1, 0 19. 1.6 km 
5. a) ) 0, 1 ii) 0.3420, 0.9397 20.6.6 cm 
iti) 0.6428, 0.7660 iv) 0.8660, 0.5 asee 
v) 0.9848, 0.1736 vi) 0.9848, -0.1736 : : 
vii) 0.8660, -0.5 viii) 0.6248, -0.7660 Ba) 145 pL Ia Tia 
ix) 0.3420, -0.9397 x) 0, -1 23. 43.7 m 
b) 0°, 180°; 20°, 160°; 40°, 140°; 60°, 120°; 80°, 100° 24.2.3 km 


Each pair has a sum of 180°. 


; ‘ 25.2.7 cm or 6.0 cm 
©) The numerical values are the same, but the signs are 


opposite. 
16. a) sin 8 = cos (90° — @) and cos 6 = sin(90° — 6) Self-Check 5.1, 5.2, page 267 
B 1. a) 0.9945, 0.1045 b) 0.1530, —0.9882 
@ 0) 0.9925, -0.1219 d) 0.7157, —0.6984 
; ; 3. a)7.7cm b) 104° 
4. Since x; > x2, then cos 20° > cos 50° 
b) 8 180°- 6 90°- 8 
sine sin 0 sin @ cos 6 
cosine cos 0 —cos 6 sin @ 


5. It is not possible to construct a triangle with these 


5 2E ‘ 2 6 3 measurements. 

Hey TRIBUS PANE 6. a)b = 14.7 cm, ZA = 47°, ZC = 40° 
1. a) 5.2 cm b) 7.4 cm 9 8.9 cm b) ZP = 34°, ZQ = 127°, g = 16.3 mm 
2. a) 5.7 cm b) 5.1 cm 07.9 cm — ZZ = 13°, ZY = 31°, ZX = 136° 
3. a) 83° b) 23° © 106° 7. ZA = 49°, ZC = 101°,c = 7.8 cm or 
4. a) 65° by 33° 9 124° ZA = 131°, ZC =19",¢= 2.6m 
5. a) f = 24.0 cm, ZD = 48°, ZE + 25° i ela 

b) ZG = 30°, g = 12.4 cm, h = 19.0 cm 9.5.9 cm, 50.1 cm 
) ZJ = 110°, ZK = 43°, ZL = 27° intoian 


d) ZM = 40°, ZN = 104°, n = 19.8 cm 
6. a) ZA = 39° and AC = 4.7 cm or 


11. 9.2 units, 12.4 units 


ZA = 141° and AC = 1.0 em Bees 
b) ZA = 53° and AC = 116 cm or 
ZA = 127° and AC = 1.2 cm 
7. a) AC gets longer. b) AC gets shorter. 
8. a) ZA = 25°, ZB = 137°, ZC = 18° 
b) ZD = 94°, e = 13.1 cm,d = 21.2 cm 
0g =47cm, ZJ = 35°, ZH = 84° 
ee bis ae ernie 5.3 Exercises, page 270 
f) ZU = 47°, ZT = 111°,t = 8.7 cm 1. a) 270° b) 540° 
9.¢ = 15.6 cm, ZP = 30°, ZR = 28° 2. a) ‘. 
10. ZC = 21°, ZA = 18°,a = 3.8 cm ; 
11. 5.02 km ae a 
12. DB = 4.7 cm, AC = 3.4 cm 
13. 48°, 58°, 74° 9 , 
14. a) 118°, 62° b) 9.4m 
15. a) 13.7 cm b) 21° 
16. 126.6°, 50.6", 61.7° : 
17. 20.5 cm 
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w 


uw 


e) ay f) y 


. Answers may vary. 


a) 430°, -290° 
d) 580°, -140° 
g) 480°, -240° 


b) 250°, 470° 
e) 450°, -270° 
h) 90°, 630° 


9 205°, -515° 
f) 315°, 405° 


. Answers may vary. 


a) 400°, —320° b) 140°, -580° ©) 590°, —130° 


. Answers may vary. 


a) 540°, 180° 
©) 300°, 420° 


b) 450°, -270° 
d) 720°, 0° 


b) Quadrant I 


a) 1.2 


b) 1.3; Quadrant TT 


* 
x 
AC, 0) 
P 


10. a) (—45 + 360n)° 
¢) (240 + 360n)° 
e) (180 + 360n)° 
g) (450 + 360n)° 
11. 233.1° 


12. 146.3° 


5.4 Exercises, page 278 


b) (150 + 360n)° 
d) (-30 + 360n)° 
f) (-45 + 360n)° 
h) (-80 + 360n)° 


1. a) 0.8, 0.6, 1.33 b) 0.8, —0.6, —1.33 
¢) -0.6, —0.8, 0.75 d) -0.6, 0.8, —0.75 
2. a) 0.891 b) 0.454 ¢ 1.963 d) 0.485 
e) -0.875 f) -0.554 g) -0.731 h) -0.682 
i) 1.072 j) -0.848 k) 0.530 1) -1.600 
3. a) i) 0 ii) 1 iii) 0 iv) 1 
v) 0 vi) Undefined vii) 0 viii) —1 
ix) 0 x) -1 xi) 0 xii) Undefined 
xiii) 0 xiv) 1 xv) 0 
4, a) 1.111 b) 0.839 0) 0.326 d) 0.391 
e) -0.625 f) -0.988 g) 0.139 h) -0.974 
i) 2.475 j) 0.052 k) -0.404 1) 0.777 


5. Answers may vary for part ii. 
a) i) 0.731 


b) i) 0.559 

©) i) 0.649 

d) i) 0.951 

e) i) -0.951 

f) i) -0.488 

g) i) -0.156 

h) i) -0.857 

i) i) 3.487 

j) i) -0.574 

k) i) 0.407 

I) i) -5.145 
6. a) Negative b) Negative 

d) Negative e) Positive 
8. a) 67° b) 17° 

d) 37° e) 78° 
9. a) 155° b) 161° 

d) 129° e) 117° 
10. a) 215° b) 246° 

d) 213° e) 258° 
11. a) 320° b) 318° 

d) 282° e) 316° 


12. a) 65°, 295° 
d) 55°, 125° 
13. a) 208°, 332° 
d) 238°, 302° 
14. a) i) (0.866, 0.5), (—0.5, 0.866), 
ii) 30°, 120°, 210°, 300° 


b) 17°, 163° 
e) 43°, 317° 


b) 137°, 317° 
e) 107°, 253 


ii) 133°, 407° 

ii) -56°, 416° 

ii) 213°, 393° 

ii) 72°, 468° 

ii) 198°, 522° 

ii) 334°, 514° 

ii) 351°, 549° 

ii) 149°, 571° 

ii) 74°, 434° 

ii) 215°, 685° 

ii) 66°, 654° 

ii) 101°, 461° 

©) Positive 
f) Positive 
0~ 46° 

f) 39° 

¢) 125° 

f) 131° 

¢) 215° 

f) 207° 

¢) 349° 

f) 290° 

¢) 54°, 234° 
f) 68°, 248° 
¢) 156°, 204° 
f) 100°, 280° 


(0.866, —0.5), (0.5, -0.866) 


iii) 0.866, 0.5; -0.5, 0.866; -0.866, -0.5; 0.5, -0.866 
b) i) (0.342, 0.94), (0.94, 0.342), (-0.342, -0.94), 


(0.94, 0.342) 
ii) 70°, 160°, 250°, 340° 


iii) 0.342, 0.94; -0.94, 0.342; -0.342, —0.94; 0.94, -0.342 
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15. a) —0.866; 0.5 b) 0.866; -0.5 

0) 0.5; 0.866 d) —0.5; —0.866 
16. a) —0.342, 0.94 b) 0.342, -0.94 

0) 0.94, 0.342 d) -0.94, -0.342 
17. a) 0.949 b) 0.316 ©) 3.000 
18. a) 0.857 b) 0.514 ©) 1.667 

5 12 5 

19. a) aa b)5 (9) Aan 


20. a) Answers may vary. 


b) Answers may vary. 5 ¢) 0.8 
d) Answers may vary. (3, 4) 


21. a) Answers may vary. 


b) Answers may vary. 5 0) 0.8 
d) Answers may vary. (—3, 4) 


22. Answers may vary. (—2, —1) 
23. Answers may vary. (5, —12) 


25. a) (se —a) 


b) Corresponding ratios are equal. 


5.5 Exercises, page 285 


1. a) i) 


iii) 


iv) y 


viii) » 
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b) i) 45° ii) 30° iii) 45° iv) 60° 
v) 30° vi) 60° vii) 45° viii) 60° 
2. a) a b) a rt) a d) 5 
“5 Ns > h) > 
oR re wn 8 
3. a) 1 b) -1 dl d)-1 
®) ) 5 h) —- 
V3 V3 v3 V3 
i) V3 V3 k) V3 )-V3 
4. a) a b) BA 0 i 4) a 
aS 9B pg BB 
i> )-> k)-> D> 
5. The results are exact when geometric relationships are used. 
6. b) i) Yes ii) Yes 
7. a) There is a pattern. 


b) The pattern for cosines is the reverse of the pattern 
for sines. 


a) i) (0.866, 0.5), (—0.866, 0.5), (0, -1) 
ii) 30°, 150°, 270° 


iii) = * rei = * Ri 0, —1, undefined 
b) i) (0.707, 0.707), (-0.707, 0.707), (-0.707, -0.707), 
(0.707, -0.707) 
ii) 45°, 135°, 225°, 315° 
it) Ly, a ee 
V2’ 2 V2’ J2 v2’ V2 2” /2 
©) i) (0.5, 0.866), (-0.5, 0.866), (-1, 0), (-0.5, -0.866), 
(0.5, -0.866), (1, 0) 
ii) 60°, 120°, 180°, 240°, 300°, 360° 
ii) 3,3, V3, -4, “3, V3; -1, 00-5, 3, V3; 
3, —/3; 1,0, 0 


d) i) (0.924, 0.383), (0.383, 0.924), (-0.383, 0.924), 

(0.924, 0.383), 
(—0.924, —0.383), (-0.383, —0.924), (0.383, -0.924), 
(0.924, —0.383) 

ii) 22.5°, 67.5°, 112.5°, 157.5°, 202.5°, 247.5°, 
292.5°,. 337.5" 

iii) 0.924, 0.383, 0.414; 0.383, 0.924, 2.414; -0.383, 
0.924, —2.414; —0.924, 0.383, -0.414; 
—0.924, -0.383, 0.414; -0.383, —0.924, 2.414; 0.383, 
—0.924, -2.414; 0.924, -0.383, -0.414 


1; 1; 


1 
2? 


9. a)! +8 b) SVS 
Fy vs u a2 =e 
@ 2V5= v2 Ee 
10. a) 0.9659 b) 0.9239 0) 0.8090 


Self-Check 5.3-5.5, page 


y 


1. a) 
(4) ¥ 
e) y 


2. Answers may vary. 


a) -90°, 630° 
0) -210°, 510° 


3. Answers may vary for part ii. 


a) i) 0.407 
b) i) 0.309 
¢) i) 0.781 
d) i) 0.682 
e) i) -0.122 
f) i) -0.675 
g) i) -0.766 
h) i) -0.070 
i) i) 0.325 
j) i) -0.829 
k) i) 0.391 
I) i) -0.839 
4. a) Negative 
d) Negative 
5. a) 125° 


6. a) 63°, 297° 
V3 


7. a) me 


d) = 


5.6 Exercises, page 292 


TT 
1. a 


4. a) 27 radians 


Previous Section 


287 
b) y 


d) 


b) -285°, 435° 
d) -480°, 240° 


ii) 156°, 384°, 516° 
ii) 288°, 432°, 648° 
ii) 218°, 398°, 578° 
ii) 43°, 403°, 497° 
ii) 263°, 457°, 623° 
ii) 326°, 506°, 686° 
ii) 310°, 590°, 670° 
il) 94°, 454°, 626° 
ii) 18°, 378°, 558° 
ii) 236°, 596°, 664° 
ii) 67°, 427°, 653° 
ii) 140°, 500°, 680° 


b) Negative © Positive 
e) Negative f) Negative 
b) 148° ©) 139° 
b) 194°, 346° ©) 59°, 239° 
v3 tL 
b) 5 ° Ji 
)-/3 5 
Tt T 20 
bs 95 My 
hs 4n 
f) 1 8) 62 h) 3 
a) ST llx 
i> i I) 2n 
3m Sn Tt 
ig oF Vy 
b) 60° ©) 90° d) 120° 
f) 180° g) 45° h) 90° 
j) 180° k) 225° 1) 270° 


b) 7 radians 


a5 radians 


10. 


5. a) y b) y 
Pr 
[o) [o) ACL, 0) 
13m 251 Qn 17m 
6° 6 4° 4 
(9) y ‘ d) oe 
o Cr, 0) ) 
Tm 13x Sn 9n 
a3 Va) 
e) y f) y 
Vd 
P Sn 
[o) [o) G0) 
8x dn 17m 29% 
3° 3 6 
8) y 
a 
|O Ati 6} ao) 
F a 
10x 16n lin 17% 
3° 3 3° 3 
lix 19% 13m 210 
cae oe ay ees 
15x 23% 23m 350 
vara 9°57 6 
19x 31n Tx 11% 
Tate are 
g) 37, 50 h) 42, 67 
a) 1.83 radians b) 3.84 radians ©) 1.00 radians 
d) 2.29 radians e) 1.43 radians f) 0.79 radians 
g) 1.12 radians h) 0.40 radians i) 2.44 radians 
j) 1.05 radians k) 1 radian l) 0.5 radians 
. a) 171.9° b) 229.2° ¢) 120.3° d) 91.7° 
e) 28.6° f) 68.8° g) 378.2° h) 360° 
. a) 90° b) 330° ©) 120° d) 210° 
e) 300° f) 270° g) 315° h) 405° 
a) Multiply by iw to convert degrees to radians. 


. a) p> 


b) Multiply by eo to convert radians to degrees. 


y 


: 
ACL, 0) 
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8) 4 
20 
oO KCL, 0) 

12. a) 10 cm b) 12.8 cm 

d) 24.8 cm e) 18 cm 
13. a) 34.0 cm b) 18.3 cm 

e) 55.0 cm f) 23.6 cm 
14. a) i) r ii) ar 


15. a) 0.5 radians, 28.6° 
©) 2.08 radians, 119.4° 


16. 5.5 cm 
17.8.9 cm 
18. a) 0.009 59 radians ii) 3686 km 
19. a) 18.52 radians/second b) ye 
20. 5009.3 km 
_ re _ 6 
a. a)A = 7 b)A = 350 
5.7 Exercises, page 300 
1. a) 0.964 b) 0.622 ¢) 0.684 d) -0.602 
e) 0.946 f) -0.942 g) -0.897 h) 1.424 
i) -0.916 j) -0.926 k) —0.660 I) 0.554 
2. a) 0, 1,0 b) 1,0, undefined 0 0,-1,0 
d) —1, 0, undefined e) 0, 1,0 
3. a) ae b) 1 0 d V3 
1 1 1 1 
e)> f) Vi 8) Vi h) Vi 
pO j-l kh 0 )1 
4. Answers may vary for part ii. 
a) i) 0.746 ii) 0.842, 8.583 
b) i) 0.493 ii) 6.742, 9.883 
©) i) 0.087 ii) 1.483, 11.083 
d) i) -0.129 ii) 4.583, 7.983 
e) i) -0.374 ii) —2.758, 12.183 
f) i) 1.260 ii) 4.042, 7.183 
5. a) 0.79, 2.35 b) 1.25, 4.39 ¢) 1.22, 5.06 
d) 1.04, 4.19 e) 0.45, 5.83 f) 0.23, 2.91 
6. a) 2.08, 5.22 b) 2.24, 4.04 ¢ 3.71, 5.71 
d) 2.37, 5.51 e) 3.29, 6.13 f) 1.91, 4.38 
V3 1 1 
7. a) b) -— )V3 d)—5 
1 1 1 1 
5 3 a5 VA 
)-4 


h) ) 
P 
©) 6.8 cm 
f) 3.6 cm 
© 26.2 cm d) 40.6 cm 
g) 86.4 cm h) 78.5 cm 
T 
b) > 


b) 1.17 radians, 66.8° 
d) 2.73 radians, 156.6° 
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8. a) a b) 3 9-V3 d) - 
1 1 V3 1 
"7 Va 8) a 
3 Pee 
) Iz k) -1 )-1 
1 1 1 3 1 
9. a) 5, ——5 | oo oe 
/3 1 
9 Sge v3 
10. a) 0.52, 2.62 b) 4.19, 5.24 9 0.79, 3.93 
d) 2.09, 5.24 e) 3.93, 5.50 f) 3.14 
11. a) 2.9 m b) 8.2 m? 


12. a) i)-0.5 <5 0<0.5 
iti) -0.114 < 8< 0.114 


5.8 Exercises, page 305 


ii) 0.24 < 6 < 0.24 


1. a) 0, 1, 20 b= 0° 0, 1, 20 
Tt nt ST 
4) > e) 0, 27 VT 
n 1lt nm ST Tm 40 
* 6° 6 gta Les 
Tu 3 TT Tt T T 
wore wore rare 
2n 4 5a 70 Sx 11a 
mee a ae 
TT TT TT v1 ne 
oS oe 
TT Tv sy DTT T 
ae’ mn ar 
4. a) 1.32, 4.97 b) 0.85, 2.29 ¢) 1.25, 4.39 
d) 0.64, 2.50 e) 1.37, 4.91 f) 0.59, 3.73 
g) 1.33, 4.47 h) 0.72, 5.56 i) 0.25, 2.89 
5. a) 1.89, 5.03 b) 2.3, 3.98 0) 3.48, 5.95 
d) 2.50, 3.79 e) 2.50, 5.64 f) 3.55, 5.87 
g) 3.99, 5.44 h) 2.25, 5.39 i) 1.82, 4.46 
6. a) 1.11, 4.25 


b) Both sin 6 and cos @ must be between —1 and 1. 


n Tn 10 


3x 2n Sn 40 


m 2n Sn 5a 


LoS ee am cca 
n ln mum 2n Su 70 3x nm 7X 7h 
4) 0, = 2m Oe cet eration Ve ea 


a) cos x(cos x + 2) 

© (2sinx — 3)(sinx + 2) 

e) (2cosx — 1)(cosx — 3) 
TN 30 

ary 

0 No solution 


e) 2, = 
3° 3 


e) 0.46, 3.61, 


b) (sinx + 2)(sinx + 3) 
d) (3cosx + 1)(cosx — 1) 
f) (3 sinx — 1)(2 sinx + 1) 


b) No solution 


d) 0, 2x, 1.91, 4.37 


Tn 110 
f) 0.34, 2.80, 2, —* 


h) 0,2, =, 2x 


j) No solution 
y=, Se Tn Mn 
6° 6° 6 6 
b) 0,5-, 1,7, 20 


f) 0.99, 2.43, 4.14, 5.57 


12. Answers may vary. 
a) sin? 0+ 2sin@ =0 b) sin? @— sind ++ =0 
dosind-1=0 4) cos’ @— cos 0+ + = 0 
e) tan’ @— 2tand+1=0 fy) tan? 6+ 2tan0+1=0 
13. Answers may vary. 
a) 2sin? @—3sind+1=0 
b) tan? 9 — (./3 + 1)tan0+ V3 =0 
0 tan?O-1=0 
14. a) 0, 1, 20 == 0) 0, 1, 2m 
nN 30 n Sk 30 Tt St 
V2 eG a ae 
. a) 0.73, 2.41, aun b) 1.91, 4.37, 52% 


6 
0) 0, x, z. , Qn d) 1.23, 1.74, 4.54, 5.05 


e) 0.62, 2.53, 3.76, 5.67, 2, 
nN 30 Sn 70 
Og ea a 


1 


wu 


Self-Check 5.6-5.9, page 310 


T : Tt : 
1. a) 4: radians b) 5 radians 
20 : 31m : 
(9) 9 radians dS radians 
2. a) 120° b) 22.5° 0) 315° d) 330° 
3. a) 7.2cm b) 11.7 cm ¢ 10.2 cm d) 16.8 cm 
4. a) 4 b) 4 9-V3 
1 1 
d) a e) > f) Undefined 
5. All angles between 1 and = are in Quadrant TIT. 
6. a) 1.07, 4.21 b) 0.51, 2.63 0) 1.49, 4.79 
d) 3.39, 6.03 e) 2.25, 4.03 f) 1.97, 5.11 
7. a) 1.16, 5.12 b) 52% 0) 4.07, 5.36 
5x 70 Tt 30 um 2n Sn Sa 
d) 0, Sg 2m e) 0, 5-H, 20 ir ne 
nm St 30 um 2m 4n Sn T 
ae ie a 37373 i) 
gt. e) 0, 21 f) 3.77, 5.66 
10. No 


Insights Into a Rich Problem— 
The 2-3-4 Triangle, page 313 
1. a) 41.41°, 55.77°, 82.82° 
b) (largest angle) = 2 x (smallest angle) 
2. a) 44.42°, 57.12°, 78.46°; 46.57°, 57.91°, 75.52° 
b) For the 6-7-8: 2 x (largest angle) = 2 x (smallest angle) 
+(middle angle) 


5. a)a+ar+ar = 180°,a+ar = 90°, ar = 90°; 
a = 34.3769", r = 1.618034; 
a = 34.4°, ar = 55.6°, ar? = 90° 
b) Same triangle. 
6. a) (7°)? = 7° + 13 r = 1.272 019 6; 38.2", 51.8° 
b) Similar triangle. 


_ __ v6 
7. a) BC AC= 


2 
J3+1° 


p) V3 4) v2-V3 V6+v2 
22° 2 ?a/o-V3 
9 v2av3 V3+1 272-73 
2 7° 22? Jo+/2 


aba! cp < VSth 


Chapter 5 Review Exercises, page 316 
1. a) Negative b) Positive 


y y 
167° oe 
x x 
fe) AC, 0) le) AC, 0) 


©) Negative 


To) ACL, 0) 
2. a) 61.5° b) 167.2° ¢) 33.2°, 146.8° 
d) 58.3° e) 20.4°, 159.6° f) 123.9° 
3. a) 0.4067 b) -0.2403 
4. 54.7° 
5. 10.6 cm 
6. a) ZB = 26°; AC = 29.5 cm; AB = 45.1 cm 


b) ZR = 29.6°; ZQ = 49.9°; PR = 32.8 cm 
0¢ YZ = 31 mn; ZZ = 33°; ZY = 114° 


7. 107.8°; 13.0 cm 


8. Coterminal angles may vary. 


a) 530° b) 653° 
y y 
7 170° ae . 
fe) 0 AC, 0) 
P 
d) 40° 
% 
P 
INCI, 0) 
‘, 
600° 
o) INCL, 0) 
P 
h) 560° 
7 
200° 
e) INCI, 0) 
P 
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22. 


23. 


a) 25°, 155° b) 108°, 252° 0) 74°, 254° 
a) -0.966 b) 0.258 0) -3.750 
4 3 4 
a= b) Se (3) a 
a) ——L b) 1 gt ad 
2 2 V3 
a) 1 b)2 9! — 
T 5a 7h 1t 
ae b> I qd) 
. a) 114.6" b) 34.4° 0) 309.4° d) 25.7° 
1.11 
. Answers may vary for part ii. 
V3 wy 1 71 
a) i) Dae 
i a) T OT 
b) le iN 
9 yh liz in 
V3 6’ 6 
. a) 0.61, 5.67 b) 0.96, 4.10 ©) 0.44, 2.70 
d) 3.68, 5.75 e) 1.78, 4.50 f) 1.94, 5.08 
. a) 1.13, 5.16 b) 0.20, 2.94 9, = 
Tm St nm 2n Sn 5a 
i a) 2.19, 4.10 bags 
nm 2n Su 70 5x 70 
922,74 d=, 2, 2.36, 5.50 
nm St 2n 4x 
a) 0, 6. "G 9%, 20 b> ; 
9 0, ©, 2n, 0.32, 3.46 d) 0.25, 2.89, 3 = 
nm Tn 11n 2n 50 
a6 6 ae ee 
0) 0.79, 2.36 d) 1.91, 4.37, 4, = 


Chapter 5 Self-Test, page 319 


0.6507, -0.8570 


2. a) ZC = 39.9°; AC = 3.47 cm; AB = 4.22 cm 
b) ZX = 131.4°; ZZ = 18.6°; XY = 25.52 cm; or 
ZX = 48.6°; ZZ = 101.4°; XY = 78.42 cm 


3. 


4. 
5. 
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a) -51°, 669° 


y 


309° 


ACL, 0) 
H 
0-414”, 306° 


b) -212°, 508° 


y 


P 148° 
x 
0 A(T, 0) 


a) 5.39 radians b) 2.58 radians 
a) y 
0) 
F 
: 5 = a) 
b) sin@ 57 5088 5 tan @ 
©) 248° 
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¢ —0.94 radians 


6. a) 0.236, 3.377 b) No solution 


mn St 7x lin Tx lin 
he ie a i a 2 
7. 0.045 km 
8. Approximately 2897 mm 
nx 7x lin 
10. a) Bee b) 0, 27 
os d) 0.97, 1.85, 4.11, 5.00 


12. a) 180°/s b) 7 radians/s 


Assessment Tasks, page 320 
1. a) 5.70 or 1.23 
2. Always true 


b) 5.70 or 1.23 


3. 4.47 units 


Chapter 6 Graphing Trigonometric 
Functions 

Necessary Skills 

1 Review: Transformations of 

Quadratic Functions 

Exercises, page 323 


7 


y =-05(r- 3) +5 


y = 0.5(x-37-5 


2. a) Vertical stretch by a factor of 3 

b) Reflection in the x-axis 

¢) Reflection in the x-axis; vertical compression by a factor 
of 0.5 

d) Translate 1 unit left and 2 units down. 

e) Vertical stretch by a factor of 2; translate 3 units right and 
4 units up. 

f) Reflection in the x-axis; vertical stretch by a factor of 2; 
translate 3 units right and 4 units up. 


2 New: The Domain and Range of a Function 
Exercises, page 324 


1. a) All real numbers; all real numbers 
b) All real numbers between —2 and 3, inclusive; all real 
numbers between 0 and 3, inclusive 
©) All real numbers between —2 and 7, inclusive; all real 
numbers between —1 and 5, inclusive 


2. a) All real numbers; all real numbers 


¢) All real numbers; all real numbers greater than or 
equal to 2 


6 
4 


-4 |-2 (0) 2/4 


d) All real numbers; all non-negative real numbers 


—6 |-4 |-2 |0 2 


e) All real numbers; all real numbers greater than or 
equal to 1 


y 


ye@r3yrl x 


f) All real numbers; all real numbers less than or equal to 1 


3. a) All real numbers; all non-negative real numbers 

b) All real numbers; all real numbers greater than or equal 
to -4 

©) All real numbers; all real numbers greater than or equal 
to -3 

d) All real numbers; all real numbers greater than or equal 
to 6 

e) All real numbers; all real numbers less than or equal to 6 

f) All real numbers; all real numbers less than or equal to 4 


4.a)1=10-—w 
b) All real numbers between 0 and 10; all real numbers 
between 0 and 10 
5. a) y = 90 — x; all real numbers between 0 and 90; all real 
numbers between 0 and 90 
b) y = 180 — 2x; all real numbers between 0 and 90; all real 
numbers between 0 and 180 


3 New: Independent and Dependent Variables 
Exercises, page 325 
1. a) x3 y b)n;A onr 

dr,V e) 1; P f) x; y 

2. a) x; y b) x; y on; Th, 
djn;R 
ei; A 
f)a; T 
gtih 


4 New: Absolute Value 
Exercises, page 328 


1. a)9 b) 4.2 ¢ 100 d) 15 e) 3.14 

7) eee ae a ee a ) era ae ae ee ae 
9343S UT TT 6 (oer a ee a a 

| oer ae a ee ee baa 
QS aS TT Ss )NSaS TT Ts 


6.1 Exercises, page 331 


.a) 10cm b)2s 
0 0.3 s, 0.7 s, 1.3 s, 1.7 s, 2.3 s, 2.7 8, 3.3 s, 3.7 s, 4.3 5, 
4.7s,5.38,5.758 
d)1.2s 
2. a) i) 10h ii) 14.5h iii) 10.5h 
b) i) February 10, November 11 
ii) April 5, September 7 
itil) May 20, July 19 
. a) The peaks would be higher and valleys would be lower. 
b) They would have the same period. 
©) The peaks would be lower and valleys would be higher. 


_ 


w 


4. A horizontal line with vertical intercept 12 h 
.a) 12h b) 2m 
©) The difference between the maximum and minimum 
heights would be smaller. 


uw 


1 
6. a) 556 8 


b) Period = —! 


frequency 


© Approximately 2.71 m 


7. Estimates may vary. 


a) Periodic; 8 units b) Periodic; 6 units 
©) Periodic; 6 units d) Not periodic 
e) Not periodic f) Periodic; 6 units 
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6.2 Exercises, page 336 


612 


i 


. 
9 y= cosx 


4. a) 0.479; 0.878 b) 0.842; 0.540 


y y 


%, x 
0.878 JAC, 0) 0) 0.540 JAC, 0) 


0) 0.909; -0.416 4) 0.335; 0.942 


y y 
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wo 


bal 


se 


T 


_ 
i) 


20. 


nN 


g) -0.479; 0.878 


y 


-0.5 


b) Yes; y = 0 
dy=l,y=-l,y=0 


dx=T,y 1: x. y 


x= SY O;x=2n,y 


h) 0.530; 0.848 


. a) The value of y approaches 0. 


1 


e) x = 0.785 398 16, y = 0.707 106 78 


: _3k @ 5k On 
a) 1; ..., 32, 5, 2, 

: _u 3n 70 
b)-1;..., 32? 2? 


© All real numbers; all real numbers between 


—1 and 1, inclusive 
d) ...,-1, 0, 1, 27, ... 


e0 
a) 1; ...,-27, 0, 27, 47, ... 
b) -1; ..., -1, 1, 37, ... 


f) 27 


©) All real numbers; all real numbers between 


—1 and 1, inclusive 
qt mt 30 
d)..., “page 
e) 1 


Between 0 and 27: sinx > cosx when + SK< 


f) 27 


Sn, 
t ae t 
sinx = cosx when x = 7 sinx < cosx when0 < x < a 


and = <x < 2m. Beyond 27, this pattern repeats. 


. Answers may vary. 


(-4.078, 0.805), (-5.347, 0.805), (2.206, 0.805) 


. Answers may vary. 


(-5.347, 0.593), (-0.936, 0.593), (5.347, 0.593) 


b) 3. 


. a) y = 0.877 


. a) A straight line along the x-axis 


b) Answers may vary. —5.214, —4.210, 2.073 


a) y = 0.481 


b) Answers may vary. —5.214, -1.609, 5.214 


0.294 0.294 


0.194 


b) They are the same. 
© For x close to 0, sinx = x 


b) True for all points 


. a) The horizontal scale would change to —360 < x < 360. 
b) Yes 

. a) (0.805) + (0.593)? = 1 
a) 0.194 


21. a) (0, 0) b) (0.739, 0.739) 
¢) (0.785 + 6.283n, 0.707), (3.927 + 6.283n, —0.707): 
where n is an integer 


23. a) = b) 2.636; 1.445 
9 i) 


1=2cos th 


olen Jeuga 


0.5 1 


ii) No 


6.3 Exercises, page 347 
1. a) 1; 3;0 b) 1; 0; -F 0 2; -3;0 

2. as 3:0 b) 2; -2;-2 

4. a) The graph is reflected in the x-axis and shifted up 2 units. 
b) The graph shifts right =* units and up 3 units. 
©) The graph is stretched vertically by a factor of 2, shifted 

left - units, and up | unit. 

d) The graph is compressed vertically by a factor of > 


shifted left 7 units, and down 4 units. 
7. a) Yes b) No 


8. (0.6, -2.175); (0.6, -1.175); (0.6, -0.175); (0.6, 1.825); 
(0.6, 2.825); (0.6, 3.825) 
9. (0.6, -2.475); (0.6, -1.65); (0.6, -0.825); (0.6, 0); 
(0.6, 1.65); (0.6, 2.475) 
10. a) y = 0.564 642 47 
b) (0.6, -2.435); (0.6, —1.435); (0.6, -0.435); (0.6, 1.565); 
(0.6, 2.565); (0.6, 3.565) 
I. a) y = 0.564 642 47 
b) (0.6, -1.695); (0.6, —1.13); (0.6, -0.565); (0.6, 0); 
(0.6, 1.13); (0.6, 1.695) 
12. No 


13. Answers may vary. A graph can be translated horizontally 
by one full period. 


14. (-1.2, 0.697); (0.2, 0.697); (1.8, 0.697); (2.8, 0.697) 


15. a) 1 1 

-2n 2n —2n 2n 
=1 -l 
7 

-2n 20 
-1 

b) 1 1 

-2n 20 -2n 20 

"7 7 


16. Answers may vary. 


a)= Shey sin (x ) sin (x + =) 
aera? dak x )oy ae 


17. Equations and phase shifts may vary. 


a) i)y = cosx + 5 ii) 1 
iii) 0 iv) >; 2, 0, 2m, 4m, ... 

Tk: 7 A 

W-53 iii Tg DTU vi) 5 


vii) All real numbers; all real numbers between 


1 3) 43 : 
—— and =, inclusive 
2 oe 


b) i)y = 2sinx—-1 ii) 2 
ies Boe ae. n Sn On 
iii) 0 a i) 1S... 5, aa ee 
W383 See vi) —1 


vii) All real numbers; all real numbers between 
—3 and 1, inclusive 


©) i)y =cosx—2 ii) | 
iii) 0 iv) -1; ..., 0, 2m, ... 
v) -3; ...,-1, 7 vi) —2 


vii) All real numbers; all real numbers between 
—3 and —1, inclusive 


“ T 28 3 sy | 
yo=—s = ss 
d) i)y 7 sin X+5 ii); ; 
wae . TT TT 
iii iv) 2; ...,.=,—-,... 
a DB 
: cL i) > 
vw 1;..., yet vi); 


vii) All real numbers; all real numbers between 
1 and 2, inclusive 


18. a) All real numbers; all real numbers between —5 and 5, 
inclusive; 0; 5; 5, —5 


b) All real numbers; all real numbers between —3 and 3, 
inclusive; 0; 3; 3, -3 


a y 3 3cosx 


©) All real numbers; all real numbers between 3.75 and 
4.25, inclusive; 0; 0.25; 4.25, 3.75 

h 

SSSSee RE eee SS SSeeeeeeee 


3 h=0.25sine +4 
e 
at sn | 0 x t 3m 
2 2 2 2 
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Previous Section 


d) All real numbers; all real numbers between —5 and —1, b) All real numbers; all real numbers between —1 and 1, 
inclusive; 0; 2; -1, -5 inclusive; An, 1;1,-1 
TTT L LT] y 
4 I 4 An. 
| al_| Y= bebe -3 | y=sin(x= 4) 
_| 2] 
I | PET TT fx = La 
ae = Ln ar a a | Terr La 
© 2 Aa ~ + a Ps a SL 4 
N CCE NC x e 
EPSP AEE set Pat 


e) All real numbers; all real numbers between —6 and 2, ©) All real numbers; all real numbers between —2 and 2, 
inclusive; 0; 4; 2, -6 inclusive: —2@: 2: 2. — 
y | : 6 ij > > 
» I 
4 = 36 (x + 52) 
| [44 sth ; | l Lal 
_3n 5 _*® PG 3m * 
X Essa | 2 
ae 
im | 
f) All real numbers; all real numbers between 1.5 and 4.5, d) All real numbers; all real numbers between 0 and 6, 
inclusive; 0; 1.5; 4.5, 1.5 inclusive; =; 3; 6, 0 
y [ I ‘6? 
et =| = 1Scosx+3 
Poaceae 
BEE EERE AEH a 
Ce [-e =o) eae 
2 2 2 2 
~2 
L| +4] 
LUI I as 


g) All real numbers; all real numbers between —1.5 and 
—0.5, inclusive; 0; + -0.5, -1.5 


Ly 


tween —4 and 0, 


| ane y 
| a 4 Le a 
|_| | to} | yedsine=1 “ yr 2cos(x #2) 2) | 
| iis a? x 2 
a ee | [ae | | _| l PY TT Tal 
— +1 +21 = ENE 4s 0 


I 2 TTT a A a a 1 
h) All real numbers; all real numbers between 0 and 4, 


inclusive: 0: 2: 4, 0 f) All real numbers; all real numbers between —3 and 7, 
CoE Seem inclusive; &, 5; 7, -3 

a PEA ‘ ¥ 
LT La & — —- jad aU 

2 2 

t | “2 

iad 0 
l l l I / 
i) All real numbers; all real numbers between —2.5 and 4.5, 


inclusive; 0; 3.5; 4.5, -2.5 21. Maximum value = a + c; minimum value = —a +c 


if 
PRE ya ESSERE at 22. Maximum value = a + c; minimum value = —a + c 
ae | / M-m M+m 
[ ied | = a 
aN PREETI Ta 23. a)a= b)c= 2 
Cy eee er ere: om<sR<SM 
MS S 
4] 24.a) 0 )) 
let |] | | LS 
fl 
19. a) All real numbers; all real numbers between —1 and 1, 7 + 
inclusive; 7; 11, =i LI t 

| | y 1] 
4 y = sin(x — = 
rm eaae y= cos (x~-%) = sinx 

= At _ : b)> + 2x, + 40,7 + 6m, and so on 
+2. 
4| 

| TT | 
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y = sin(x- 2) 


44 
y= sin (x) =—cosx or y = cos(x — 7) 


Ty, aan Ty, 
b) 5 + 27, 5 + 4, _ + 67, and so on 


26. y = 2sin (x + 3) = 2 cosx 


21.y =sinx+ 1 ory=sinx—1;2 


Self-Check 6.1-6.3, page 351 


1. Estimates may vary. 
a) i) 5:10 RM. ii) 9:00 P.M. 
b) i) April 15, August 21 
ii) March 15, September 28 
iii) February 20, October 20 


iii) 5:50 PM. 


2. a) 2 years b) 6500; 9500 
3. (-5.498, -0.707); (-2.357, -0.707); (3.927, -0.707) 


4. a) 1; -5;0 b) 1,2,0 9 2, 0,0 


5. All real numbers; all real numbers between —1 and 3, 
inclusive; et 2; 3;-1 


6.4 Exercises, page 357 


1. a) y = sinx b) y = sin2x 

oy =sin4x d) y = sin3x 
2. a) y = sin2x; 7 b) y = sin 3x; 

oy=sin ax; 4n d)y = sin 6x; 4 
3. Yes 
4. a) 152; 0; 0 b) 1; £3 0; 0 

-3-() wlipn. 

¢) 4; 3; 0; 0 d) 3; 5; 0; > 

5. a) The graph is compressed horizontally by a factor of > 


b) The graph is expanded horizontally by a factor of 2. 

©) The graph is expanded vertically by a factor of 2, 
compressed horizontally by a factor of > and translated 
down 2 units. 

d) The graph is expanded vertically by a factor of 3, 
expanded horizontally by a factor of 2, translated up 
4 units, and translated 2 units right. 


L 
y = sin 


y =sinx 


y = sin2x 


y = cosx 


b) As b changes, the period changes by a factor of t. 


©) As b changes, the period changes by a factor of 5. 


Za y 
) 4 ye Qsin de 
% 
Z 
e: 2 
42 
+4 
231 
. 
0) by ye + sin 3x. 
2 
VES 
+2 
4 
1, 
2° 3 
e) Yy = 5Scos 2x 
in 
: 1,20 
33% 3°73 
9. a) i) 2 ii) 27 
iii) Answers may vary; = iv) =i P = 


v) 1,22 vi) 3 
vii) All real numbers; all real numbers between 
1 and 5, inclusive 


b) i) 3 ii) x 
iii) Answers may vary; z iv) 6; am ‘ dh : in 
Sn On 2 : 4° 4 4 
v) 0; 2,22, % vi) 3 


74° 4° 4 
vii) All real numbers; all real numbers between 
0 and 6, inclusive 


9 i)5 ii) 27 
iii) Answers may vary; = iv) 20; 2 it 
v) 10; 2, 2 vi) 15 


vii) All real numbers; all real numbers between 
10 and 20, inclusive 
10. Answers may vary. 


ay = 2sin(x+ 2) +3 


dy = Ssin( +2) +15 


b)y = 3sin2(x-%) +3 


I. at 1; 4;2 


b) The domain of the graph drawn may vary. 


© All real numbers; all real numbers between 
2 and 6, inclusive 
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12. The domain of the graphs drawn may vary. 


616 


a) re 1; 3; 3; all real numbers; all real numbers between 


0 and 6, inclusive 


t 


x 
z 
3sin2(x- 2) +3 


x 
4 


b) 1; a: 0; 5; all real numbers; all real numbers between 


—5 and 5, inclusive 


° a; 0; 2; all real numbers; all real numbers between 


—2 and 2, inclusive 


y = 2sin3(x- 4) 


d) 2m, 2m; 0; 2.5; all real numbers; all real numbers 
between —2.5 and 2.5, inclusive 


mu, 20, 
e) 24? 
between —0.5 and 0.5, inclusive 


0; 0.5; all real numbers; all real numbers 


y= 0.5-c084 (e+) 


f) 7 3; 4; 4; all real numbers; all real numbers between 


0 and 8, inclusive 


i) es T 
2 


y= 4sin3(x-F)+4 


g) = m1; —6; 3; all real numbers; all real numbers between 


—9 and —3, inclusive 
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2; 4; all real numbers; all real numbers between 


1, 20 
h Pind spiesisedlt | 
2; 22, 
—2 and 6, inclusive 


©) All real numbers; all real numbers between 
—2 and 2, inclusive. 


14. a) me m1; 0; 5; all real numbers; all real numbers between 


—5 and 5, inclusive 


b) =e m1; 0; 3; all real numbers; all real numbers between 


—3 and 3, inclusive 


(4) oo 1; 0; 2; all real numbers; all real numbers between 


—2 and 2, inclusive 


T, 20 
d) “6? 3° 
—2 and 2, inclusive 


7 


0; 2; all real numbers; all real numbers between 


y = 2sin(3x + 2) 


15. Answers may vary. 
ui 
ajy= cos 2(x - *) 


Oy= cos 3 (x — m) 


b) y= cos 3(x - z) 
dy= cos 6(x - =<) 


16. a) y = sinx, y = sin1.1x, y = sin 1.2x, ..., y = sin 1.9x 
b) y = cosx, y = cos 1.1x, y = cos 1.2x, ..., y = cos 1.9x 


17. a) The graph expands vertically when |a| > 1 and 
compresses vertically when 0 < |a| < 1. 
b) The period increases when 0 < |b| < 1 and decreases 
when |b| > 1. 
©) The graph shifts horizontally —d units. 
d) The graph shifts vertically c units. 


y = cos 2x 


b) i) 2 


©) The graph has period p. 
19. a) | 


y = sin 2mx 


b) i) 2 


©) The graph has period p. 
20. Answers may vary. (0.6, 0.362); (2.4, 0.362) 
21. 


b) Answers may vary. (1.6, 0.717); (0.4, 0.717) 


x 
z 


22. 


jl 
tala 
lo 


b) The graph repeats; 7 


. . ad F Tt 
c) Maximum is | at —7, 0, 7; minimum is 0 at “35 


d) Answers may vary. y = 0.5 cos 2x + 0.5 
e) Answers may vary. y = 0.5 sin 2(x - a) +0.5 


23. a) i and iii 
d) Answers may vary. 
3 _ & go Te 
i)y= 2sin2(x ) 
iii) y = 2cos 2(x + 9) 


ii) y = 2cos 2x 


iv) y = 2sin2(x — 7) 


24. a)a+c; a t+d+ an where n is an integer 
b)c-—a;d+ = + an, where n is an integer 

25.a)at+c;d am where n is an integer 
b)c-—a;d+ 7 + = where n is an integer 


6.5 Exercises, page 366 


- 


w 


uw 


bal 


10. 


. a) 235; 334 


-y = cos 22 
. a) 10; y = cos 0% 


b) 6; 3; 1; 10 


© 12; 6; 1; 12 d) 15; 100; 30; 75 


b) 2; y = cos ay 


2n x d) 0.25; y = cos ny 


9) 0.025; y = cos 5 a5? 0.25" 


. Answers for phase shift may vary. 


a) i)6 ii) 4 iti) 4 
iv) 14; 0, 4, 8, 12 v) 2; -2, 2, 6, 10 
vi) All real numbers between —2 and 14 vii) 8 
b) i) 10 ii) 40 iii) 30 
iv) 30; 0, 40, 80, 120 _v) 10; —20, 20, 60, 100 
vi) All real numbers between 10 and 30 vii) 20 


. Equations may vary. 


= ony = 2n 
a) y = 6cos 7 8 b) y = 10cos 70% + 20 


. Equations may vary. 


2 x 
0.001 


dy =-2cos Fx +3 


a) y = 3cos x +2 b) y = 0.005 cos 


oy =0.2cos x +0.10 


a) The graph shifts up; # = 25 cos a (t — 0.8) + 60 


2 


b) The amplitude is smaller; h = 20.cos 16 (t — 0.8) + 50 


©) The graph is expanded horizontally; 
h = 2Scos=(t- 1) + 50 


a) 40; 12 b)y = 40 sin 2x 
©) The amplitude and the period would both be greater. 


a) Only 2 periods are shown on this graph. 
Respiration 
2800 v 
2600 
2400 


2200, 
0 1 2/13 1/4 ([5/6/7 


b) 4s; 300; 0; 2500 ¢ V = 300sin ar + 2500 
d) i) The period would decrease. 
ii) The amplitude would be greater. 


a) i) The Motion of Bicycle Pedals 


3 


Height (em) 
he 
a 


0 2 
Time (s) 


ii) O h = 18 cos 2nt + 30 
@ h = -18 cos 2nt + 30 


b) i) The Motion of Bicycle Pedals 


00 


Height (cm) 
wn 
3 


0 2 
Time (s) 


ii) @ h = —18 sin (2mt) + 100 
® h = 18sin(2nt) + 100 


ANSWERS 
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11. a) Change 27, 0.8 radians, and 1.6 radians to degrees. 

12. a) 7:47 P.M. b) Answers may vary. October 5 

13. a) 360 days; 3.1; 172; 12.2 
b) y = 3.1 cos = (n- 172) 
9) 12.7h 

14. a) y = 3.8 cos 20 (n 


365 
b) Hours of Sunlight 


12.2 
d) Answers may vary. April 26 
172) + 11.9 


Hours of sunlight 
oo 


Sh on 
y = 3.8cos 7 (n — 172) + 11.9 


n 
0 100 200 300 400 500 600 700 
Day number 


~095h 
15. a) Answers may vary. 5.3 m 
Pi 20 : 

16. a) A: h = 10sin dist t 12; 


d) Answers may vary. April 25 


ae ee 2 7, . 
B:h = 10sin "EE (t — 0.05) + 12; 


. paar 7 2n 4 
C:h = 10sin O15 (t-—0.1) + 12 


b) 6.67 cycles per second 


6.6 Exercises, page 375 


Previous Section 


2. a) y 
2 
1 
0 + 
+1 
b) y 
4 y = tanx 
2 
o + 
~2 
(9) y 
2 
1 
0 i EG 
+1 
3. a) 
) QU, 0.9474) 
P 27 
fe) IAC, 0) [ACI, 0) 
Q(1, -0.4727) LA 
P 


1 1 
JA(1, 0) JA(1, 0) 


Qc, -3.0096) 
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QQd, -1.1578) 


e) f) 
P, 
G: Si AG. 0) 
P 
LA Qd, -1) 


8) h) 


Qd, 1) 


[1 
Jac. 0) OL 7= Jad, 0) 
2 
: | Cy 
IP 


4. Answers may vary. (—2.206, 1.357), (4.078, 1.357), 
(-5.347, 1.357) 


5. 1.357 = 0.805 - sinx 


0.593 cos x 
7. b) All real numbers except a +3, +28, ...5 all real 
numbers 
Q...,-1, 0, 1, 27, ... d)0 e) 7 


9. tan x 


10. a) h = 100 tanx 


A= 100tanx 


b) Yes 


lix - y is undefined. 


b) Answers may vary. —2.073, 4.211 


13. a) b) 25 
0 20 
25 
©) (1.1071, 0.8944), (4.2487, —0.8944) 


14. a) 


20m 


= on 
b) d = 20tan 0! 


Qa 2. a) y = 50(0.9)' sin a 
fe d= 20tan 1 ‘ 
60. ) 40 y = 50(0.9) 
40 20 
20 F 


y= 50(0.9)'sin =r 


y= +50(0.9)' 


—20 40. 
au ©) -27.168 cm 
—60 on 
BR 3. a)y =(t- 10)° sin + 
b) 1.29, 1.67 
15. a) It appears to be a horizontal line. 4. a) h 


b) Yes; only the horizontal scale changes. 
©) For values of x close to 0, sinx = tanx 


Self-Check 6.4-6.6, page 378 
1 a) 73; 5; 4 = 


b) : b) For0<¢+<5,x=41 t,y=4trsin + 
sl, = sine 2) +3 or0<t<5,x=% oat y= stsin 5 
6 1 T 
For 5 <t< 10,x =2cost tcos —-t 
Fi 3 a ' 20° «5 20°” 
1 
a y 2sin =5t stsint 
For 10<¢< 15,x=4tcos = t-2cos 2+ 
2 5 20 20°” 
¢) All real numbers; all real numbers between y= sisin at 2 sin x0! 
1 and 9, inclusive For 15 < t < 20, x = 4cos i its a 


: Ly ci 
= 4sin=+ tsin—t; 
y 20 3 0 f° and so on 


qT. 
2. a) 0 


Chapter 6 Review Exercises, page 384 
1. a) 1 b) 0 oun 


y =2cos(3x—7)+1 
T T™,1 
03> d)——;= 
13 ) 4°2 


2. 
3. 11 years 
4. a) 


a 
2 


b) 1; —1; all real numbers; all real numbers between —1 and 
1, inclusive; +745 +2. 51; 20 


y = 2cos(3x—) +4 


y = 5sin(4x +m) —3 


3. Answers may vary. (—2.6, 0.809), (0.6, 0.809), (4.6, 0.809), 
(5.4, 0.809) 
4. a) 0.017; 160 b) 160 V 
no : 2n 
QV = 160sin 55 5t a (* 2 sn 
Goya) (Gye) 
6.11 


7. Equations may vary. 


a) vl yk osx —2 


Insights Into a Rich Problem— b) p 
The Equation of a Damped Spring, page 382 TPS Ps 
1. a) y = 40(0.997 692Y sn ger! sol = 2 sin (r- 4) 

= —2cosx 


b) y = —40(0.997 692)! cos a 


ANSWERS 


Contents| 


(3) al 


Fa 
oy pi 
y = 3cos(x+7m) +1 


y=-—3cosx+1 


8. a) iii b)i div d) ii 
9. Equations may vary. 
= _ 2e = _t 
a) y = cos (x : ) b) y cos (x z) 
dy = cos (x- *) d) y = cos(x — 2) 
10. a) iii b) ii Oi 


11. a) All real numbers; all real numbers between 
—2.5 and 2.5, inclusive; 0; 2.5; 2.5; —2.5 


y=2.5cos x 


b) All real numbers; all real numbers between 
—5.5 and 1.5, inclusive; 0; 3.5; 1.5; —5.5 


© All real numbers; all real numbers between 
—1.5 and 4.5, inclusive; 0; 3; 4.5; -1.5 


Ly 


y=t5+3sinx 


d) All real numbers; all real numbers between 
—1 and 1, inclusive; ere 1; 1;-1 


y= cos (x +4) 


e) All real numbers; all real numbers between 
—3 and 3, inclusive; =; 3; 3; -3 


sm 72 
y = 3sin (x - =") 


f) All real numbers; all real numbers between 
—5 and 3, inclusive; a 4; 3;-5 


12. a) 1; 2; —2 b) 2; 2%; 


13. a) 3; 7 
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x 


© All real numbers; all real numbers between 
—4 and 2, inclusive 

n, 20, 
4’ 3” 
0 and 4, inclusive 


15. a) 2; 2; all real numbers; all real numbers between 


y= 2cos 3@7-F) +2 


b) = 2m; 0; 0.5; all real numbers; all real numbers 
between —0.5 and 0.5, inclusive 


y y=035sin (x +2) 
T 3 ‘Xx 


| z - ea > 
(3) 3; 1; —1; 3; all real numbers; all real numbers between 


—4 and 2, inclusive 


y=3sin 2(c+ =F) -1 
Tm, 2m. 
G. 3 * 
—3 and 5, inclusive 


d) 1; 4; all real numbers; all real numbers between 


y=4eos 3(x- 4) +1 


16. a) It expands vertically when |a| > 1 and compresses 
vertically when 0 < |a| < 1. 
b) The period increases when 0 < |b| < 1 and decreases 
when |b| > 1. 
©) The graph shifts horizontally —d units. 
d) The graph shifts vertically c units. 


17. a) y = 3.565 cos 2(n — 172) + 12.015 
b) i) 11.91h i) 14.39 h 
iii) 12.03 h 


—_ 1 rn 
18. h = 4.5 cos 136 (t-— 6) + 13.5 


Previous Section 


19. Estimates and answers may vary. 
a) 0.0038 b) 263.16 oy =sin 


sinx 


20. tanx = = ; when cos x = 0, tanx is undefined. 


21. y 


y= tanx 


Chapter 6 Self-Test, page 389 


1. -3.534 
2P(§, 2): Q(T ys): R(F—-Y) 
3. oo ¥), (1. 119, 2), (3.593, %), (4.261, 2) 
4. a)—%,,-1, 1 
b) : 


x 
2 


y= cos 2(x+F)-1 


¢) All real numbers; all real numbers between 
—2 and 0, inclusive 


5. a)h = 20 sin = (r - 10) + 21 
b) 35.1 m 9 20m 
6. a) d 


1 = Tcos 1 +6 
d= cos ig! + 


8 
6 
4 
2 
0 1 2 : 
b) d = Tcos "1 +6 982m 
7. a) i) 1.57m ii) -0.95 m iii) 18.51 m 
b)-l1m 
8. 


y=tanx 


(1,0) 
x, 


9.4b + | if b is a non-zero positive integer 


us xX 
0.0038 


Assessment Tasks, page 390 


1. a) 0.314 s 
(9) y 


b) y = 0.3 cos 20t + 0.3 


y = 0.3 cos 201+ 0.3 


t 


0 0.1 0.2 0.3 04 05 0,6 0.7 0.8 0.9 


2. a) 24s b) 13.7 m 
Chapter 7 Transformations of Functions 


Necessary Skills 
1 New: The Vertical Line Test 
Exercises, page 393 


1. No; for most values of x, there are two values of y. 


2. a) No b) Yes 0 No d) Yes 
e) Yes f) No g) Yes 

3. a) Yes b) Yes 0 No 
d) Yes e) No f) Yes 


2 New: Solving Linear Inequalities 
Exercises, page 395 


Lax <4 b)x < —2 ox>2 
d)n>> ax<s fice <-13 
Bax <2 b)x > -3 
1° 0 1 2 4 6 -5 4 °-3 -2 -1 
oxs-4 dk<-3 
ex 2-4 f)n <-12 


ee ee 
6 5 4-3 2 -1°0 -14 -13 -12 -11 -10° -9 -8 


7.1 Exercises, page 399 


2. a)9 m b) Approximately 4.3 s 
3. a) i) 15.6h ii) 8.8h iii) 12.2h 
©) The amplitude would be smaller. 
47 Cc 47 
47 47 4.7 47 
-15 
5. a),b) | x 4 3 0 2 4 
yen | 4 2 0 2 4 
See exercise 4d for graph. 
ANSWERS 
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6. a) All real numbers; y > 0 b) All real numbers; y 2 —4 

b) For x < 0, y = |x| is a reflection of y = x in the x-axis, for y 

x 2 0,y = |x| is equal to y = x. = 

© i) Yes,x =0 ii) Minimum is y = 0. 
iti) No 


Arf) sxe 4 


© All real numbers; y = 0 


9. 47 
-9.4 904 
ay f(x) = sin. x 
10. a) 15 FF AG FREE 
f)x20,y20 
0 10 
4 7) 
a {@) = VE 
7.2 Exercises, page 404 Corea ee 
1. a)7 b) 19 00 d)-1 e)—5 
12. a) All real numbers; all real numbers 
2. a) 110 b) 20 06 d)-0.09 ee) 0 = 
3. a) 319 b) 279 0 84 40 e)-1 apt 
4. a) 2; 2.5; 0.5 b) 4; 6.25; 0.25 E fede 
©) 1.414; 1.581; 0.7071 d) 0.5; 0.4; 2 
e) 0.909; 0.598; 0.479 f) 0.416; -0.801; 0.878 b) All real numbers; y = 1 © All real numbers; y = 1 
5. a) 11; 9.5; 10.5 b) —3; 2.25; -1.75 tai we 
©) -10; -2.5; -7.5 d) 0; —3.75; -1.75 
e) —1; 2; -2 f) 0.25; 2; 0.5 
6. a) i) 207 ii) 107 iii) 57 iv) 27 
b) A(r) = 17? 
© i) 100z ii) 257 iti) 6.257 iv) 7 
7. a) f(x — 2) is a function. 2) : fits 
ne 1 1 —4 2 fol 1214] 4a) = Vo-2 
8. a) 0; 53 1 b) 1; 7550 43 
eae ee ee it 
0 0; - d) 5 05 Fi fr 
e) 179 f) 1; 1; 1 +8 
10. 
9. a) 2; 4;2 b) -1.5; 3; 1 Q 2;-1; 2 4G 
10. a) —2, 3 b) 1.5 9 -2,3 -| 
11. a) All real numbers; all real numbers eA 0 —2 
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Previous Section 


13. a) 2r +5 b) 4x +5 
Q—-2x+5 d)2x+1 
e) 2x2 +5 p= +5 
14. a) x? —x—1 bx? t+x—1 
Ox +3x4+1 d) 4x7 — 6x +1 
e) 9x7 — 9x +1 fy? t+3xt1 
m+ 42 +1 
15. a) aaa b) 7 
x 4x45 x2 -2x+2 
q x-2 q 1-x 
xt+1 1 
e) 2 f) = +x 
16. a) 6x — 1 b) 6x — 3 
0¢ 4x -3 
17. Answers may vary. 
a) f(x) =x+3 b) g(x) =9-x 
18. Answers may vary. 
a) f(x) = 142° b) g(x) = 3x-1 
19. Answers may vary; f(x) =x +4, g(x) =6-x 
20. a) 0 b) 3 9-l 
21. a) In T b) (a) 
6 6 
4 if =2n-1 4 
2 : 2 Wn) = 2n-1 
©) There is only 1 output number (¢, or ¢(m)) for each input 
number (7). 
d) Yes 
~ 2 iol si 
22. a) 5 ii) iii) 1 
rare) 1 F 
is Wz vi) 1 
b) 1 © All values except 0 and —1 
23. a)m = 2,b=-3 b)b=2,m=3 
Qb=-3,m=0 
24. a) i) 3; 4.5; -2.7 
ii) i) 
4 
+4 
b) i) 5; 5; 5 
ii) F(x) 
Sy 7a =s 
4 
Teer aay | 
25. a) i) Answers may vary. f(x) = |x|; f(a) = —x* 


Kxe3) Ties) 


ii) The graph has axis of symmetry x = 0. 


b) i) Answers may vary. f(x) = x; f(x) = 4 


—4 |-2 2.4 


ii) The graph is symmetrical about the origin. 


Self-Check NS, 7.1, 7.2, page 408 


1. 


7. 


a)a2=9 bbc <2 

6 7 8 9 10 11 12 13 —2 -1 0 1 2 3 4 
gn>09 dx>1 

0 0.5 1 -3 -2 -1 «0 1 2 3 
e)m>4 f) x < 3.75 

241° 0 1 23° 4S 2 3 4 5 


b) The graph is a straight line because it represents a 
linear function. 
© All real numbers; all real numbers 


. a) op 


4} y= 2@-3P +5 


b) The graph is a parabola because it represents a 
quadratic function. 
¢ All real numbers; y = 5 


a) 47 


b) The graph is a semicircle because it represents part of a 
circle, centre the origin, for which y is non-negative. 
go-4<x<4;0sy<s4 


9.4 94 


© All real numbers; y = 4 


. a) 4 b) -2 ol 
d) Approximately 5.24 e) Approximately —3.24 
a) —5 b) -4.5 0) -4.5 d) 1 e) 1 
8. Decimal answers are approximate. 
a) -1 b) —0.0625 ©) -2.0625 
d) 2.9443 e) -14.9443 
. a) 0 b) 30 ~0 d) 6 e) 1386 


ANSWERS 
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10. a) —3x + 10 b) x7 — 8x + 20 ©) sin (x — 3) 9 glx) =2 din@|- 5) 
d) cos (x — 3) 2. f) Vx—3 
11. a) Graphs may vary. 
—4 |-2 [0 8 : : Tv 
g(x) = 2sin (« - 2); all real numbers; —2 < y < 2 
8. a) y 
| 141 hegafe (aay? 
12 
10 
8 
b) No 6 
4 T@\=|x 
7.3 Exercises, page 413 ENCE 
—4 |-2 10 2.4 
Lajy=Vx-5+2 b)y = |x-—5| +2 
Oy =cos(x—5)+2 djy=x-3 Horizontally compressed by a factor of +: all real 
e)y =sin(v—5)+2 f)y =f(~-—5)+2 numbers; y = 0 
2. ay = +V3x b)y = + sin 3x b) H seaeee 
9x? 2 3x v 
Iy=> dy=> 
e)y = 513x1 Ny = 5fGx) 
2 2 fx) = sin x 
4. a) Translated 3 units right or translated 3 units down. 


Horizontally compressed by a factor of + all real 
numbers; —1 < y < 1 


b) Translated 3 units right. 
©) Translated 3 units right. 
d) Compressed horizontally by a factor of x. 


e) Compressed horizontally by a factor of + or expanded 
vertically by a factor of 9. : 
f) Compressed horizontally by a factor of x. 


uw 


. a) Translated 4 units right. 
b) Translated 1 unit up. 
©) Compressed horizontally by a factor of x. 


Horizontally compressed by a factor of > all real 


. 1 numbers; all real numbers. 
d) Compressed vertically by a factor of =. . 

. : 2 9. a) i) Vertically expanded by a factor of 2 and translated 3 
e) Expanded horizontally by a factor of 2. 


: i units up. 
f) Expanded vertically by a factor of 2. oat ii) Vertically expanded by a factor of 2 and translated 3 
g) Compressed horizontally by a factor of > then reflected units up. 
in the y-axis. . 1 . iti) Vertically expanded by a factor of 2 and translated 3 
h) Compressed vertically by a factor of > then reflected in units up 
the x-axis. : . b) Answers may vary. 
i) Translated 3 units left. a Hoe ill) y = 1 
j) Translated 2 units down. i orn a 
2 
6 a)y=f@-2)  by=f®)-5 dy =fGx) le a 
dy=f(F) ay =4fa) Dy = 4/0) 10. a) 
8) y = f(-2x) h) y = -Sf(x) 
7. a) glx) = 008 (x4) 


f(x) = cos x 


b) 5 


g(x) = 2cos (x - 9) ; all real numbers; —2 < y < 2 


624 FUNCTIONS AND RELATIONS 11 


(4) y 


b) The graph of f(x) = cos x is translated £ units right. 
d) All real numbers; -1 < y < 1 

12. a) Horizontally compressed by a factor of > 
b) Vertically compressed by a factor of 7 


©) Horizontally compressed by a factor of + and reflected in 
the y-axis. 

d) Vertically compressed by a factor of + and reflected in 
the x-axis. 

e) Translated 3 units right. 

f) Translated 3 units up. 

g) Horizontally expanded by a factor of 2. 

h) Vertically expanded by a factor of 3. 


a h c 


c) The graph of f(x) is translated 3 units right. 
14. a), b) 


¢) The graph of f(x) is translated 7 units left. 


wu 


. Each graph of f(x) is compressed horizontally by a factor 
el 
of =. 
2 


9 


awe 
fx) = cos x 


16. a) Translated 1 unit right. 
b) Translated 4 units down. 
¢ Translated 9 units left and 2 units down. 
d) Reflected in the x-axis. 
e) Vertically expanded by a factor of 4. 
f) Horizontally compressed by a factor of +. 


g) Horizontally compressed by a factor of + and reflected in 
the y-axis. 
h) Vertically expanded by a factor of 3 and horizontally 


compressed by a factor of > 


18. a) |” 


b) i)y = V4x ii) y = 2x 
1 
d) Answers may vary. y = 2 
19. a), b) 


y= QF 4) - 6) 


s 


4 |-2 |0 8 


y= x(x — 4) 


ii) y=(x-5)P-1 
ii) Coordinates of the vertex 


9 y= @-6)a-4) 
d) i) x-intercepts 


20. a), ¢) 


f(2x) = 2x(2x — 6) 
y ine 


f(x) = xx - 6) 


1 y= Ee(e—6) 
tx(4x 6) 
24. a) y Vx+4,y Vx+3,y Vx+2,y vx +1, 
yaVx%yavx-Ly=Vvx-2,y = Vx-3, 
y=Vx-4,y=J-04+4,y = V4 43, y = V4 4:2, 
yavatly=/ay=Va- Ly = Vx-2, 
y=Vv-x-3,y=vV-x-4 


b) y = 2x(2x — 6); y 


by =JxtlyaVx-ly=VJx+05,y = /x-05, 
y= Jf, y=-/-x*4+ ly =-/-*- 1,y =-/-* + 0.5, 
y =-/-x - 0.5, y =-/-x 


b)L >0;T>0 


ANSWERS 


26. a) 44)" 


Al 
0] 4 | 8 | 12 | 16 | 20| 24 


b)i>0O;n>0 
©) The graph of y = - has been expanded vertically by a 
factor of 72. . 


28. Answers may vary. y = sinx; y = x 


29. a) fe) = Jeena)” 


b) Reflected y = ./x in the y-axis then translated it 
3 units right. 

©) The graph is reflected in the y-axis then horizontally 
translated k units. 


30. a) Answers may vary. f(x) = ox 


b) An infinite number; any straight line with slope + 


31. a), b) of (43) = 225 5x = VI00—2 


6} f(x) = V25 =? 


flo i-8 |-6 |-4 |-2 |0 2141/6 8/10 


7.4 Exercises, page 419 


1.a)y =2x+3 b) y = 2x7 +3 
Oy =2sinx+3 d) y =2cosx+3 
e) y = 2f(x) +3 

2. a) y = 2(x + 3) b)y = [2@+43)P 


Oy = sin2(x + 3) 
e)y = f[2@ + 3)] 
. a)-c) The graph of f(x) is translated 4 units left and 
1 unit down. 
d)-f) The graph of f(x) is horizontally compressed by a 
factor of + and vertically expanded by a factor of 2. 


d) y = cos 2(x + 3) 


w 


> 


. a) Horizontally compressed by a factor of + then translated 
2 units right. 
b) Translated 2 units right then horizontally compressed by 
a factor of z 
0 Reflected in the y-axis then translated 4 units left. 


d) Translated 4 units right then reflected in the y-axis. 
. ay =f(x—-3)+7 b)y=f(x+4)-2 
= _—1f(1 
oy = 4f2x) dy = 5f(4x) 


wu 
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b) y=[20+6)P 


-8 |-6 |-4 |-2 |0 214 


(9) y 
8 
6 y= 1/2014 16) 
Fi y= Vie 
2 pa he 
x 
—4 -2 0] [2/47 6/8 
1. a) » b) 
. y= /3a+6) 
y= 3x46 
x x 
4-2 0] | 2/4) 6/8 —4-2 214/6/8 


(4) y d) 
12 
10 y = [3x + 6] 
8 
6 
y= Bat 6)| i 
2 
! x x 
[12-10 -8 -6 -4 -2 0 -8 -6 4-2 0] [21416 
e) : fy | y 
12 
y = 3(x+ 6)? 
10 10 
y =|BG@}+ 6)P —g 8 
6 6 
4 4 
2 2 
=8 -6 -4 -2.0 |-8 6 |-4 -2 0 
By = 2/x+6 


xy = J2x +3 

10. a) The graph of y = ,/x is horizontally compressed by a 
factor of + then translated 2 units left. 

11. a) The graph of y = |x| is translated 5 units right, vertically 
expanded by a factor of 3, then translated 1 unit up. 

12. a) |\) jo/” 


b) The graph of y = x? is horizontally expanded by a factor 


of 2 then translated 4 units right. 
©) All real numbers; y = 0 


13. a) y 


The graph of y = ./x is horizontally compressed by a 


factor of 4 then translated 2.5 units right. 
x20;y20 
x22.5;y20 


b) 


SG) = sinx 


a(x) =/sin 2x = 

The graph of f(x) is horizontally compressed by a 
factor of 4 then translated 1 unit down. 

All real numbers; —1 < y < 1 

All real numbers; —2 < y < 0 


14. a) The graph of f(x) is vertically expanded by a factor of 2, 


then translated = units right and 1 unit up. 
b) All real numbers; —1 < y <3 


15. a) —2; 7 b) 3:4 
17. a) (0.827, 3.346) b) y = 4.8977 


20. a) V = L(d — 4) 
b) V = 12(d —4)?; V 


16(d — 4)?; V = 20(d — 4)? 


(4) V V = 20(d-4) 
15-000 V = 16(d- 4) 
V = 1X%d-4)? 
10 eee eee rt ttt 
5.000 
d 
038 30 32 34 
21. a) Ly 
8 
ii iii 
2 
yee e ilx 
-10|-8 | -6 47-270, [214/68 


b) i)y = /25-(- 3)? 
ii) y = V25— 32 +2 
iii) y = /25-(x- 3) +2 
g-S5<x<5;0<sy<5 
)—2<x<8:0<y<5 
i) -S<x<5;2<y<7 
iii) -2<x<8;2<y<7 
22. a) fi y 


-8 | -6 | -+4 | -2 |0 2|4/6/8 


b) i)y = /25- (x? ii) y = 25 - (42) 
ii) y = 325-2 iv) y= 2/25 — x2 


g-23 d)-2; 23 


23, 


7. 


1 


w 


be 


10. 


12. 


13. 


gS <x<5;0sys5 
)—2.5<x<25;0<sy<5 
i)-10<x<10;0<y<5 
iii) -5 <x<5;0sy<25 
iv)-5 <x <5;0<y< 10 


. b) y = 3f(x) + 12 


5 Exercises, page 430 
Lara 4 bd = © gr=/4 
A 3/ 3V 
dr= ae er= ae 
La f(x) =x-4 b) f'(x) = 
Of'@ =F d) f(x) =1-x 
e) f-\(x) = 2x - 10 pf) = 
ay=t/x b)y=+/x+2 ae 3-x 
dy=t — ey=tv2x42~ fy +/2>* 
a) No b) No 
a) IQ) =f '@) =x- Lf) =x-2; 
fi@=x-3 
ii) f@) = —x3 f '@ = 1-ax:f-'@ =2-4; 
f'@) =3- 
ii) $10) = 5 $10) = 23 f1@) = Sf = + 
iv) f(x) = x — 13 f 1) : 1; fx) - 1; 
fl@=5-1 
ee a ee ie ca 
f= Sf) = 3 = f= Z 
ii) f-'(x) = Lp (x) C 13 f@) = = -2; 
f'@=1-3 
iv) f'(x) = 7 fl@ = fle =: 
fl ) = a 
a) Yes b) No 0 No 
d) Yes e) Yes f) Yes 
a)y = ae b)y=24+JS2-x 
. a) Yes b) No 
a)n = <0 b) t= ea 
& F -30 
Dh = 3769 econ ; 
5 T \3 
e) C= 2(F - 32) d= (4) 
a)y = tx 
b) yo 
“ yi tale 


©) No; it does not pass the vertical line test. 
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Previous Section 


4. a) g(x) = 27, x 20 f) g(x) = 2° +2,x > 0;x 20; y > 2; function 
b) PTT PTT fer teay att +2 | 
'g| gi =2 s| jie aca 
Fi eer 
6| 6] / 7 Cl 
1 / bee Ve 
x L | E 
CSL ate 
| Pa El 
7 8- 
ie mafl@=T>  wfl@=5-x afta ="5* 
Ie) = ly) = = 2 1-3 
15. a) f(x) =x +4 b) f-(@) 3 ' d) f(x) = = ef Q) = = x pf lay=2-1 
1 -1 x= 
c x) = 2x- 14 d x) = 
Fe) be) x 18. a) Answers may vary; f(x) = . 
-1 _ 1-x =f 3 : . Xe 
e) g°) = —— Vr @= > b) An infinite number 
16. a) y = ae all real numbers; all real numbers; function 19. Restrictions may vary. 
a)x 20 b)x 20 
y ba 
Lis} PP | Ie p pew 
6| ti o| | 
aff 4| 
2 ss 2} y + Ves |} 
vl 2 
UAT a ee arate ere 
gx21 
b) y = 10 — x; all real numbers; all real numbers; function ae Cl | 
ytqesiy? 
ig|_Nol=io= 5 Hf 
Alem e ai TT] 
“| apart ttt 
4 0 ; rH | 3 Z 
‘al 7 
FECES gx 
5 
‘3 
| — 
fe) = v2 ee a ia 
19. 
| x 
8 4 [2 [0 
4| [ 
EL LEH 
| f(x)_= (x = 4)(x +2)! 
See 
f)x >2 
SQ) = 27 - 4x43 
y = 
a 
| P(x) = Je +142 
Al fo SQ) = Vx+1 +2 
Arn 
0 4 aan 
6 
x 
except 0; function 20. a) [x = evs 0 D2. ! 
y | -1571 | -0524 | 0 0524 | 1571 
b) y 
Rb 
6 a 
| | x 
0.5 - 0.5 
a baer Cole 
3 


d)—1 <x < 1; all real numbers 
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21. a), b) 5. a) Horizontally compressed by a factor of > then translated 


1 unit left. 
b) Translated 1 unit left then horizontally compressed by a 
factor of 5. 


Fix) = cos x 


©) Horizontally compressed by a factor of > reflected in the 
y-axis, then translated 1 unit right. 
d) Translated 1 unit right, horizontally compressed by a 


factor of > then reflected in the y-axis. 


y= cos! x; no 


6. a)y = Jos, function 
23. Answers may vary. f(x) = x — 4, f(f-\()) = f-'f@) = x 2 


24. b) Yes 
25. b) (b, a) 


Self-Check 7.3-7.5, page 434 


1. a),b) y 


f(x) = cosx 


\ 


b) y = +V0.5x + 0.0625 + 0.75; not a function 


y 


yE Pet 3441 


4 wy 
gx) = cos (+4) 


©) g(x) = cos (« + 9) 


y = +V0.5x + 0.0625 + 0.75 


d) All real numbers; -1 < y < 1 =a 
2. a),b) Nid 
oy= raed — 4) +1,x > 4; function 
" f@)=27x=1+4 
8 
©) Horizontally expanded by a factor of 2. ein 
dx20;y20 . 
x20;y20 < 
3. a) Translated 3 units left. + G coh Hela 


b) Translated 2 units up. 


‘ 1 
©) Horizontally compressed by a factor of z 7. a) All real numbers; all real numbers 


d) Vertically compressed by a factor of + All real numbers; y = -+ 
e) Horizontally expanded by a factor of 3. x21;y24 
f) Vertically expanded by a factor of 5. b) All real numbers; all real numbers 
g) Horizontally compressed by a factor of 1 then reflected x2 1 all real numbers 
in the y-axis. x24;y21 
h) Vertically compressed by a factor of t then reflected in 
the x-axis. 


Insights Into a Rich Problem— 


4. a), b) . * . 
ym) Inverting a Quartic Function, page 437 
L f(x): x20;y21 gx): 0Sx<S1;0sysl 
k(x):x 20;y <-l A(x):0<x<1;-lsy<0 
. 3. y 
8 | 6/4 |-2j0[ 72747618 8 | 
2 ys - 4 6 | 
aG) |= P20 BY Ly G 
te 
-8 
48 | 6 [3 0 
c) The graph of f(x) is compressed horizontally by a factor He | a 
h(x) = afl 
of 7 reflected in the x-axis, then translated 3 units left 
and 4 units down. a)y=tvxt4 
d) All real numbers; y > 0 gx2-4;x2-4 


All real numbers; y < —4 
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b)y =+(1 - x3)? 
d)-1 <x < 1;f() = (1-23) 
g(x) = (1-23)? 


a 
2. 


s-l<x<1; 


Chapter 7 Review Exercises, page 440 


Lax >-3 b)a >9 


i mal 
5. 4 -3. 2 -1 0 1 2 3°.6CU0UCUm7hUhU8BlU OD 10 Lh 


gn<2 dx<4 


2 -il 0 1 2 3 4 5 -l 0 1 2 3 4 6 
1 1 
ea>-z f)x>= 


2 


b)x =>-2;y 20 
0 i) No ii) Minimum at (—2, 0) iii) No 
© For each piece, the domain is x < —0.25 orx > 0. 3. a) TORE v= 0.6/h 
6. a) y=(@- 1?) id 


v= 057A 


0} 100 200 300 400 


b)y = (@—-1)?- 1)? 2 

b) )0<h <500;0<y< 112 
dy=ltylt yx ii) 0 <h <350;0<y< 12 
f@=14+ 714 Vx; g@) =14+ /1-/x; ii) 0 <h < 200;0< y<99 
A(e) = 1-1 — Jas k(x) = 1-1 +e 


4. a) 7 b) -6 9-12 d-6 e)-9 
d) Yes 5. a) 8: 0; 4.196 b) -7; 1.889: -1 
6) 2; 1.155; 1.653 d) 0.250; 0.750; 0.366 


e) 0.990; 0.945; -0.161 f) 0.141; 0.327; 0.987 


a) All real numbers; all real numbers 
fx) 


fx) = te +2 
4 Sear casnae 


> 


b) All real numbers; y < 5 
Alo 


f@) = 72 +5 
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¢ All real numbers; y 2 —4 11. a) The graph of y = x? is vertically expanded by a factor 
Mea of 500 then translated 1 unit left. 

: b)i > 0;A > 500 

6 2 
fx) = 20+ Do =4 i an z ; 

ri 12. The graph of y = ,/x is expanded vertically by a factor 

ei of 113. 

se EEE 13. a) The graph of temperature in degrees Celsius is expanded 
2 vertically by a factor of 1.8 then translated 32 units up. 
“4 b) Temperature of a Cup of Coffee 


ow 
aS 
S[s 


Temperature (degrees) 
S 
s 


40. 


020 40 60 80 100 
e) All real numbers except 1; all real numbers except 0 Time (min) 
Sf) 


~ LCL 
f(x) = 


f) All real numbers; —2 < y <0 
1) 


(x) = cosx — 1 
COE PET b) The graph of y = x is vertically expanded by a factor 
7. a)3a?7-a-1 b) 12a? + 2a-1 of 3. 
03a7+5at1 d) 3a* — a? -1 ©) The graph of y = x is vertically expanded by a factor of 3 
e)3a—Jfa-1 then translated 2 units right. 
8. {0 d) The graph of y = x is vertically expanded by a factor of 
fas Je 3, then translated 2 units right and 1 unit up. 


e) The graph of y = x is vertically expanded by a factor of 
3, then translated 2 units right and 1 unit up, and reflected 
in the y-axis. 


a)x20;y20 i ‘ 
: : The graph of y = x is vertically expanded by a factor of 
b) Th h of th f th h of =x . 
c REDE OF PU) Is the terse Or ie: Braph OF BU Sarg 3, then translated 2 units right and 1 unit up, and reflected 
= in the x-axis. 
9. fix) 


a) All real numbers except 0; all real numbers except 0 
b) The graph of g(x) is a line of symmetry for the graph 
of f(x). 


g(x) = |x — 3] |¥ 


10. a) 


b) The graph of y = x? is vertically expanded by a factor 
of 2. 

0 The graph of y = x? is vertically expanded by a factor 
of 2, then translated 3 units left. 

d) The graph of y = x? is vertically expanded by a factor 


b) The graph of f(x) is translated 3 units right. of 2, then translated 3 units left and 4 units down. 
c) All real numbers; y = 0 
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e) The graph of y = x? is vertically expanded by a factor 
of 2, then translated 3 units left and 4 units down, and 
reflected in the y-axis. 

f) The graph of y = x? is vertically expanded by a factor of 
2, then translated 3 units left and 4 units down, and 
reflected in the x-axis. 


b) The graph of f(x) is horizontally compressed by a factor 
of > 

©) The graph of f(x) is vertically expanded by a factor of 2. 

d) The graph of f(x) is horizontally compressed by a factor 
of a then translated 3 units right. 

e) The graph of f(x) is vertically expanded by a factor of 2, 
then translated 3 units right. 

f) The graph of f(x) is vertically expanded by a factor of 2, 
then translated 3 units right, and reflected in the x-axis. 
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b) The graph of f(x) is vertically expanded by a factor of 2. 

©) The graph of f(x) is horizontally compressed by a factor 
of > 

d) The graph of f(x) is vertically expanded by a factor of 2, 
then translated 1 unit right. 

e) The graph of f(x) is horizontally compressed by a factor 
of —, then translated 1 unit right. 

f) The graph of f(x) is vertically expanded by a factor of 2, 
then translated 1 unit down. 


- A), B) (x) = dcos(e+ 2) +2 


- 


PSSoe PPS TT 


[ x 
a i) Tt 
ft 


f(x) = dosx 


©) The graph of f(x) is vertically compressed by a factor of 
> then translated 2 units left and 2 units up. 

d) f(x): All real numbers; —1 < y < 1 
g(x): All real numbers; 1.5 < y < 2.5 


Lay = 2 b)y=tvx—441 


d) f'@ =@4+3"-2,x<0 


ga) = 


3x19 2 
=$ /22tD 2 
gP= 4) 5 3 


e) gl) = =—* 
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20. a)y =t/x-24+3 


b) f@) = (@- 3) +2 


8 
6 y=tvx-2+3 
4 


z 


=2 |0) 214/6/8 


412 


c) No; it does not pass the vertical line test. 
21. a) i) f(x) = 2x +2 
ii) 


Fx) = Dxlt 2 


iii) All real numbers; all real numbers 
iv) All real numbers; all real numbers 
v) Yes 

b) i)y=-2+ 
ii) y 


=8 |-6 -4 -2 [0 


214 
+2 
Tt z 


iii) All real numbers; y = 2 
iv) x > 2; all real numbers 
v) No 
vi) x > -—2 orx < -2 
a pe 1 
9 if '@) = ta@+2P 


ii) y 


2,x 2-2 


4 


PMG) = E(x + 27 - 2 


iii) x > -2; y > -2 
iv)x >-2;y >-2 
v) Yes 


Chapter 7 Self-Test, page 443 
1. Answers may vary. 
a) f(x) =x-7 
Qh) = fx -2 


b) g(x) = Vx+1 


2. a),b) 


f(x) = cos x 


c) The graph of f(x) is translated © units right. 
d) f(x): all real numbers; —1 < y < 1 
g(x): all real numbers; -1 < y < 1 


3. a) No 
4. a) 


_ 1 [x 
b) g@) = 5 2 
Of(x): x 2 0; y 20; g(x): x 20;y20 
= cs 
6.a)y=+ 5 
b) y 
Fe) = +27 +5 
a a 


©) All real numbers; y < 5 
x <5; all real numbers 


d) No ex 20orx<s0 
7. a) 100 L b) Tank never empties. 
0 64 L; 36L 


dt=8+J/V-36;36<5V< 100;t20 


Assessment Tasks, page 444 


Le a)l x | te | feet] fen | ex-2)| 3°09 -2| F109 | 


o}alo}al|w 
ojala} 
B 


N 
8 
wulalalralwlolmlol— 


yf) 


Cumulative Review Chapters 1-7 
Exercises, page 445 

2. a) 8 bx 0) 256 
3.34.2, 41, 47.8, 54.6, 61.4 

4.4, 6, 9, 13.5, 20.25 

5. a) 26 b) 3 

6. a) 504 b) -6560 


y=f(x-1) 


7. [3g + 4(s — 1)p] 


8. +80 
9. a) 3p? + Tp* — 8p — 20 b) 97x? — 38x — 3 
YS: x 9x? -29x4+2 | 
Wa) #2,8 ) Git) x#0,1 
1 (5x + 8y)(x + Sy) 
MN. a) 9x — Ty b) (5x — 8y) 
x TIx+1 
Pew) (x + 2)(x +3) F) (4x + 3)@Gx — 2) 
14. a) $2303.23 b) $2336.87 0) $2366.51 
15. 23 
16. $9493.44 
17. $1098.85 
18. $1024.18 
19. a) $709.21 b) $85 210.40 ©) $79 129.25 
20. a) y = 2(x - 3)? — 15 b)y = F(x - 12) + 50 
21. a) Minimum; —15 b) Maximum; 50 
54/17 34+ J15 
22. a) b)— 
23. a) —1.306, 0.306 b) 0.451; 2.215 
24, a) -i b) 5./2i 0 3V6i 
25, a) 1 +2i je 
26. a) 7.5625 cm? b) 1.25 
27. a)-17 + 67 b) 44 — 28 
1 ul. , 
28. a) +39! b) 60 — 32i 
29. 146 — 48 


30. AC = 41.0 cm, ZBAC = 37°, ZACB = 30° 
31. 0.928; -0.371; 2.500 
(v2 + V3) 

2 


33. Approximately 0.314 m/s 
34. 1.344 
36. a) 56.3° b) 63.4° 


40. a) Amplitude: 2.5; period: 7 


47 
-2n 20 


4.7 
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b) Amplitude: 1.5; period: 67 


47 
-2n 2n 
4.7 
ee byy = 3sin(x+2) 1 
42.1; 3; ——; all real numbers; —4 < y < 2 


43.n = —50.cos TG 1997) + 50 


44, z 2n in 
x 9 6 3 2 cl iG ® 
y 0.41 1.30 6 —2.41 -0.77 | -0.13 0.41 


“alt f= tans 8) 
45. a) 9.32 b) 32 O27 +x4+4 
: 
46. a) 5| ate) b) AVA y= fo) +2 
TAL : 
-2 |0 2 
0) ale 2f(x) 4d) EP 
x 
-2 10 z 
eal f) y 
2 y = f(2x) 
x ys f(ex+1)-2 
-2 10 2 


48. a) The graph of y = ./x is vertically expanded by a factor 
of 2, then translated 3 units left and 1 unit down. 


49. a) jy= 2 ii) y =+Vx—2 


b) i) y=2x—1 ii) yar42 
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Chapter 8 Loci: From Geometry to 
Algebra (Functions and Relations) 
Necessary Skills 

1 New: What Is a Relation? 

Exercises, page 451 


1. In a relation, one value of x can produce more than one 


value of y. 

2. a) No b) Yes 

3. a) 2;3 b) —5, 5; 5, —5 o+V2; -2 
d) -2;+/2 e) 0; 0 f) +5, 0; 0 


24 y=, y=xr-2,y~=x4+2,y~ =x 


3 Review: Distance between Two Points 
Exercises, page 452 


1. a)2 b) 5 98.1 
d) 9.4 e) 6.7 f) 7.6 

2. a) 7.3 b) 13.0 98.9 
d) 5.4 e) 10.3 f) 19.4 


4 New: Squaring Expressions Containing Radicals 
Exercises, page 453 
La)x?+2x+1+y? 
Ox +y-6y+9 
2a)? ty? 42x 4+ 654 16/x+ 12 +y 
b)x2 + y?+8x+4+41-10/@+42 +92 
x2 + y? — 6y + 109 + 20,/x + (y — 3)? 
3. ajax? ty? —4x +204 8/(x— 2)? + y? 
b) x2 + y? — 10y + 34 — 6,/x? + (y — 5) 
jx +y?-8r452412/@—-42 + 


b)x? + 8x+16+y" 


d) x? + y? + 12y +37 ne o 6)2 
ex +? — loy + 894 - 


2 
fla? t+ y? — 6x + 13 iv ae 
gx-t+y?— lox + 164-20/( an 
2 
2. 


h) x7 + y? — 12x + 85 - 14,/(x- 6)? + y 


i) x7 + y* — 18y + 162 + 18,/x2 + (y 3 


8.1 Exercises, page 459 


1. Answers may vary. 

a) P is always 2 units below the x-axis. 

b) P is always 2 units away from the x-axis. 

©) P is always 3 units to the right of the y-axis. 

d) Point N has coordinates (0, 2), P moves so the slope of 
NP is always 1. 

e) Point R has coordinates (1, 0), P moves so the slope of 
RP is always —1. 

f) P moves so it is always 2 units from the origin. 


2. Answers may vary. 
a) P is always 3 units above the x-axis. 
b) P is always 2 units left of the y-axis. 
c) Point O has coordinates (0, 0), P moves so the slope of 
OP is always 3. 


d) Point A has coordinates (2, 4), P moves so the slope of 
AP is always 3. 

e) P moves so it is always 5 units from the origin. 

f) P moves so it is always J/5 units from the origin. 


3. a),b) 14) 


-4 | -2 0 2 + 


b) A horizontal line through (0, 5) 
oy-5=0 


wo 


. a) A straight line with slope 2, through (0, 1) 


y 


b)y—2x-1=0 
6. a) A circle with radius 8 and centre (0, 0) 


y 


b) A straight line with slope —3, through (-6, 3) 
Oyt+3x+15=0 


8. a)x + y—3 = 0; a straight line with slope —1, through (0, 3) 


y 


b) 5x — 2y — 13 = 0; a straight line with slope 2, through 
(2, -1.5) 


y 


C2, 3) 9 


47-20 


The locus is the x- and y-axes. 
10. a) y = 0, excluding the origin 


b) It is a parabola. 


b) It is a parabola. 


13. a)x +6 =0 andy=0 b)x- 12 =0 and y=0 
14. a) A circle with centre (3, 0) and radius 5 


b) (x - 3° + y* = 25 
15. a) A circle with centre (—2, 3) and radius 4 


b) (x + 2) +(y- 37 = 16 


16. a) x7 + y* = 16 
b) A circle with centre (0, 0) and radius 4 


. 


2 

(4 Bas AGB,0) 
=z fol [2 68 
2 


©) (4, 0), (-4, 0) 


d) (0, 4), (0, -4) 
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17. a) A circle with centre (10, 0) and radius 4 


b) x7 — 20x + 84+? =0 
18. a) x? + 2x -8+y? =0 


Q x-intercepts: —4, 2; y-intercepts: +2,/2 
19. a) y = Zr+2 
b) A parabola with a minimum at (0, 2) 
(4) i } 


20. a)x = 152 +2 


9 6) { 


n. aby = 13242 b) 3y? + 8y — 16-x7 = 0 


8 
0) 4x7 + 3y? — 32y + 64 = 0 


b) x? + y? = 25 
¢ A circle with centre (0, 0) and radius 5 


i+ y? = 25 


24, a) x? + y? = 25 
b) A circle with centre (0, 0) and radius 5 


ety =25_ | 
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25. a) A portion of a circle with centre O and radius DP 


b) As RS gets longer or shorter, the radius of the circle gets 


larger or smaller, respectively. 


8.2 Exercises, page 469 
1. a) x-intercepts: +3; y-intercepts: +1 
b) Answers may vary. (—2, 0.7), (—2, —0.7), (2, 0.7), 
(2, -0.7) 
2. a) x-intercepts: +2; y-intercepts: +3 
b) Answers may vary. (—1, 2.6), (—1, —2.6), (1, 2.6), 
(1, —2.6) 


3. A circle is an ellipse in which F; and F> coincide. 


4. a) 5x7 + 9y* = 180 
b) | 


4 ~ | 
2 
F,(-4, 0) F,\(4, 0) 
+ + 


—4 | =2 1/0 2.4 


7. a) 15x? + 16y* = 240 b) 16x? + 15y* = 240 

8. a) 11x? + 36y* = 396 b) 20x? + 36y? = 1125 
0) 3x? + 4y* = 300 

9. a) 21x7 + 25y* = 2100 b) 25x? + 24y* = 2400 


0) 1564x? — 4692x — 152 881 + 1600y* = 0 
d) 1600x? + 1564y* — 4692y — 152 881 =0 


10. Answers may vary. 15x? + 16y” = 240, 16x? + 15y? = 240 
11. Answers may vary. 36x” + 100y* = 225, 5x? + 9y? = 45 
13. a) 


b) An ellipse 


Locus of P 
C 


0 No 


Locus of Q 
14. a) An ellipse 
Cas 
b) The ellipse would be more circular. 
©) The ellipse would be stretched horizontally. 


15. a) Parts of three congruent semi-ellipses with the vertices of 
triangle ABC as the foci. 


4c 
Ae 2B 


16. a) 9x7 + 25y* = 225 b) x? + Sy? = 20 
17. a) 5x7 + y* = 45 b) 25y* + 16x? = 1600 


19. The locus is one-quarter of an ellipse. 


b) 


20. a) The locus is a semi-ellipse. 
b) i) The semi-ellipse increases in length and gets closer to 
the vertical axis. 
i) The semi-ellipse becomes a semicircle. 
iii) The semi-ellipse expands and contracts as AB expands 
and contracts. 
©) i) By repeating the construction of a locus on a segment 
between D and the other point of intersection 
ii) Point O 
21. a) The locus is part of an ellipse. 
b) The semi-ellipse gets larger and smaller as the line RS 
increases and decreases in length. 
c) Repeat the construction of a locus using point D and the 
other point of intersection of the circle and the line. 
23. a) b* =a’ — c* 
2 


2 2 
x y 

24. +5 =1 
« a 


25. b) The semi-ellipse is expanded horizontally as P moves 


closer to the line and becomes more circular as P moves 
away from the line. 

©) Repeat the construction of P on DM on the other side of 
the horizontal line. 


Self-Check 8.1, 8.2, page 474 


- 


.a)x+3y-11=0 


b) A straight line with slope -i, through (2, 3) 
(3) y 


a) 

b)x = -2 

0 A vertical line through x = —2 
. a) y 


6 2x-3y+6=0 


b) 2x —3y +6=0 


9 A straight line with slope Z, passing through (0, 2) 
ax? +y" = 16 
b) J 


Q(0, -4) 


0 A circle with centre (0, 0) and radius 4 


b)x7 + = 16 
¢ A circle with centre (0, 0) and radius 4 


. a) x-intercepts: +4; y-intercepts: +1 


b) Answers may vary. (—2, 0.9), (2, —0.9), (2, 0.9), 
(2, -0.9) 
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7. 9x? + 25y? = 225 
8. Answers may vary. 9x? + 16y? = 144 
9. Answers may vary. 25x? + 21y = 525 


8.3 Exercises, page 480 
1. a) x-intercepts: +2; no y-intercepts 
b) Answers may vary. (—3, 3.4), (—3, —3.4), (3, 3.4), 
(3, -3.4) 
. a) No x-intercepts; y-intercepts: +4 
b) Answers may vary. (1.1, —6), (1.1, —6), (1.1, 6), 
(-1.1, 6) 
. a) 5x? — 4y* = 20 


b) \ y 
2 
Fx(-3, 0) BiG, 0) y 


6 4°20 416 


N 


w 


P 


a) 16x” — 9y? = -144 


b) y 
Bascesac gpscaas 


i 


a) 5x? — 4y* = 20 b) 4x? — 5y* = -20 

0 Each hyperbola is a reflection of the other in y = x. 
a) x? — 15y* = -60 

b) 100x7 — 924? = -5775 

0) 9x? — 55y* = -495 

a) x? — 8y? =-8 

b) 24x? — y? = 24 

9 3x°-y’— 12x + 9=0 

d) x? - 3y° + 12y-9 =0 


Sa 


bal 


9. Answers may vary. 16x2 Qy* 144, 9x? l6y" 144 


10. Answers may vary. 12x” — 4y* = 27, 5x — 4y* = 20 
11. a) 670 m 

13. 16x? — 9y* = 576 

14. 9y? — 16x" = 144 


16. ©) i) The perpendicular bisector is an asymptote to the 
hyperbola. 
ii) Point P is jumping between the branches of the 
hyperbola. 
d) Yes 
e) The slopes of the perpendicular bisectors are opposite 
numbers. 


20. c) The tangents appear to be perpendicular. 
d) The tangents at a point of intersection of a confocal 
ellipse and hyperbola are perpendicular. 
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8.4 Exercises, page 488 


i FQ,0) = 


3. a) x7 = 12y 
b) y 


A parabola, with vertex (0, 0), that opens up 


A parabola, with vertex (0, 0), that opens left 
5. a) (3, 0) b) y* = 12x 
6. a)x =—10 b) y* = 40x 
Lajy=3x7+2 b) 8y = x? — 6x + 25 
oy= “0 +2 
8. a) y> = 12x — 36 
0? = 36 - 12x 


9. The length of the latus rectum is twice the perpendicular 
distance from the focus to the directrix. 


b) y? — 6y — 12x + 45 = 0 


10. a) x7 = 2y +4 
b) A parabola, with vertex (0, —2), that opens up 


y 


T2, 0) 
=8 (6 [413 4 8 


or=+6 
I. a) x” = 4py b) y* = 4px 
12. b) a P 


BE) Ei E> ExSp, 
D3 


A parabola, with vertex (0, 0), that opens up 
d) x? = By 


13. b), c) A parabola, with vertex (0, 0), that opens up 


Ly 


d) x? = 18y 
14. ©) A parabola, with vertex (0, 0), that opens up 
d) i)4/a ii) x* = 16y 
= 2? 16) _ 4-2 
15. a) y = 7 b)y= 3 


2 


16. a) x7 + y 
b) 


8y+ 16=0 


x 
8 | 10 | 12 | 14 


17. b) The tangents are perpendicular lines that pass through 
the point of intersection of the directrix and the axis 
of symmetry. 


Self-Check 8.3, 8.4, page 491 


1. a) x-intercepts: +3; no y-intercepts 
b) Answers may vary. (—4, 3.5), (—4, —3.5), (4, 3.5), 
(4, -3.5) 


2.3x7 — y? = 12 
3. Answers may vary. 5x” — 4y* = 80; 4x7 — 5y? 80 


4. Answers may vary. 4x? — Sy” 80; x7 — 8y? 32 
5. 39x* — 25y? = 975 
6. a) y* = 12x 


y 


x3 
1 8 


t F(3, 0) 
24 


44 F(0,4) 


-8 |-6 |-4 |-2 |0 2[4/61|8 
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d) y* = 8x + 16 


7 


- 0(0,0) 
- 


7. a) x7 = 8y 
b) A parabola, with vertex (0, 0), that opens up 


y 


“8-6 -4 -2 


8. a) y = x7 


b) A parabola, with vertex (0, 0), that opens up 


y 


8.5 Exercises, page 495 
1. It is a hyperbola. 

2. Yes 

3. a) The circle gets bigger. 


b) The circle gets smaller. 
© The circle becomes a point. 
4. a) The ellipse gets bigger; gets smaller; becomes a point. 
b) The parabola gets wider; gets smaller; becomes a point. 
©) The two branches of the hyperbola get farther apart; the 
two branches get closer; the hyperbola becomes a pair of 
intersecting lines. 
5. a) Circles 
b) i) Ellipses 
iii) Hyperbolas 


ii) Parabolas 


6. a) Move the flashlight so it makes an angle less than 45° 
with the vertical. 
b) Move the flashlight so it makes an angle of 45° with 
the vertical. 
©) Move the flashlight so it makes an angle of 90° with 
the vertical. 


7. a) One branch of a hyperbola 
b) Parabola or ellipse 
d) Circle 


¢) Parabola or ellipse 
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10. 8 is the angle of elevation. 


a0=0° b)0°< 6 < 60" 
60° < 8< 90° d) 0 = 60° 


Chapter 8 Review Exercises, page 501 


1. a) 2x —S5y+12=0 
b) A straight line with slope 2, through (—6, 0) 


y 


4 6 
+4 
2 a) (TTT WEIS | 
—4 2 ol | 2 ro 
vets 4 
b)y=-l 
¢ A horizontal line through y = —1 
3. a) 


b)y = 4x5) 
c) A pair of perpendicular lines through (5, 0) 
a)x-—4y-7=0 

b) y 


P 


© A(2,3) 


= ea el 


 B(4,—5) 


A straight line with slope i: through (7, 0) 


a) 4x — Sy - 10 =0 
b) : 


u 


4 


24 A(O,2) 


SSeS es SSeS Se) 
—4 1-3 fol [214 
—24 B(0,-2) 


——_—_-4 


A horizontal line through (0, —4), excluding the 
point (0, -4) 


7. a) 3x? + 3y* + 50x +75 = 0 19. a) y? = 16x — 32 
b) y CLI 


AC5,0)\ — BG. 0), 
ia $12 Fi0 8 [-6 1-4 [= 214 


F(6,0) 
T4118 


A circle with radius 2 centre on the negative x-axis 


8% a)xret+y=l1 
b) 


A circle with radius 1 and centre (0, 0) 


9. a) x-intercepts: +2; y-intercepts: +3 
b) Coordinates may vary. (1, 2.6), (—1, 2.6), (—1, —2.6), 
(1, -2.6) 


9x? + 4y? = 36 


@ F(4,-3) 

10. a) 49x? + 40)? = 1960 
b) 48432 + 340y? = 10 285 ms 

©) 16x2 + Ty? = 112 


11. a) 900x? + 644y? = 36 225 ae 

b) 836x? + 900y? = 47 025 

0) 836x" + 900y" — 3344x — 43 681 = 0 20. a) x? = 8y 

d) 836x + 900y? + 3344x — 43 681 = 0 b) A parabola, with vertex (0, 0), that opens up 
12. 7x” + 16y? = 448 ; ts 
13. Answers may vary. 9x7 + 25y? = 225, 25x? + 9y" = 225 4 


14. ©) i) The locus is a horizontal line. 
ii) The foci are on the horizontal line and the ellipse is 
below the line. 

iti) The locus is a vertical line. 
iv) The ellipse gets larger. 

d) At the midpoint between T and D 

e) The major axis has length two times the diameter of the ay lee 
circle. Check by measuring. 2 

f) Repeating the construction with the other point of 
intersection of the vertical line and the circle. 


21. a)x = 1 andy =0 
b) A horizontal line and a vertical line through (1, 0) 


15. a) 364x? — 36y" = 819 b) 12x? — 4y? = 75 
©) 204x° — 196y* = 2499 22. a) y = 2x2 

16. a) 4x7 — y? = 12 b) 5x* — 4y* = 20 b) A parabola, with vertex (0, 0), that opens up 
0) 5x° — 4y? + 30x + 25 = 0 y 
d) 3x? — y* — 24x + 36 =0 : 


17. 324x* — 700y? = -14 175 
18. 39x? — 25y? = 975, 25x? — 39y = -975 


4 |-2 |0| 214 


2 


w 


. a) Hyperbola b) Parabola 
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24. Earth’s axis is tilted so there are times during the year 
when the Southern Hemisphere is closer to the sun 


(summer) while the Northern Hemisphere is farther from 


the sun (winter). 


Chapter 8 Self-Test, page 505 


1. a) y 


b) A circle with radius 5 and centre (—1, 2) 
Ox +2x4+y?-4y-20=0 d) -4, 2 


. a) A circle 
b) 


N 


i—4 |-2 |0 


tv] 
i 
a 


8 10> 12) 14 


A(-2,-3)0 
Ox +y?—12x- 18y +65 =0 
4. a) x? = 4y 
b) A parabola, with vertex (0, 0), that opens up 


y 


. 16x? + 49y" = 784 
a) 7x? + 16y? = 112 
b) 5x7 — 4y? = 20 
(9) y 


a uw 


yy? = 112 


8. a), b) a 


3x? + 4y? + 36x + 60 = 0 5 


{x=2 
t 
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©) The locus in part a is an ellipse. The locus in part b is a 
hyperbola. Both of them have (—4, 0) as one focus. 


Assessment Tasks, page 506 


1. a) An ellipse 
b), © 


0%) 


x 
a, 0) (d.0) 


0) 


3x? + 4y? = 3d? 


Chapter 9 Conics: From Algebra 
to Geometry (Functions and Relations) 


Necessary Skills 
1 Review: The Quadratic Formula 
Exercises, page 509 


i 23 4 
1. a). ao b) 5, 3 
©) 0.69, -0.29 d) 1.38, -10.88 


2. a) Two different real roots 
b) No real roots 
d) No real roots 


3. a) 25 b) +2 o +8 d) +3 


©) Two equal roots 


2 New: Standard Equation of a Circle 
Exercises, page 512 


1. a) 9, (0, 0) b) 15, (0, 0) 0 6, (-1, -1) 
d) 10, (2, -3) e) /12, (4, -5) f) /55, (3, 6) 
Ra) +y? = 25 bye? t+y=1 


Q@-1%+(~y-27 =49 d(x +3)? + - 2) = 36 
e(x-4° + (y+ 2) =4 f) (x + 6)? + (y + 8) = 64 
Zax +y?+6xt+ 2y+6=0 
2_ 10x+4y+9=0 
Ox +y* + 12x-6y+15=0 
2 


4. a)(x+4)+(y +5)? =42  b)(e—5P + (y- 4) = 43 


y 


Previous Section 


9 (x — 3)? + (y+ 6) = 40 d) (x 


x 


3 Review: Solving a Linear System 
Exercises, page 513 


5,2) (3,2) 9 (3,-t) a (4, -2) 
2a)(4,3) —-b)(-2,-3) 9 (5,-1) (2,6) 
9.1 Exercises, page 518 

2. a) (3, 3) b) (3, -3) 


4. a) Approximately (7.5, 4.33) 
b) Approximately (7.5, —4.33) 


6. a) (1, -2), (1, 2) 
ai, C3) 

7. a) (0, -5), (-4, 3) 
0 (3, -2), 2,3) 
e) (2, 3) (8, -2) 


8. a) (1, 4), (-2 -8) 


b) (2, 1), (-2, -1) 
d) (-1, 3), (3, -1) 


na.-m(, §) 
d) (6, 2), (-6, —2) 


f) No solution 


b) (4, 2), (4. -3) 


aS 2B 
a(%. 2),6-p & (4,3), (28, 3) 
9. a) (4, -4), (-1, -1) b) (7, 0), (3, 2) 


©) (3, 6), (5, 8) 


10. a) i) 1,8 
ii) 


d) (-6, 5), (-2, -1) 


b) i) 1, -8;-1, 8 
11. 28 cm by 5 cm 
12. 2.26 cm, 9.74 cm 


13. (5, -12), (-, -21) 


14. (-5, 4), (-#. it) 


15. (-21, -21), (-30, 4) 
16. a)y = 2x+5,y=2x-5 
b) y 2415/7], 


ii) See part a) ii). 


©) Solve the linear-quadratic system. 
17. a) y = 3x + 10, y = 3x—- 10 


b) y 44/41, y tx V41 


18. b) (0, 0 ( a0 Onn ) 


L+m?? 14m 


0) (; +V¥254+ 16m? 3m+mV25 + ten") . 


1+m? 1+m? 
(2-422 16m? 3m — mV 25 + ten") 
1+m? , 1+m? 
19. a) 


b) y = mx dy =0,y= Sx 
5+5m+/50m 5m+5m* + mV/50m : 
20. b) ( 1+? ‘ 1+? } 
(te Sr Sy Sin) 
1 +m 1+ mm 
PY G +5m+VJ16m2 + 30m 3m + 5m? + mV 16m? + “on . 
1+m i. 1 +m : 
G +5m— JS 16m2 + 30m 3m + 5m? — mV 16m? + “on 
1+m i 1+m 
21. a) y = 3x, y = —3x b)x=0,y=0 
25.x = 3,-21x + 72y = 225 
9.2 Exercises, page 528 
1. a) i) (0, 0) ii) x-axis iii) 3; 2 
b) i) (0, 0) ii) y-axis iii) 5; 4 
Q i) (0, 0) ii) x-axis iii) 6; 1 
d) i) (0, 0) ii) x-axis iii) 7; 6 
e) i) (0, 0) ii) x-axis iii) 10; 2 
f) i) (0, 0) ii) y-axis iii) 10; 9 
2. a) i) (1, 2) ii) Horizontal iii) 4; 2 
b) i) (—2, 3) ii) Vertical iii) 9; 7 
9 i) (-3, 4) ii) Vertical iii) 5; 3 
d) i) (0, 1) ii) Horizontal iii) 6; 3 
e) i) (5, 0) ii) Vertical iii) 12; 10 
f) i) (-1, -10) ii) Horizontal iii) 11; 8 
@=3P +2 _ (@=3)" 4 =1P 
3.a) J + Dy OF ag 


4. a) i) y 


_g}@.-7) 


ii) (0, 4.9), (0, 4.9) 


ANSWERS 


643 


Previous Section 


b) i) ‘s| x 2 
: 6.a) i)— + y= 
oo geet cs 
Pr ii) TTT TT 
a ad anne 20,1) Tg 
a Py || | | 3, a x 
=10,0) i ~a0-0) x [4 na | 
lol =e —6 | 47-2 Tol [41618 110] Clr. ab ny 
-2} } 
a 4| ? iii) (2.8, 0), (-2.8, 0) 
ae = sl 1 (ie _| «x2 y 
To 26). b) et aa! 
| | | LEI 1 ii) J y 1 
O27 a 
6.07 “foo (6,0) x 
=8 3 4/20) 2 coe 8 
0-2) L 
iii) (5.7, 0), (-5.7, 0) 
2 y _ 1 
Qo ij>t 7a 
FEES 
mG) ae {oo G.0) x 
ii) (3, -1), (3, -7) 6 42 [of | 2 re 
di) Paw mui 
as iii) 
2 
an d) i)* + 


—1.2) 
5. a) i) Ba i 
SHH Hh He 
21 Pret 
| e830) 0) |e ON x iii) 
[RI -6 47-270 2 7 4 6 RT 
+ ae al e) i)— 
3 
3 [ttf Tr, 33) ii) 


ii) 


b) i) 


iii) (1, 0), C1, 0) 
x 2 
Niet ms =1 


ii) 
ii) 
° i) 
“To, =2) 
iii) (1.4, 0), (-1.4, 0) 
ii) ey ey 2 y2 
d) i) ee a et eT me ie 
x : y = x y 
d) 9 +7 1 e) 16 9 1 
2 Mag Yo ¥,y r+, ¥ 
= 8. a) 16 * 49 i b) 64 © 100 : 9 25 * 100 : 
Oo 4x2 ; 4y? = x y 
wel Vi toms =! Veter =! 
(x-2" , o-4" _ (-2P , o-4P _ 
z 9. a) as + 5 =1 b) fA + 39 a | 
_—9)/2 _—4)?2 
s| 9 2) +o =1 
(+1? , W-5)? _ @+l? | W-5) _ 
10. a) rae =1 5 cy es =1 


ii) (5, -3), (-7, -3) 
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(+1? | O-5P _ 
9 a 
(x-4" | W-5)P? _ 1. &-4" | O-5) 
"os 6 1; 16 | 25 : 
«-47 ~yY _,.@-4" , ¥ 
12. a) Answers may vary. eo ta 1; 16 ft 35 1 


2. om 
b) SA 4 = 158? < 16 


2. o-3P 7.2, y-3P _ 
13. a) 7) 7 it 1 


2 > — 22 
b+ 253 21:2 >4 


a 4 ~ 
2. y . 
14. a toe 1 b) Not possible 
2p _ 22 awe _ 
5. a)5 + =1 bh tl 
x y _ 
rd a 1 d) Not possible 


16. a) 90° < ZB; < 180° 


17. Approximately 23.04 units” 


@+2 . =3 _ | 
100 5 


19. a) y 


b) 90° < ZB, < 180° 


18. 


20. Expand horizontally by a factor of 5 and expand vertically 
by a factor of 4. 


21. Expand horizontally by a factor of 6, expand vertically by a 


factor of 2, and translate 1 unit right and 2 units down. 


22. a) (0, 3), (2 2) b) (4, 0), (0, -1) 


575. 
63 100 
9 (3,0), (-S, ) 4) (0,4), (-5, 0) 
@-5" , PY _7y.@-5P 
23. ¢) Answers may vary. mf a 1; 7 a 1 
(x-10? | Y _1.@-10% | y 
24. Answers may vary. 36 + 1; 36 <A 1 
25. Answers may vary. 
a)x=8 b)y=x oy=6 


Self-Check NS, 9.1, 9.2, page 532 
La)x+y?+4x+8y4+11=0 
b) x? +y* + 6x -2y+6=0 
ox? +y?— 10x - 12y + 60 =0 
d)x°+y? — 2x - 6y-39 =0 
2. a) 


y 
F P+y=6rt4y=51=0 


xt + y? + 2x — 2y —B4 =I0 


(9) y 


7 
d) x+y? + 12e+ ly + 60-= 04° 

-10/ -8 | 6 | 4-20 
2 


210 6 8 10 


eeyl TE oy+4=i0 


3.(x- 3 +y? = 25 


4. a) (x +2)? +(y + 1)? = 16 
b) x-intercepts: 1.87, —5.87; y-intercepts: 2.46, -4.46 


9 [dap tgp He 
4 


515; <1), (-2. 2) 
6.y = 2x + 7.75, y = 2x — 7.75 
7. (2, 1), (1, 0) 

8. a) (3.6, 0), (—3.6, 0) 


Oe ior 
~ ay 32 
10. Answers may vary. eo2e +0 = =e 
@=2P , O=3" _ 
epee 
= = = i or 1 5 
1. a)y = 3x+5,y =3x-5 b) y Se ded ae 
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9.3 Exercises, page 539 ii) (8.1, 3), (4.1, 3) 
1. a) i) (0, 0) ii) x-axis iii) 2; 3 iv) +5 6.3) oo 
b) i) (0, 0) ii) y-axis iii) 4; 3 iv) +4 
© i) (0, 0) ii) x-axis iii) 8; 5 iv) +3 
d) i) (0, 0) ii) y-axis ii) 8; 6 iv) +4 
e) i) (0, 0) ii) y-axis iii) 10;4 iw) +3 
f) i) (0, 0) ii) x-axis iil) 2; 9 iv) +3 


N 


. a) A hyperbola, centre (0, 0), foci on the x-axis, lengths of 
transverse axis and conjugate axis =2 ; ii) (0, 8.1), (0, -8.1) 
b) A hyperbola, centre (0, 0), foci on the y-axis, lengths of 


b) i) | 
transverse axis and conjugate axis = 2 ya 
3. a) i)(5,-3) ii) Horizontal __iffl) 3; 5 iv) +3 
b) i) (-1, 4) ii) Vertical iii) 6; 4 iv) +3 
9 i) (3, 2) ii) Vertical iii) 4; 2 iv) +2 
d) i) (4, -4) ii) Horizontal __ iii) 8, 5 iv) +3 
e) i) (-2, 1) ii) Horizontal __ iii) 1; 3 iv) +3 
f) i) (-7, -5) ii) Vertical iii) 2; 7 iv) +2 
4, b) ey -(y-2%=1 
ii) (6.3, 0), (-6.3, 0) 
@-3% _ g-2? _ me 
ar ke 9 i) y 


ii) (0, 3.6), (0, -3.6) F : (1.6, 3), sedi 3) 
b) i) y 


ii) (4, 13.9), (4, -3.9) 


2 
7. a) yp -yY=l 


iii) (2.2, 0), (-2.2, 0) 
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Previous Section 


9 
it y I 
) Be Sar es 
| 54 0 3 a 
a : 
2 b/I ak 
1 2 _yy?/= 36 
eth 0) 6.0) 
3 fo 4 24 8 
| aH \ 
a LTS. 
TO.) 
+4 | . 
Pry 
iii) (6.7, 0), (-6.7, 0) 
2 2, 
q07-F=1 
i) TLE 
A a 
\ 0.3// 
\ Alot 9x7 = ay? = 36 
2.0) \&ofa.oy rE; 
[8 |=6 | 4 [YT 4Tere 
[tal XI | 
410,-3\\— 
Cel 
WA id --3;\ 


iii) (3.6, 0), (-3.6, 0) 


2 
ne -F=1 


ii) |) [ y } 
A feo 
\ AaSEe 
| g 
\ 4H lo tS 8 
| aren | 
GB, 0,0) 3,0) x 
41-82 SPN 2 q 
>| \ | 
B an year 
CHER 
ee 
Coe 
iti) (9.5, 0), (-9.5, 0) 
. xe 2 
05-251 
ii) PT Tal 
AGEs) A 
TT tel 
4 Sxf 4 2y" = 10 
NG Zoe 
=v2, _{(v2,0)_ x 
-8 | -6 | -4 2 | 4[61/8 
7/24 OX\/5) 
14 
6 
a 


iti) (2.6, 0), (-2.6, 0) 


x 
po - =I 
ii) X y tI 
: a 
[Tel i a 
Talal al 5x? 4 2y? = 20 
BLA 
eo p20); 
Ese Ey are 18] 
TPY\ 
[/ 40, LI 
Ie C 
ECCCB Tce C1 
SECA 
iii) (3.7, 0), (-3.7, 0) 
x y 7 x y x y 
°; 4) 55 16 ) 144 : 36 64 
2 2 2 2 2 2 
a2 -2 =] g~-X =1 x Y=] 
0 a 16 36 > 16 
a ae 
a ~ 256 =! 
ae cae a i 
a aT ee b) 55 — j00 ~ 
nee came x ye oe 
i327 a =) 9 00 ~ 125 
x y = 4x? 4y 
50 ~ 16 : Nos > Sr 
ew oy iy 
81 36 
ey 
10. a) — sal 
b) Ey 
tet 
2 
i: {| Tx 
YA X2\ 4 
él C 
e 4] 


13. a = x =1 
b) (/2a, 0), (-V2a, 0); y = tx 


©) The slopes of the asymptotes are always +1. 


ry 
dX TA 
AWN 
(a, 0 7] / (a,0. 
it J er: 
I (| i 
= ) Ni 2a,0) 
Y ye uN 
2 2 
y 
14 -==-l 
0) 60 
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6. - = 1 
27. a) y= + 4 144 
b) The value of y approaches > |x|. 
28. a) 2 b) c = V2a; (2, 2), (-2, -2) 
29. a)x = -6 andy =0 
b) Horizontal and vertical lines through (-6, 0). 


16. a) Answers may vary; - y i. y 1 
b) : y 


30. a)x = 12 andy=0 
b) Horizontal and vertical lines through (12, 0) 


¢) Interchange the denominators. 
d) Answers may vary. 


2; . 2. 2. ‘: 2, 
y &+3) (y +5) 1 p) St) +5) __y 


a 
100 36 64 144 , 
gute OFS?) gues? oss? 9.4 Exercises, page 549 
375 25 ; 9 91 1. a) (1, 0), x =-1 b) (3, 0), x = -3 
St _ ore =<1 9 (-5, 0), x =5 d) (0, 2), y = -2 
32 2 ae ae e) (0, -0.5), y = 0.5 f) (0, 0.75), y = -0.75 
18. a) Answers may vary. Ln a g) (-2.25, 0), x = 2.25 h) (0, -1.25), y = 1.25 
b) & ao 2 5 =] 2. a) (3, 2), y = 2, right b) (2, -1), y = —1, left 
: 2x2 2y? ¢ (-1,-5),x =-1, up d) (4, 1), x = 4, down 
19. a) Not possible > - > =! e) (0, 3), y = 3, right f) (0, 2), x = 0, up 
ce at ay? i a 
20.a)=—-* = 1 b> -S=1 ge ge 2 
: 4x? 4y? y 
© Not possible 4) Pigg 1 é 


@-3" _@-4" _ | 
12 120 7 


22. a) 36 units? 


21. 


b) Yes; the square will have side length 2a. 
23. a) (—2.3, 1.2), (2.3, -1.2) 


x= 43, 75 
b) (0, 3), (2, -Z) 93,0), (-22, 3) 
. b) i) (-0.75, 0), x = 0.75 
i) 5 
9 )0,1),y=-l 
a) i) (3.46, 1.73), (3.46, -1.73) il) 
ii) No solution iii) No solution 
b) y = 2x4 7 oy 2x 2 


Qom>tlorm<-l 


25.m > » orm <2 
a a 
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4) i) (0, -2.5), y =2. 
ii) Oe 


6. a) x7 = 4(y— 1) b) x* = l6oy 
0) (x — 2)? = -8(y - 2) d) x? = 16(y—4) 
7. a) i) y> = 16x ii) > = -24x iii) x* = 12y 


b) x7 = -32y 
8. a) (y — 2)° = 8(x- 1) 
0 (x — 2)? = 12(y + 3) 
9. b) (x — 1) = 80 +L), («@- 1)? = -8(y—- 1) 
©) (0, -0.875), (—1.828, 0), (3.828, 0); (0, 0.875) 
d) al’ 


b) (y — 3)? = -12(x + 1) 


(w= 1? = 8041) 
| 


(v= 1 = -8(y - 1) 
| 


e) Equations may vary. 

10. x7 = 4py 

12. a) Answers may vary. x7 + 8(y + 2), x7 = 12(y + 3) 
b) x” = 4p(y + p) 


13. a) (4.83, 5.83), (4.83, 5.83) or (0.83, 0.17), (0.83, 0.17) 
b) (7.46, 13.93), (-7.46, 13.93) or (-0.54, 0.07), (0.54, 0.07) 


0 (4, 4), 4, 4) 4) (6.93, 12), (-6.93, 12) 


Cl, 30) 
a) (1, 2), (1, -2) 


15. a) y? = 20(x + 1) 


°) x=+6 : 


b) (3, 3.46), (3, -3.46) 
b) (1, 0); (4, 0); x = -6 


6 


“47-2 fo. 1274 


PE 20(x+ 1) 
~6 


16. a) i) (2, 4), (-1, 1); (3, 9), Gl, 1); (4, 16), (-1, 1) 
ii) (-1, 1); (-2, 4), CL, Ds C3, 9), 1, D 
b) y=-4r-3 


y=3x+4 


y y= 2x+3 
y=-3x-2 10 
te 2 
Pee z y=x+2 
4 
i) y = 4x +5; C1, 1), (5, 25) 


ii) y = -Sx — 4; (+4, 16), (-1, 1) 


9 iy =0x+1; Cl, b), 


ii) y = -—x — 0; (-1, 1), 


d,-) 
(0, 0) 


17. b) )y=x-t i) y=2x-1 
ii) y = 3x— 2 wy = 4-4 
(9) ee y=4x-4 
ol” a2 
8 
6 yr2x-1 
y=x 4 
SA AEk-4 
d) i)y=—x-5 i) y = 2x —1 
ii) y = —3x — 3 iv) y =-4x-4 


18. a) (0, 0), (1, 1) 
© (2.7, 3.3), (-3.7, 9.7) 


b) (2, 4), (-1, 1) 
d) (6, 2), (3, -1) 


19. The 2-3-4 Rule can be extended. 


20.a)k =0,h=-p 
21. b) ii) = 


b)h=0,k =-p 
iti) 2 


PF PF 
©) The values for PN would change, but 0 < Pu < IL, 


PF PF 
d) The values for ON would change, but on >1. 
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Self-Check 9.3, 9.4, page 554 


y 


b) ae y 


(C2) a 


9 


(w-1? | @t2)? 4-1? — (y+2/ 
4 a) 16 : b) 5 9 
(v= 1)? _ 7 
gf - +27 =-1 
5. a) op b) 
ze PIs yt = Tox 
7 6 4 
I 
F(2.5,0) x 
3 /—2/—1 ol [i t 
+1 
iz x? = Sy 
+3 
6. a) (y — 1)? = (x —2) b)x? = ty 


7. a) (y — 4° = -8(x - 4) 
8. a) (2, 7), (7, 2) 


b) (y- 3)? = 3-8) 
b) (2, -1), (-1, 2) 
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9.5 Exercises, page 597 


1. a) x7 = -125(y — 80) b) y = 67.2m 
pe 

10 000 12 500 
3. a) Equation may vary. a + 4 =1 b) 3.4m 
4. a) Equation may vary. x7 = 1512.50y b) 0.41 m 
5. a) Equation may vary. x” = —80y b) 17.19 m 


6. a) 23 034.2 m? 

b) The area of a circle is the area of an ellipse for which 
a=be=r. 

(54x? _ (S4y)? 


7. a) Equation may vary. 72 Wiz = -] 
b) 21.4m 
8.44.4 cm 
e po 
9. a) 5x05 + 33x10 =! 


b) ane . poh 
(d; + dz + 1 392 000) (didz + 696 000(d; + dz + 696 000))- 
where d, is the shortest distance and dz is the longest 
distance 


11. The speaker would have to face the reflector for the sound 
to be directed toward the audience; therefore, her back 
would be toward the audience. 


13. x? — d? = —10 000 


14. Equation may vary. x? = —y 


15. 6.05 m 
16. a) 800 km b) 2000 km 
9.6 Exercises, page 562 
1. a) Parabola b) Hyperbola 0) Ellipse 


d) Circle e) Parabola 


2. a) Ellipse b) Hyperbola 
©) Parabola d) Circle 


3. a) 3; (5, -2) b) 5; (3, 1) 
3..(_1 1 V6. 3 
OF (p23) Os (1-9) 
f) Not a circle 


4. a) 


f) Hyperbola 


9 Not a circle 


b) 


rae 7 
cae ae az 
e+y-6r+5=0 Yaya BRR SO 


d) y 


¥ 
9 x7 + y? = 2x]- 6y = 0 


e) y 


2X? + y? + 8x + 8y + 16 =]0 


x+y" - 6x + ly +25 =0 


5. a) (x — 1)° = 3(y +3) b) (x + 3)? = —5(y — 2) 
©) (y +2)? = 4x - 5) d) (y — 1)? = -3( +2) 
(=2P , O-1P _ 4324 O-3P _ 
6. a) a rie b) (x ee 
@-1P | @-3P _ (x+2P ) Q=2P _ 
(9) 7 9 1 d) a5 + q 1 
7. a) Ellipse b) Parabola © Circle 
d) Ellipse e) Parabola f) Circle 
y@- ie _ LL 
8. a) ) a= 1 : ; 
ii) 4; 6; CL, 2), (1, -2); (1, 3.6), (1, -3.6); y= 34-3, 
oe a 
y= 3a t 3 
»\(x- 27 _ 
b) i) 16 47 , ; 
ii) 4; 8; (2, 2), (2, -2); (2, 4.5), (2, -4.5); y = ata 1 
eat 
yaryxt 1 
(xt 1? — (tl? _ 
0 i) 25 16 } 
ii) 8; 10; (-1, 3), (-1, -5); (-1, 5.4), (-1, -7.4); 
eee 4,_9 
Yast sy 5° 5 
vx t3P 
4d N55 im 
ii) 20; 10; (0, 7), (0, -13); (0, 8.2), (0, -14.2); y = 2x — 3, 
y=-2x-3 
a aa 
e) Un oe = 1 


ii) 10; 10/2; (0, 5), (0, -5); (0, 8.7), (0,-8.7); y = +-Lx 
» (x+2% — (yt)? v2 
i me. el 

ii) 2/6; 4/2; (-2, 1.4), (-2, -3.4); (-2, 2.7), (2, 4.7); 


y By 1+/3,y By -1- V3 


2 12 
9 yp Gter 4 OR =] 


(e-1? | (yt+2P? _ 
) ar ey Galea 


f)(x+ 1% =-30+ 1) 


8 


10. a) A circle with centre (4, —3) and radius 4 

b) An ellipse with centre (1, —2), major axis 4, and minor 
axis 2 

¢ An ellipse with centre (—3, 2), major axis 4, and minor 
axis 2/3 

d) A hyperbola with centre (6, 0), vertices at (4, 0) and 
(8, 0), and asymptotes with slope +¥6 

e) A parabola that opens right with vertex (4, —2), focus 
(6, —2), and directrix x = 2 

f) A parabola that opens up with vertex at (—2, —5), focus 


119 toneh to. 1A 
(~. -12) , and directrix y = —- 
2 (yay 
11. a) i) Hyperbola yo _ 4) =1 


itil) (5, 4), (-1, 4); (7, 4, C3, 4) 
iv) y 


b) i) Circle 


iv) Y) @=5)24+.@=5)? $25 


ii) (x — 5)? + (y—5)? = 25 


©) i) Parabola 
ii) (4, 3), (S, 3) 


iy) 4 


ii) (y 3)? = L@—-4) 


(y+3y = 4ta-4) ; 
0 2 4 6 8 


»—~ 5/2 
49 5) =1 


d) i) Ellipse ri 


iii) (0, 5), (—6, 5); (0.8, 5), (-5.2, 5) 


wy (x + 3)? 
a 
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iv) y 12. a) (x — 3)? = 6(y +3) 
ee <4 
| 
e) i) Ellipse iy 49" +oo5% = 
ue 13.a)G=0,F =0,A=B;ifC>0, thenA < 0 andB <0; 
itl) (-3, 8), (-3, 2); (3, 7.2), (3, 2.8) if C < 0, then A > 0 and B > 0 
iy) PA b)G =0,F =0,A=-B; ifA > 0, thenC <0; if A <0, 
6 then C > 0 
4 Q0G=0,F=0,A =-B;ifA > 0, then C > 0;ifA < 0, 
(x +3) O32), then C <0 
S| dA=0,F =0,C=0 
e)G=0,F =0;ifA >B,thenA >0,B>0,C <0; 
ii) («+2 +(- 1)? = 10 ifA < B,thenA <0,B<0,C>0 
14. a) i) The point (1, -4) ii) Does not exist. 


iii) Two lines; one with slope 1 and y-intercept 5, the other 
with slope —1 and y-intercept 1. 
b)iii) y=x+5;y=-x+1 


(v+2P +(-1P = 10 


g) i) A pair of intersecting lines 


Self-Check 9.5, 9.6, page 565 


iy 2*5 = +2 iti) (1, -3) 
aa 1. Equation may vary. x? = —0.55y 
2 2 
Bre Ve vcs 
2o+h=1 
3. Equation may vary. 
2, a 
ast pal b) 5.88 m 
@-1P 4 WtlP _ @+2P 4 43P 
so ae alas | aR ee ag 
5. ay GoW O44? 1; +3? _O- 2? 4 
h) i) Hyperbola note 4p -4 ¥ se . : 
yP 4. > 6. a) (x +2)? = 4-1) b) (y — 1? = 4 +5) 
iii) (4, 1), (4, -1), (-4, 2.2), (4, -2.2) 2 2 
ais Ta Me 7. a) i) Ellipse ce a a 
WV) ap Th 8 2 
i iii) (5.8, 0), (0.2, 0); (5.4, 0), (0.6, 0) 
iv) 
as | 2 z 
b) i) Hyperbola i) (x -1¥- over =o] 
i) i) Parabola ii) (x + 2)? = z0- 3) iii) (1, -0.6), (1, -3.4); (1, -0.3), (1, -3.7) 
iii) (2, 3); (-2, 3.03) wy) Oooo 
iv) rp i 
| 2 
+6 
+2)? = 1-3) gap ee = 
i Circle ii) (x — 3) + (y- 4) = 36 @ i) Parabola ii) (x +4)? = By 
i) (-3, 4), 9, 4), (3, 10), 3, -2); 3, 4) it) (4, 0); (4, 2) 
iv) i Hal =3)4 o= 42 = 36 iv) ap he ; y 
4 
—10| -8 | -6 | 4 | -2|0 a 
ae ar a ee 
d) i) Circle ii) x° + (y ) = 46 
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iv) 


Insights Into a Rich Problem— 
The Reflection Property of a Parabola, page 568 


Lx =-4 


4. a)y ax 4 = b) y ax 4 ; oy=4x-15 
2 4 8 
5. a) b) (4. 3) 


7. (4.25, 0) 


Chapter 9 Review Exercises, page 571 
La) (x- 2)? +(y- 1° =9 
b) y 


Daxr+y—4x4+6y+4=0 
b) x? + y* + 8x + 2y-32=0 
3. a) (x + 3)? +(y— 2) = 16 


4. a) (0.9, 5.8), (—4.1, -4.2) 
©) (0, 1), C1, 0) 


5. 25, 8 or —25, -8 
6y=xt3.5 


b) (—3.4, 2.6), (3.7, -2.1) 


7. a), b) y = mx 


—14 -12 -10 


ZF 
ae 


(v +5)? +0 + 10 = 25 


oy= Sx and x = 0 
8. a) (0, +V 20); 12; 8 


2 6 
b) (0, +V40); 14; 6 

eyF el : 

6-4 2/416 7 


1 
(= 4" , O-3P _ 
10. + SS =i 
11. (6, 0), (5.1, 1.8) 
(+1. ot5? _ 
12. a) : + 25 =] 
(@w- D G-4 _ 
bate =! 


ANSWERS 


Previous Section 


Em - y = d) head y l 
me eas See 2 | i 
b) y A, =v = ai 125 
2a EN C1 i m4, -2.75 
ats) WO P 
A = 
=87 6 4 2 BIN 416 |_| | ) \ 
2|-\ fr 4P = P30 +2) a 
Bil (| 
22. (7, -3), (2, 2) 
23. 30.4 m 
24. a) 36.2 m 
100x2_ 100y?_ 
35.84 441 = 
Gna, PL eh gare ees 
26. a) 4s FI b) (x >) tye 
Ly y 
Boe 1 
aE 1 YE! CNG 
Has Eee x 
I | | | | 
(x+2P — (y= 1? _ 
got -So* = 1 
mae Fete | ae 
[ 
[ /| l h 
“easy Ny f asa axe a 
[ x 7 x 
aap AY z Zz 6 53 2/4 
Vat aE _o|N 
4 9 
[ : x 4| Ct 
b) > 6] 
(+2, 8.5) Ney y= oer 
am [| o-3 4 re a 27. a) i) Hyperbola iv) Szn se Ba y 
Got | wy (X43)2 2 cI 
= ae ae ole \ A 
: iii) (4.4, 0) (-1.6, 0); ECE ANE al 7 
=8 [6 ih OK 2 74 | 6 (-0.6, 0), (5.4, 0) == \ | 
w/euanne i . _ 
yaahe CI 
18. 7 x =1 | o 
( 10 8 ) b) i) Circle iv) y 
19. a) (—5, 7), (1, 1) b) (—, =), (2, 0) m2, .9_ 3 CoE 
on ms “= 2 10 1 : 
20. a) (y — 3)? = 12(x - 3) b) (y — 2)? = -4x 
|_| | 
©) (x — 4)? = Ay +3) d(x 4) = tx 
©) i) Ellipse iv) | y 
21. a) tds] ala 
Ee yo yr =] sunuey aauns 
a 2 6 H / \ 
L$ iii) (1, 2.5), (1, -2.5); St x 
(1, 2), (1, -2) Seana eee 
an eae eed 
b) Pais ] d) i) Parabola iv) y 
rann| i (e- 2" =3(y+ 2) NPLKH : 
rT 7) 2 
: a x sie 1 wt 
=8 ar ; + eT | iii) (2, -#); (2, -3) I B 
aay = ara) 
reo | | 
x [ 
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Chapter 9 Self-Test, page 575 
1.(4 +5)? + (y + 1)? = 45 


1 7 17 8 
2a) (-4, 2), C1.) b) (2, -4) 
2 
caer bee Ae ine ee 
3. aloe t 55 1 big ts 1 


pi O\2 p92 
g Sa 4, o-w -y 


4. b) $25 


b) 15.5 cm 


9.58.1 cm 
10. a) i) Ellipse iv) ol” 


a (+32, ye _ 
i) J +7 =1 


iii) (6, 0), (0, 0); 
(-3 - V5, 0), 

(-3 + V5, 0) 
b) i) Parabola iv) y 
ii) (x + 1)? = 4Gy- 1) e 


iii) (—1, 1); (-1, 2) [3641-2 ol 2 4 | 


©) i) Ellipse iv) y 
2 ,_4)2 
ii) at ay 4 w= 4" _ | Cp 


2: 2 

iii) (1, 4), (5, 4); 
(-2+ V7, 4), 
(2-4/7, 4) 

d) i) Parabola iv) |” 

ii) (y — 1 = ox 


iti) (0, 1); (2. 1) : 


11. a) Hyperbola _b) Circle ©) Ellipse d) Ellipse 


Assessment Tasks, page 576 


1. a) Circle b) Hyperbola_ ) Ellipse d) Ellipse 


3.p 
4. a) 4 
b) y* = 8(x +5), y? = 32(x + 5), y> = -8(x — 5), 


y? = -32(x — 5) 


9 


- 


d) (+3, +8), (0, +40), (0, +160), (+5, 0) 
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Previous Section 


Glossary 


absolute value: the distance between any real 
number and 0 on a number line; for example, 
| —3| =3, 3] =3 


acute angle: an angle measuring less than 90° 


Pa 


acute triangle: a triangle with three acute angles 


algebraic expression: a mathematical 
expression containing a variable: for example, 
6x — 4 is an algebraic expression 


altitude: the perpendicular distance from the 
base of a figure to the opposite side or vertex 


[altitude \ 


amortization: the repayment of the principal 
and interest of a loan by equal payments over a 
fixed period of time 


amount: the value of the principal plus interest 


amplitude of a function: the distance from the 
central axis to the minimum or maximum value of 
a periodic function 


angle bisector: the line that divides an angle 
into two equal angles 


angular velocity: the angle per unit time 
through which an object rotates about the centre 
of a circle 


annuity: a series of regular, equal payments paid 
into, or out of, an account 
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approximation: a number close to the exact 
value; the symbol = means “is approximately 
equal to” 


area: the number of square units needed to cover 
a region 


arithmetic sequence: a sequence of numbers in 
which each term after the first term is calculated 
by adding the same number to the preceding term; 
for example, in the sequence 1, 4, 7, 10, ..., 

each number is calculated by adding 3 to the 
previous number 


arithmetic series: the indicated sum of the 
terms of an arithmetic sequence 


asymptote: a line that a curve approaches, but 
never reaches 


average: a single number that represents a set of 
numbers; see mean, median, and mode 


axis of symmetry: a line that divides a figure 
into two congruent parts 


balance: the result when money is added to or 
subtracted from an original amount 


bar notation: the use of a horizontal bar over a 
decimal digit to indicate that it repeats; for 
example, 1.3 means 1.333 333 ... 


base: the side of a polygon or the face of a solid 
from which the height is measured; the factor 
repeated in a power 


binomial: a polynomial with two terms; for 
example, 3x — 8 


bisector: a line that divides a line segment into 
two equal parts 


The dotted line is a bisector of AB. 


A | B 


branches: the two distinct parts of a hyperbola 


chord: a line segment whose endpoints lie on 
a conic 


circle: the curve that results when a plane 
intersects a cone, parallel to the base of the cone; 
or the locus of a point P that moves so it is the 
same distance from a fixed point (the centre of 
the circle) 


circumference: the distance around a circle, and 
sometimes the circle itself 


: cumter @ 
Sy an 


coefficient: the numerical factor of a term; for 
example, in the terms 3x and 3x2, the coefficient 
is 3 

collinear points: points that lie on the same line 


commission: a fee or payment given to a 
sales-person, usually a specified percent of the 
person’s sales 


common denominator: a number that is a 
multiple of each of the given denominators; for 
example, 12 is a common denominator for the 
Ls 7 


fractions 74 WD 


common difference: the number obtained by 


subtracting any term from the next term in an 
arithmetic sequence 


common factor: a monomial that is a factor of 
each of the given monomials; for example, 3x is a 
common factor of 15x, 9x”, and 21xy 


common ratio: the ratio formed by dividing any 
term after the first one in a geometric sequence by 
the preceding term 


complete the square: add or subtract constants 
to rewrite a quadratic expression ax* + bx +c as 


a(x —p)’+q 


complex number: any number of the form 
a+ bi, where a and b are real numbers and i? = —1 


compound interest: see interest; if the interest 
due is added to the principal and thereafter earns 
interest, the interest earned is compound interest 


compression of a function: a transformation 
that results in the graph of a function being 
compressed horizontally or vertically 


compounding period: the time interval for 
which interest is calculated 


cone: the surface generated when a line is rotated 
in space about a fixed point P on the line 
\ 


Y 
‘ 
‘ 


‘ 
‘ 
« p 


congruent: figures that have the same size 
and shape 


conjugate complex numbers: two numbers of 
the form a + bi and a — bi, where a and b are real 
numbers and i? = —1 


consecutive numbers: integers that come one 
after the other without any integers missing; for 
example, 34, 35, 36 are consecutive numbers, so 
are —2, —1, 0, and 1 


constant function: f(x) = c, where c is a 
constant 


constant term: a number 


coordinate axes: the x- and y-axes on a grid 
that represents a plane 


coordinate plane: a two-dimensional surface on 
which a coordinate system has been set up 


coordinates: the numbers in an ordered pair that 
locate a point in the plane 


corresponding angles in similar triangles: 
two angles, one in each triangle, that are equal 


cosine of @: the first coordinate of point P, where 
P is on the unit circle, centre (0, 0), and @ is the 
measure of the angle in standard position 
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cube root: a number which, when raised to the 
power 3, results in a given number; for example, 
4 is the cube root of 64, and -4 is the cube root 
of —64 


cylinder: a solid with two parallel, congruent, 
circular bases 


q 
data: facts or information 


database: an organized collection of facts or 
information, often stored on a computer 


degree of a term: the sum of the exponents of 
the variables in that term 

The degree of 3x7y° is 5. 

The degree of 2ab’ is 3. 

The degree of —4x is 1. 

The degree of a constant, such as 7, is 0. 


degree of a polynomial: the degree of its 
highest-degree term 

The degree of x° + 2xy + y is 3. 

The degree of 3x — 2y + 5 is 1. 


denominator: the term below the line in 
a fraction 


diagonal: a line segment that joins two vertices 
of a polygon, but is not a side 


diameter: the distance across a circle, measured 
through the centre; a line segment through the 
centre of the circle with its endpoints on the circle 


diameter 


difference of squares: a polynomial that can 
be expressed in the form x* — y’; the product of 
two monomials that are the sum and difference of 
the same quantities, (x + y)(x — y) 
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directrix of a parabola: the fixed line such that 
the distance from any point P on the parabola to 
the fixed line is equal to the distance from P to the 
focus F 


discriminant: the discriminant of the quadratic 
equation ax” + bx + c = 0 is b* — 4ac 


distributive law: the property stating that a 
product can be written as a sum or difference of 
two or more products; for example, for all real 
numbers a, b, and c: a(b + c) = ab +. ac and 
a(b — c) = ab—-ac 


domain of a function: the set of x-values (or 
valid input numbers) represented by the graph or 
the equation of a function 


doubling time: the term used in exponential 
growth problems; the time it takes the quantity of 
an item to double 


effective rate: the annual interest rate that 
produces the same amount of interest per year as 
the given rate compounded several times per year 


ellipse: the closed curve that results when a plane 
intersects a cone, or the locus of a point P that 
moves so the sum of its distances from two fixed 
points (the foci) is constant 


equation: a mathematical statement that two 
expressions are equal 


equidistant: the same distance 


equilateral triangle: a triangle with three 
equal sides 


equivalent rates: rates of interest with different 
compounding periods that have the same effect on 
a given amount of money over the same time 


evaluate: to substitute a value for each variable 
in an expression and simplify the result 


even number: an integer that has 2 as a factor; 
for example, 2, 4, -6 


even function: a function with the property 


f(-) = FQ) 


expanding: multiplying a polynomial by a 
polynomial 


expansion of a function: a transformation that 
results in the graph of a function being expanded 
horizontally or vertically 


exponent: a number, shown in a smaller size and 
raised, that tells how many times the number 
before it is used as a factor; for example, 2 is the 
exponent in 67 


exponential growth: a situation where an 
original amount is repeatedly multiplied by a 
constant; see geometric sequence 


expression: a mathematical phrase made up of 
numbers and/or variables connected by operations 


extrapolate: to estimate a value beyond known 
values 


factor: to factor means to write as a product; to 
factor a given integer means to write it as a 
product of integers, the integers in the product are 
the factors of the given integer; to factor a 
polynomial with integer coefficients means to 
write it as a product of polynomials with integer 
coefficients 


fifth root: a number which, when raised to the 
power 5, results in a given number; for example, 
3 is the fifth root of 243 since 3° = 243, and —3 is 
the fifth root of —243 since (—3)° = —243 


foci of an ellipse: the two points F; and F) on 
the major axis of an ellipse such that PF; + PF is 
constant for all points P on the ellipse 


focus (plural, foci): the point in a parabolic dish 
antenna where the receiver is located; parallel 
signals are reflected off the surface and 
concentrated at this point 


foci of a hyperbola: the two points F; and F 
on the transverse axis of a hyperbola such that 
|PF, — PF9| is constant for all points P on 

the hyperbola 


focus of a parabola: the point F on the axis of 
symmetry of a parabola such that the distance of 
any point P on the parabola from F is equal to the 
distance of P from the directrix 


formula: a rule that is expressed as an equation 


45-45-90 triangle: a triangle with angles 45’, 
45°, and 90° 


fourth root: a number which, when raised to the 
power 4, results in a given number; for example, 
—2 and 2 are the fourth roots of 16 


fraction: an indicated quotient of two quantities 


function: a rule that gives a single output 
number for every valid input number 


future value: see amount 


general term of an arithmetic sequence 
(or series): used to determine any term by 
substitution; that is, ¢, is the nth term in the 
sequence, and f, = a + (n — 1)d, where a is the 
first term, m the number of terms, and d the 
common difference 


general term of a geometric sequence 
(or series): used to determine any term by 
substitution; that is, f, is the nth term in the 
sequence, and f,, = ar’—|, where a is the first 
term, 1 is the number of terms, and r is the 
common ratio 


geometric growth: see exponential growth 


geometric sequence: a sequence of numbers in 
which each term after the first term is calculated 
by multiplying the preceding term by the same 
number; for example, in the sequence 1, 3, 9, 27, 
81, ..., each number is calculated by multiplying 
the preceding number by 3 


geometric series: the indicated sum of the 
terms of a geometric sequence 


greatest common factor: the greatest factor 
that two or more terms have in common; for 
example, 4x” is the greatest common factor of 
4x3 + 16x” — 64x4 


guaranteed investment certificate (GIC): 

see term deposit; an account with a guaranteed rate 
of interest for a specified term where the deposit 
cannot be withdrawn before the end of the term 


horizontal intercept: the horizontal coordinate 
of the point where the graph of a function or a 
relation intersects the horizontal axis 
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hyperbola: the curve that results when a plane 
intersects both nappes of the cone; or the locus of 
a point P that moves so the difference of its 
distances from two fixed points (the foci) is 
constant 


hypotenuse: the side that is opposite the right 
angle in a right triangle 


hypotenuse 


hypothesis: something that seems likely to 
be true 


identity: an equation that is satisfied for all 
values of the variable for which both sides of the 
equation are defined 


image: the figure or graph that results from a 
transformation 


inequality: a statement that one quantity is 
greater than (or less than) another quantity 


initial arm: the horizontal ray of an angle in 
standard position 


integers: the set of numbers... —3, —2, —1, 0, +1, 
+2, +3, ... 


interest: money that is paid for the use of money, 
usually according to a predetermined percent 


interpolate: to estimate a value between two 
known values 


interval: a regular distance or space between 
numbers 


inverse of a function: a relation whose rule is 
obtained from that of a function by interchanging 
x and y 


irrational number: a number that cannot be 
written in the form a where m and n are integers 
(n # 0) 


isosceles triangle: a triangle with at least two 
equal sides 
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lattice point: on a coordinate grid, a point at the 
intersection of two grid lines 


latus rectum: the chord in a parabola that passes 
through the focus and is perpendicular to the line 
of symmetry 


leading coefficient: the coefficient of the 
highest power of a polynomial expression 


like radicals: radicals that have the same radical 
part; for example, J5, 3/5, and -7/5 


like terms: terms that have the same variables; 
for example, 4x and —3x are like terms 


line of best fit: a line that passes as close as 
possible to a set of plotted points 


line segment: the part of a line between two 
points on the line 


line symmetry: a figure that maps onto itself 
when it is reflected in a line is said to have line 
symmetry; for example, line / is the line of 


symmetry for figure ABCD 
A 
B 
veh 
Cc 
D 


linear equation: an equation in which the 
degree of the highest-degree term is 1; for 
example, x = 6, y = 2x — 3, and4x+2y-5=0 


linear inequality: an inequality in which the 
degree of the highest term is 1; for example, 
2x-3>5-4x 


linear function: a function whose defining 
equation can be written in the form y = mx + b, 
where m and b are constants 


linear growth: a situation where a constant is 
repeatedly added to an original amount; see 
arithmetic sequence 


linear system: two or more linear equations in 
the same variables 


locus: the path traced by a point that moves 
according to a given condition 


maturity value: see amount; the value of the 
principal plus interest at the end of the term 


mean: the sum of a set of numbers divided by the 
number of numbers in the set 


median: the middle number when data are 
arranged in numerical order 


median of a triangle: a line from one vertex to 
the midpoint of the opposite side 


midpoint: the point that divides a line segment 
into two equal parts 


mixed radical: an expression of the form a./x; 
for example, 2/5 is a mixed radical 


mode: the number that occurs most often in a set 
of numbers 


monomial: a polynomial with one term; for 
example, 14 and 5x? are monomials 


mortgage: a long-term loan on real estate that 
gives the person or firm providing the money a 
claim on the property if the loan is not repaid 


multiple: the product of a given number and a 
natural number; for example, some multiples of 8 
are 8, 16, 24, ... 


multiplicative inverses: a number and its 
reciprocal; the product of multiplicative inverses 
is 1; for example, 3 x ; =1 

nappes of a cone: the 2 symmetrical parts of 
a cone on either side of the vertex 


natural numbers: the set of numbers 1, 2, 3, 
4,5,... 


negative number: a number less than 0 


negative reciprocals: two numbers whose 
product is —1; for example, 3 is the negative 
reciprocal of -3, and vice versa 


non-linear relation: a relation that cannot be 
represented by a straight-line graph 


numerator: the term above the line in a fraction 


obtuse angle: an angle greater than 90° and less 


than 180° 


obtuse triangle: a triangle with one angle 
greater than 90° 


— 


odd function: a function with the property 
fx) = F@) 


odd number: an integer that does not have 2 as 
a factor; for example, 1, 3, —7 


operation: a mathematical process or action 
such as addition, subtraction, multiplication, 
or division 


opposite angles: the equal angles that are 
formed by two intersecting lines 


opposites: two numbers whose sum is zero; each 


number is the opposite of the other 


optimization: making a system or object as 
efficient as possible 


order of operations: the rules that are followed 
when simplifying or evaluating an expression 


ordered pair: a pair of numbers, written as 
(x, y), that represents a point on a coordinate grid 


ordinary annuity: an annuity where a payment 
is made at the end of each payment period; 
see annuity 


parabola: the name given to the shape of the 
graph of a quadratic function 


parallel lines: lines in the same plane that do 


not intersect 


percent: the number of parts per 100; the 
numerator of a fraction with denominator 100 


perfect square: a number that is the square of a 
whole number; a polynomial that is the square of 
another polynomial 


perimeter: the distance around a closed figure 
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period: the length of one cycle, measured along 
the horizontal axis 


period of a loan: the time it takes to pay back 
the loan 


periodic function: a function that repeats in a 
regular way, or, a function that has a number p 
such that f(x + p) = f(x) for all values of x in 
the domain 


perpendicular: intersecting at right angles 


perpendicular bisector: the line that is 
perpendicular to a line segment and divides it in 
two equal parts 


The dotted line is the perpendicular 
bisector of AB. 


pi (7): the ratio of the circumference of a circle to 
its diameter; 7 = 3.1416 


point of intersection: a point that lies on two 
or more figures 


point slope form: the equation of a line in the 
form y = m(x — p) + q, where (p, q) are the 
coordinates of a point on the line and m is its slope 


point symmetry: a figure that maps onto itself 
after a rotation of 180° about a point is said to 
have point symmetry 


polygon: a closed figure that consists of line 
segments; for example, triangles and quadrilaterals 


polynomial: a mathematical expression with one 
or more terms, in which the exponents are whole 
numbers and the coefficients are numbers 


polynomial function: a function where f(x) is a 
polynomial expression 


positive number: a number greater than 0 


power: an expression of the form a”, where a is 
the base and n is the exponent; it represents a 
product of equal factors; for example, 4 x 4 x 4 
can be expressed as 4° 


power function: a function that has the form 
f(x) = x*, where a is a constant 
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present value: the principal required to obtain a 
specific amount in the future 


principal: money invested or loaned 


prime number: a natural number with exactly 
two factors, itself and 1; for example, 2, 5, 11 


product: the quantity resulting from the 
multiplication of two or more quantities 


Pythagorean Theorem: for any right triangle, 
the area of the square on the hypotenuse is equal to 
the sum of the areas of the squares on the other 
two sides 


quadrant: one of the four regions into which 
coordinate axes divide a plane 


quadratic equation: an equation of the form 
ax” + bx +c = 0, where a # 0; for example, 
x* + 5x + 6 = 0 is a quadratic equation 


quadratic function: a function with defining 
equation y = ax? + bx +c, where a, b, and c are 
constants, and a # 0 


quotient: the quantity resulting from the division 
of one quantity by another 


radian: a unit for measuring angles; | radian is 
about 57.295 78° 


radical: the root of a number; for example, 


/400, </8, /72, </24 


radical equation: an equation where the 
variable occurs under a radical sign 


radical sign: the symbol V‘ that denotes the 
positive square root of a number 


radius (plural, radii): the distance from the 
centre of a circle to any point on the 
circumference, or a line segment joining the centre 
of a circle to any point on the circumference 


range: the difference between the highest and 
lowest values (the extremes) in a set of data 


range of a function: the set of y-values (or 
output numbers) represented by the graph or the 
equation of a function 


rate: a certain quantity or amount of one thing 
considered in relation to a unit of another thing 


ratio: the quotient of two numbers or quantities 


rational expression: a fraction where both 
numerator and denominator are polynomials 


rational number: a number that can be written 
in the form I where m and n are integers (n # 0) 


rationalize the denominator: write the 
denominator as a rational number, to replace the 


irrational number; for example, ma is written a 


or 3/2 


ray: a figure formed by a point P on a line and all 
the points on the line on one side of P 


real numbers: the set of rational numbers and 
the set of irrational numbers; that is, all numbers 
that can be expressed as decimals 


reciprocals: two numbers whose product is 1; for 
example, 3 and + are reciprocals, 2 and 4 are 
reciprocals 


rectangular hyperbola: a hyperbola that has 
perpendicular asymptotes 


recursion formula: a rule by which each term 
of a sequence is generated from the preceding term 
or terms 


reference angle: the acute angle between the 
terminal arm and the x-axis 


reflection of a function: a transformation that 
results in the graph of a function being reflected in 
a horizontal or vertical line 


reflex angle: an angle between 180° and 360° 


registered retirement savings plan (RRSP): 
a savings plan, for people who earn income, where 
money invested and interest earned are not taxed 
until money is withdrawn 


regular polygon: a polygon that has all sides 
equal and all angles equal 


relation: a rule that produces one or more output 
numbers for every valid input number 


right angle: a 90° angle 


right circular cone: a cone in which a line 
segment from the centre of the circular base to the 
vertex is perpendicular to the base; see cone 


right triangle: a triangle that has one right angle 


rise: the vertical distance between two points 


root of an equation: a value of the variable 
that satisfies the equation 


rotational symmetry: a figure that maps onto 
itself in less than one full turn is said to have 
rotational symmetry; for example, a square has 
rotational symmetry about its centre O 


run: the horizontal distance between two points 


scale: the ratio of the distance between two 
points on a map, model, or diagram to the distance 
between the actual locations; the numbers on the 
axes of a graph 


scalene triangle: a triangle with no two sides 
equal 


scatter plot: a graph of data that is a set of 
points 


scientific notation: a way of expressing a 
number as the product of a number greater than 
—10 and less than —1 or greater than 1 and less 
than 10, and a power of 10; for example, 4700 is 
written as 4.7 x 10° 


semi-annual: every six months 


semicircle: half a circle 
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significant digits: the meaningful digits of a 
number representing a measurement 


similar figures: figures with the same shape, but 
not necessarily the same size 


me, 


simple harmonic motion: a periodic up-and- 
down motion commonly created by the motion of 
a weight on a spring 


simple interest: see interest; interest calculated 
according to the formula J = Prt 


sine of @: the second coordinate of P, where P is 
on the unit circle, centre (0, 0) and @ is the 
measure of the angle in standard position 


sinusoidal functions: functions of curves that 
look like waves 


sinusoids: curves that look like waves 


slope: describes the steepness of a line or line 
segment; the ratio of the rise of a line or line 
segment to its run 


slope y-intercept form: the equation of a line 
in the form y = mx + b, where m is the slope and b 
is the y-intercept 


spreadsheet: a computer-generated arrangement 
of data in rows and columns, where a change in 
one entry results in appropriate calculated changes 
in the other entries 


square of a number: the product of a number 
multiplied by itself; for example, 25 is the square 
of 5 


square root: a number which, when multiplied 
by itself, results in a given number; for example, 5 
and —5 are the square roots of 25 


standard position: an angle is in standard 
position when the initial arm starts at (0, 0) and 
lies on the positive x-axis; the terminal arm is 
rotated about (0, 0) 


statistics: the branch of mathematics that deals 
with the collection, organization, and interpretation 
of data 


664 FUNCTIONS AND RELATIONS 11 


straight angle: an angle measuring 180° 


sum of an arithmetic series: the formula for 
the sum of the first n terms is S, = (S*) xn, 
where a is the first term, ft, is the nth term, and n 
is the number of terms; or S,, = [2a +(n—- 1)d], 
where d is the common difference 


sum of a geometric series: the formula for the 
Bet) <1, r#1, 

= 
where a is the first term, r is the common ratio, 
and n is the number of terms 


sum of the first n terms is S,, = 


symmetrical: possessing symmetry; see line 
symmetry, point symmetry, and rotational 
symmetry 


tangent of 6: the y-coordinate of Q, where P is 
on the unit circle and AQ is perpendicular to OA 


Qd., tan 8) 


AC, 0) 


term: of a fraction is the numerator or the 
denominator of the fraction; when an expression is 
written as the sum of several quantities, each 
quantity is a term of the expression 


term deposit: an account whose rate of interest 
is guaranteed for a specified term where 
withdrawal before the end of the term may result 
in loss of interest 


terminal arm: the final ray when defining 
an angle 


30-60-90 triangle: a triangle with angles 30”, 
60°, and 90° 


three-dimensional: having length, width, and 
depth or height 


trajectory: the curved path of an object moving 
through space 


transformation of a function: the change in a 
function that results in changes to its equation and 
its graph; see compression, expansion, reflection, 
and translation 


translation of a function: a transformation 
that results in the graph of a function being moved 
horizontally or vertically 


trigonometric equation: an equation involving 
one or more trigonometric functions of a variable 


trigonometric identity: an identity involving 
one or more trigonometric functions of a variable 


trinomial: a polynomial with three terms; for 
example, 3x? + 6x + 9 


two-dimensional: having length and width, but 
no thickness, height, or depth 


unlike radicals: radicals that have different 
radical parts; for example, /5 and /11 


unlike terms: terms that have different variables, 
or the same variable but different exponents; for 
example, 3x, —4y and 3x2, —3x 


variable: a letter or symbol representing a 
quantity that can vary 


vertex (plural, vertices): the corner of a figure 
or a solid 


vertex of a cone: the point where all the 
generators intersect 


vertex of a parabola: the point where the axis 
of symmetry of a parabola intersects the parabola 


vertical intercept: the vertical coordinate of the 
point where the graph of a function or a relation 
intersects the vertical axis 


vertical line test: if no two points on a graph 
can be joined by a vertical line, then the graph 
represents a function 


vertices of a hyperbola: the endpoints of the 
transverse axis 


vertices of an ellipse: the endpoints of the 
major axis 


volume: the amount of space occupied by 
an object 


whole numbers: the set of numbers 0, 1, 2, 3,... 


x-axis: the horizontal number line on a coordinate 
grid 
x-intercept: the x-coordinate of the point where 


the graph of a function or a relation intersects the 
X-axis 


y-axis: the vertical number line on a coordinate 
grid 
y-intercept: the y-coordinate of the point where 


the graph of a function or a relation intersects the 
y-axis 


zero of a function: the horizontal coordinate of 
the point where the graph of a function intersects 
the horizontal axis drawn through the origin 
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Previous Section 
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A 


Absolute value, 327, 328 
definition of, 327 
function, 399 

Acute triangle, 248 

Adding fractions, 78 

Adding monomials, 79 

Adding polynomials, 84, 85 

Additive growth, 9; see also 
Linear growth 

Algebraic identity, 307 


Amortization period, 167, 168, 
191 
shortening, 184 


Amortization table, 178-180, 
191 


Amount 
calculating using TVM Solver, 
176 
for compound interest, 137 
for simple interest, 128 
of an annuity, 151, 152 
Amplitude of a sinusoidal 
function, 340, 342, 363, 381, 
383 


Angle 
30° and its multiples, 283, 284 
45° and its multiples, 282, 283 
measure in degrees, 288, 290 
measure in radians, 288—290 
sum of a triangle, 247 


Angles in radians 
trigonometric functions of, 
296-299 


Angles in standard position 
coterminal angles, 269 
initial arm, 268 
measured in degrees, 268-270 
measured in radians, 292 
terminal arm, 268 
trigonometric functions of, 

272-278 
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Angular velocity, 295 


Annuity 
amount of, 151-154, 191 
present value of, 159-162, 191 
regular deposit for, 153, 154 
Annuity due, 158 
Apogee, 559 
Arc length formula, 291 
Arc length of a circle, 291 
Arithmetic mean, 126 
Arithmetic sequence, 8, 9-12, 
26, 27, 70 
common difference, 11 
definition, 11 
general term of, 26, 28 
related to simple interest, 129, 
130 
Arithmetic series, 54, 70 
sum of, 54—56 


Arithmetico-geometric series, 
76 


Asymptotes, 374, 375, 383, 535 
Atomic ghosts, 449, 497 


Axis of symmetry, 198, 199, 
241, 522, 533, 545 


LB) 


Binomial, 80 
Binomial square, 86, 87 
Bluenose postage stamp, 142 
Bonds, 187-190 

prices, 189 

yield rate, 188 
Bouncing ball, 66-68 


ic) 


Calculator, 132-134; see also 
Graphing calculator and TI-83 
graphing calculator 

Canada Savings Bonds (CSBs), 
127, 187 


regular interest, 129, 130 
Chinese calendar, 14 
Chord of a parabola, 489, 545 


Circle; see also Equation of a 

circle 

as a conic section, 493 

as a locus, 457, 501, 510 

general equation, 511 

intersecting with lines, 
514-518 

standard equation, 510, 511, 
570 

tangent to, 372, 515-518 


Combining transformations of 
functions 
horizontal expansion and 
translation, 418, 419 
vertical expansion and 
translation, 418 
Common difference of an 
arithmetic sequence, 11, 26 
Common factors, 81 
Common ratio of a geometric 
sequence, 20, 28 
Completing the square, 198, 
199 
Complex numbers, 222-226, 
241 
adding, 229, 241 
conjugates, 226, 241 
definition, 224 
dividing, 230-232 
graphical representation, 228 
multiplying, 229, 230, 241 
operations with, 229-232 
set of, 224 
subtracting, 229, 230, 241 
Complex root of a quadratic 
equation, 223-226 
Compound interest, 135-138, 
191 
formula for amount, 137, 191 


formula for present value, 137, 


191 
Compounding, 16, 135 


Compounding period 
annually, 135-138 
monthly, 144-146 
semi-annually, 144-146, 167 


Cones, 492, 501 
axis of, 492 
definition, 492 
generators of, 492 
nappes of, 492 
vertex of, 492 


Conic sections, also Conics, 
493, 501; see also Quadratic 
relations 
definition, 493, 553 
general equation of, 560-562, 

571 
standard equation of, 570 


Conjugate axis, 535, 536 
Conjugate hyperbolas, 542 


Conjugate pair of complex 
numbers, 226, 232 


Conjugates, 226, 241 
Constant function, 407 
Constant product, 119, 120 


Constant product principle, 120, 
121 


Cosine 
of an obtuse angle, 253-257 
of 0° and 90°, 284 
of 0 and = 299 
of 30° and 60°, 284 
of Z and = 299 
of 45°, 284 
of - 299 


Cosine function, 333-336 
definition, 333 
domain, 335, 383 
general, 363, 384 
graphing, 334—336, 340-347, 

352-357 

maximum value, 335, 383 
minimum value, 335, 383 
9-point sketch, 335 
period, 335, 383 


properties of, 335, 383 
range, 335, 383 
Cosine law, 311, 315 
in acute triangles, 250, 251 
in obtuse triangles, 260 
Cosine of special angles, 316 
in degrees, 282-285 
in radians, 299 
Cosine ratio 
in a right triangle, 246 


of angles between 0° and 180°, 


260 


of angles between 0° and 360°, 


272-278 
Coterminal angles 
in degrees, 269 
in radians, 292 
Cube root, 6 
related to exponents, 39 


LD) 
Damping, 380-382 
Degrees 
converting from radians to, 
315 
Dependent variable, 325, 424, 
425 


Difference of squares, 81, 82, 
119 


Directrix, 484, 501, 545, 546 
Discriminant of a quadratic 

equation, 212, 226, 238, 241, 

567 
Distance 

between two points, 452 

from a point to a line, 451 
Distance formula, 452, 510 
Distributive law, 84, 85, 122 
Dividing fractions, 78 
Dividing monomials, 79 
Domain 

of a function, 323, 324 

of a linear function, 396 

of a quadratic function, 397 


of a sinusoidal function, 335, 
383, 397, 411, 412 


of a square-root function, 412 


cE) 


Effective interest rate, 143 
Electrical circuit, 126 


Ellipse, 464-469, 522-527, 556, 
557; see also Standard 
equation of an ellipse 
as a conic section, 493 
as a locus, 465, 501, 522 
axis of symmetry, 522 
construction using a grid, 465, 
466 

construction using geometry, 
466, 467 

construction using The 
Geometer’s Sketchpad, 467, 
472, 473 

definition, 465 

equation in a coordinate 
system, 468, 469 

focal radii property, 522, 523 

focal radius, 465 

focus/foci, 465, 522-524 

general equation, 560 

graphing, 525 

major axis, 472, 522, 524 

minor axis, 472, 522, 524 

properties of, 522 

Pythagorean property, 522, 
523 

reflection property of, 
497-499 

semi-major axis, 522 

standard equation, 523, 524, 
527, 570 

tangent to, 473 

vertex/vertices, 472, 522 


Equation of a circle 
centre (h, k), 510 
general form of, 511 
standard form of, 510, 570 


Equation of a damped spring, 
379-382 


Equation test for a function, 
393, 439 


Equilateral triangle, 289 
Equivalent fraction, 108 
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Even function, 407 
Expanding, 84 
Exponent 

integer, 3-5 

rational, 39-42 
Exponent laws 

integer exponents, 3, 4 

rational exponents, 47—50 
Exponential decay, 381 
Exponential equations 

solving, 48, 51, 53, 73 
Exponential function, 381 
Exponential growth, 16-21 


related to compound interest, 
135, 137 


LF ) 


Factoring polynomials, 81, 82, 
96-99, 105, 113 

Family 
of lines, 238-240, 517, 518 
of parabolas, 239, 240 

Fibonacci, Leonardo, 35 

Fibonacci sequence, 34 

Fifth root, 6 

Focal length of a lens, 95 


Focal radius/radii 
for a hyperbola, 475, 501 
for an ellipse, 465, 501 
property for a hyperbola, 533 
property for an ellipse, 522 
Focus, 465, 475, 484 
4-5-6 triangle, 245, 313 
45-45-90 triangle, 282, 283 
Fourth root, 6 
Frequency of sound, 332 


Functions, 392, 450 
absolute value, 399 
constant, 407 
definition of, 392, 429 
dependent variable, 325 
domain of, 323, 324, 375, 383, 

396, 397 

equation test for, 393, 439 
even, 407 
identity, 407 
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independent variable, 325 

inverse of, 424-429 

notation, 401, 402 

odd, 407 

periodic, 329-331, 333-336, 
340-347, 352-357, 
362-366, 372-375, 381 

quadratic, 197-199, 206-210, 
215, 216, 241 

quartic, 435, 436 

range of, 323, 324, 375, 383, 
396, 397 

square root, 403 

transforming, 322, 409-412, 
418, 419, 439 

vertical line test for, 392, 439 

zeros of, 203, 215 

Future value/amount, FV, see 
TI-83 graphing calculator 


© 


General equation 
of a circle, 511 
of a conic, 560-562, 571 
of a hyperbola, 560 
of a parabola, 561 
of an ellipse, 560 


General quadratic equation, 212 
roots of, 215, 241 

General term of a geometric 
sequence, 28 

General term of a sequence, 
26-29 


General term of an arithmetic 
sequence, 26 


Geometer’s Sketchpad, The, 454 
constructing a hyperbola, 478, 
481, 482 
constructing a locus, 458, 459, 
463, 503, 506 
constructing a parabola, 485, 
486, 490 
constructing an ellipse, 467, 
472, 473 
Geometric sequence, 8, 20, 21, 
27-29, 70 
related to compound interest, 
135, 137 


Geometric series 
sum of, 60, 61, 66, 70, 132, 
144, 151, 159, 160 
Goods and Services Tax (GST), 
3 


Graphing calculator, 209 
amounts under compound 
interest, 149 
calculating in radians, 288 
quadratic function, 209, 210, 
215 
semicircle function, 398 
sinusoidal functions, 337-341, 
348, 349, 352, 361, 364, 
365 
tangent function, 376, 377 
TVM Solver, 174-176 
Graphing trigonometric 
functions 
y = acosx, 340, 342 
y = asinx, 340, 342 
y = cos bx, 352-354 
y = cosx, 334, 335 
y =cosx+c, 341, 343 
y = cos (x — d), 341, 344, 345 
y = sinbx, 352-354 
y = sinx, 333, 334 
y =sinx +c, 341, 343 
y =sin(x — d), 341, 344, 345 
y = tanx, 373-375 
Graphmatica, 332, 360 
Greatest common factor, 81, 96, 
97 
Guaranteed Investment 
Certificate (GIC), 141, 147, 
148, 150, 192 


tH] 


Harmonic mean, 126 

Horizontal compression, 354, 
384, 409-411, 439 

Horizontal expansion, 354, 384, 
409-411, 418, 439 

Horizontal translation, 344, 385, 
409, 411, 418, 439 

Hyperbola(s), 475-480, 501, 
533-539 
as a conic section, 494 


as a locus, 475, 501, 533 

asymptotes, 535, 536, 539 

axis of symmetry, 533 

conjugate, 542 

conjugate axis, 535, 536 

construction using a grid, 476 

construction using geometry, 
477 

construction using The 
Geometer’s Sketchpad, 478, 
481, 482 

definition, 475 

equation in a coordinate 
system, 479 

focal radii property, 533 

focal radius, 475 

focus/foci, 475, 533, 536 

general equation, 560 

properties of, 533 

rectangular, 542 

standard equation, 534, 536, 
539 

tangent to, 483 

transverse axis, 482, 533, 536, 
539 

vertex/vertices, 482, 533, 536 


Oo 

Identity, 307 

Identity function, 407 

Image of a graph, 322 

Independent variable, 325, 424, 
425 


Inequality, 394, 395 


Integer exponents 


laws for, 3, 4 
Integers, 200, 222 
Interest 


compound, 135, 144, 145, 191 
compound interest formula, 
145 
simple, 128, 191 
total accumulated, 129, 130 
Interest rate, 128, 135, 137, 168, 
175 


calculating using TVM Solver, 
175 
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changing for a mortgage, 182, 
183 
effective, 143 
for a mortgage, 167-169 
Intersection of lines and circles, 
514-518 


Intersection of lines and conics, 
237-240, 531, 532, 543, 552, 
554, 566-569 

Inverse of a function, 424—429, 
439 
definition of, 429 
notation, 427, 428 
quartic function, 435, 436 


Irrational numbers, 200, 222 


Latus rectum, 489, 545 
Latus rectum property, 545 
Length of a line segment, 452 
Lens formula, 95, 111 
Like terms, 84 
Line segment, 
length of, 452 
perpendicular bisector of, 451 
Linear equation, 512, 515 
Linear function, 197, 396 
zeros of, 203 
Linear growth, 9-12 
related to simple interest, 129, 
130 
Linear inequalities, 394 
solving, 395 
Linear system 
solving, 512, 513 
Linear-quadratic system 
solving, 514-518 
Locus, 455-459, 501, 510, 522, 
533, 545 
construction using The 
Geometer’s Sketchpad, 458, 
459, 503, 506 
definition, 455 
properties of, 457 


Lowest common denominator, 
78, 108, 109, 113 


iM) 


Major axis, see Ellipse 

Mathematical models, 25, 69 

Mean position of sinusoidal 
motion, 363 

Minor axis, see Ellipse 

Mixed radical, 204 

Monomial, 79 


Mortgages, 167-169, 178-185, 

191, 192 

amortization tables, 178-180 

amount owing, 169 

changing conditions of, 
182-185 

converting interest rates, 167 

graphing calculator, 176 

increase monthly payments, 
184 

lump sum payment, 184 

monthly payment, 168, 176 

more frequent payments, 185 

reduce interest costs, 183-185 

spreadsheets, 171, 178, 179, 
183, 185 

total cost of, 181 

total interest paid, 169 

Multiplicative growth, 17; see 
also Exponential Growth 


Multiplier, 19, 20 
Multiplier principle 
for decay, 19, 119 
for growth 17, 119, 135, 144 


Multiplying fractions, 78 
Multiplying monomials, 79 
Multiplying polynomials, 84-86 


Natural numbers, 200, 222 
Negative exponent law, 3, 4 


Negative number 
principal square root, 222 
9-point sketch, 334, 335 


Non-permissible value of a 
variable, 91— 93, 96-99, 122 
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Number of compounding 
periods per year, C/Y, see 
TI-83 graphing calculator 

Number of payments per year, 
P/Y, see TI-83 graphing 
calculator 


Number systems, 200, 201 
Numerical roots, 6 


oO 


Obtuse angle, 253 
cosine of, 253-257 
sine of, 253-257 


Obtuse triangle 
ambiguous case of, 261 
Cosine law, 260-262 
Sine law, 260-262 

Odd function, 407 

Olympic Games, 15 

Order of operations, 86 


Ordinary annuity, 151; see 
Annuity 


LP) 


Parabolas, 197, 206, 216, 
237-239, 241, 484-487, 
545-549, 555, 556; see also 
Quadratic functions 
as a conic section, 493 
as a locus, 484, 501, 545 
axis of symmetry, 545 
chord, 489 
construction using a grid, 484 
construction using The 

Geometer’s Sketchpad, 485, 
486, 490 
definition, 484 
directrix, 484, 501, 545, 546 
focus, 484, 545, 546 
general equation, 561 
latus rectum, 489, 545 
properties of, 545 
reflector property of, 566-568 
standard equation, 545, 549 
2-3-4 rule for graphing, 547 
vertex, 198, 199, 206-210, 
241, 322, 545, 546 
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Parabolic headlight reflector, 
555 


Parameter, 238 

Percent, 2 

Perfect-square factor, 204, 205 
Perigee, 559 


Period, 331, 353, 363, 381, 383 
y = cos bx, 354, 384 
y =cosx, 335, 383 
y = sin bx, 354, 384 
y = sinx, 335, 383 
y = tanx, 375, 383 


Periodic function, 329-331, 
333-336, 340-347, 352-357, 
362-366, 372-375, 381 
cycle of, 331 
definition of, 331 
frequency, 332, 371 
hours of sunlight, 329 
musical notes, 330 
ocean tides, 330, 371 
period of, 331 
sunset times, 365, 366, 370 
swinging pendulum, 329 
weight on a spring, 342, 343, 

345, 353, 362 

Periodic motion, see Periodic 

function 


Permissible value, 99 
Perpendicular bisector, 522, 533 
of a line segment, 451 
Phase shift, 354, 363 
y =cos (x — d), 345, 384 
y = sin(x — d), 345, 384 
Pi (11), 289 
Planet elliptical orbits, 556 
Polynomials 
and quadratic equations, 82 
as denominators, 112 
factoring, 81, 82, 96-99, 105, 
113 
operations with, 84-86 
Positive root, 6 
Power 
definition, 3 
of a power law, 3 


of a product law, 4 
of a quotient law, 4 


Power functions, 400 


Powers 
with negative rational 
exponents, 40 
with rational exponents, 39, 47 


Present value 
calculating using TVM Solver, 
175 
formula for compound interest 
with annual compounding, 
137 
of an annuity, 159-162, 191 
of an ordinary annuity, 160 
Primary trigonometric ratios, 
246, 247 
Principal, 128, 135, 137, 168, 
191 
Principal square root of a 
negative number, 222 


Properties 
of y = cos x, 335, 383 
of y = sinx, 335, 383 
of y = tanx, 375, 383 
Provincial Sales Tax (PST), 3 
Przewalski’s wild horse, 52 
Pythagorean identity, 257, 303, 
307, 316 
Pythagorean property for an 
ellipse, 522 
Pythagorean theorem, 245, 246, 
282, 283, 311 


oO 


Qamanirjuag caribou, 52 
Quadratic equations 
complex roots of, 223-226 
discriminant, 212, 226, 238, 
241, 508 
nature of the roots, 215, 216, 
508, 509 
real roots of, 212, 215, 216, 
241, 508 
solving by factoring, 82, 218, 
221, 237 


solving by quadratic formula, 
213-215, 217, 224-226, 
508 


Quadratic formula, 212-217, 
226, 241, 508 
proof of, 212, 213 


Quadratic function, 197, 241, 

397 

axis of symmetry, 198, 199, 
241 

completing the square, 198, 
199, 206, 207 

graphing calculator, 209, 210, 
215 

maximum value, 206—210 

minimum value, 206-210 

transformation of, 322 

vertex, 198, 199, 206, 241 

x-intercepts of graph of, 215, 
216, 241 

zeros of, 203, 215, 216, 241 


Quadratic relations, 451; see 
also Conic sections 
applications of, 555-557 


Quartic function, 435, 436 
graph of, 435 
inverse of the graph of, 435 
inverting a, 435, 436 
Quotient identity, 307, 316 


ir] 


Radian measure, 288-292 


Radians 
converting from degrees to, 
315 
definition, 289 
Radical sign, 6, 39, 40 


Radicals, 204, 205, 453 
dividing, 204, 205 
in simplest form, 204 
mixed, 204 
multiplying, 204 
squaring expressions 
containing, 453 


Range 
of a function, 323, 324 
of a linear function, 396 


of a quadratic function, 397 

of a sinusoidal function, 335, 
383, 397, 411, 412 

of a square-root function, 412 


Rational exponents, 39-42, 
47-49, 70 
defining powers with, 39 


Rational expressions 
adding, 108, 109, 112, 122 
definition, 91, 122 
dividing, 104, 105, 122 
evaluating, 91-93, 122 
multiplying, 103-105, 122 


non-permissible values, 91-93, 


122 
simplifying, 96-99, 122 
subtracting, 108, 109, 112, 
113, 122 


Rational numbers 
adding, 108 
definition, 91 
dividing, 103 
multiplying, 103 
set of, 200, 222 
simplifying, 96 
Real numbers, 201, 222, 224, 
232, 241 


Real roots, 226 
of a quadratic equation, 212, 
215, 216, 241 
Rectangular hyperbola, 542 
Recursion formula, 34, 35, 70 
Reference angle, 283 


Reflecting graphs of functions 
in the line y = x, 425-428 
in the x-axis, 410, 411, 439 
in the y-axis, 410, 411, 439 
Registered Retirement Savings 
Plan (RRSP), 145, 147, 149 


Regular deposit for an annuity, 
152-154 


Relation 
definition, 450 
graph of, 450 

Restrictions on the variable, 
see Non-permissible value 
of a variable 


Right triangle trigonometry, 
246, 247 


‘s] 


Satellite dish antenna, 555 
Semi-annual interest rate, 167 
Semi-major axis, see Ellipse 
Sequence, 7, 29, 49 
Simple interest, 128-130, 191 
Sine 

of an obtuse angle, 253-257 

of 0° and 90°, 284 

of 0 and = 299 

of 30° and 60°, 284 

of a and - 299 

of 45°, 284 

of 7, 299 


Sine function, 333-336, 383 
definition, 333 
domain, 335, 383 
graphing, 333-336, 340-347, 

352-357 

maximum value, 335, 383 
minimum value, 335, 383 
9-point sketch, 334 
period, 335, 383 
properties of, 335, 383 
range, 335, 383 


Sine law, 313, 315 
ambiguous case, 261, 262 
in acute triangles, 248, 249 
in obtuse triangles, 261, 262 


Sine of special angles, 316 
in degrees, 282-285 
in radians, 299 


Sine ratio 
in a right triangle, 246 
of angles between 0° and 180", 
260 
of angles between 0° and 360", 
270-278 


Sinusoidal function; see also 
Cosine function, Periodic 
function, Sine function 
amplitude of, 340, 342, 363, 

381, 383 
applications of, 362-366 
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domain of, 335, 383 
general form of, 354 
graphing, 383, 340-347, 
352-357, 362-366 
mean position, 363 
period of, 353-357, 363 
phase shift of, 344-347, 363 
properties of, 335, 383 
range of, 335, 383 
transforming, 340-347, 
352-357 
vertical displacement of, 
342-344, 363, 384 


Snowball sentence, 59 
Solving a triangle, 246 


Solving equations, 131 
exponential, 48, 51, 53, 73 


linear, 131 
quadratic, 82, 213-215, 217, 
223-226, 237 


trigonometric linear, 254—257, 
276-278, 296-298, 302 
trigonometric quadratic, 303, 

304 
Solving for a variable, 131, 134 


Solving linear inequalities, 394, 
395 


Solving linear systems, 512, 
513 


Spreadsheet 
for amortization table, 178, 
179 
for amount of an annuity, 156 
for amount under compound 
interest, 140, 148 
for calculating mortgage 
payments, 171, 179, 183, 
185 
for present value of an annuity, 
164 
Square root, 6 
of a negative number, 6, 222 
related to exponents, 39 
Standard equation of a circle 
centre (h, k), 510, 511, 570 
Standard equation of an ellipse 


centre (0, 0), foci on x-axis, 
523, 524, 570 
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centre (0, 0), foci on y-axis, 
524, 570 

centre (h, k), major axis 
horizontal, 527, 570 

centre (h, k), major axis 
vertical, 527, 570 

Standard equation of a 

hyperbola 

centre (0, 0), foci on x-axis, 
534, 536, 570 

centre (0, 0), foci on y-axis, 
536, 570 

centre (h, k), transverse axis 
horizontal, 539, 570, 571 

centre (h, k), transverse axis 
vertical, 539, 570, 571 


Standard equation of a parabola 
vertex (0, 0), focus (p, 0) on 
the x-axis, 545, 546, 571 
vertex (0, 0), focus (p, 0) on 
the y-axis, 545, 571 
vertex (h, k), horizontal axis of 
symmetry, 549, 571 
vertex (h, k), vertical axis of 
symmetry, 549, 571 
Subtracting fractions, 78 
Subtracting polynomials, 84, 85 


Sum of a geometric series 
amount of an annuity, 151 
amount under compound 

interest, 135, 144 
formula, 60, 70, 132 
present value of an annuity, 

159, 160 


O 


Tangent function 
asymptote, 374, 375 
coordinate property of, 372 
domain, 375 
graphing, 372-375 
period, 375 
range, 375 

Tangent of an angle 
0° and 90°, 284 
0 and 5, 299 
30° and 60°, 284 
Zand Z, 299 


45°, 284 
T 
7 299 
Tangent of special angles, 316 
in degrees, 282-285 
in radians, 299 


Tangent ratio 
in a right triangle, 246 
of angles between 0° and 360°, 
272-278 


Tangent to a conic 
circle, 372, 515-518 
hyperbola, 483 
parabola, 238, 239, 566-568 
ellipse, 473 


Terms of a sequence, 8 
3-4-5 triangle, 245, 311 
30-60-90 triangle, 283, 284 


TI-30X US calculator 
calculating in radians, 288 
evaluating expressions, 

132-134 


TI-83 graphing calculator, see 
also Graphing calculator 
annual interest rate, 1%, 174, 
175 

calculating in radians, 288 

future value/amount, FV, 174, 
176 

number of compounding 
periods per year, C/Y, 174 

number of payments per year, 
P/Y,174 

payment each period, PMT, 
174, 176 

present value, PV, 174, 175 

total number of payments, N, 
174 


Time diagram 

for amount of an annuity, 151, 
152, 153 

for amount with annual 
compounding, 136, 137 

for converting mortgage rates, 
167 

for interest rate with annual 
compounding, 138 

for monthly mortgage 
payment, 168 


for present value of a bond, 
188 
for present value of an annuity, 
159, 160, 161 
for present value of monthly 
mortgage payments, 169 
for principal (present value) 
with annual compounding, 
136, 137 
for regular deposit of an 
annuity, 153 
Time saved by extra speed, 
118-120 
Transforming graphs of 
functions; 409, 439; see also 
Trigonometric functions 
horizontal compression, 409, 
410, 411, 439 
horizontal expansion, 409, 
410, 411, 418, 439 
horizontal translation, 409, 
411, 418, 439 
quadratic functions, 322, 409, 
410 
reflection in horizontal axis, 
410, 439 
reflection in vertical axis, 410, 
439 
trigonometric functions, 
340-347, 352-357, 
411-412 
vertical compression, 409, 
410, 411, 439 
vertical expansion, 409, 410, 
411, 418, 439 
vertical translation, 409, 411, 
418, 439 
Transverse axis, see Hyperbola 


Trigonometric equations 
solving linear, 254—257, 
276-278, 296-298, 302 
solving quadratic, 303, 304 


Trigonometric functions 
of angles in degrees in 
standard position, 272-278 
of angles in radians in 
standard position, 296-299 
of special angles in degrees, 
282-285, 316 


of special angles in radians, 
299, 316 
transformations of, 340-347, 
352-357, 383, 384, 409, 
411, 412 
Trigonometric identities, 
307-309 
Trigonometric ratios 
in a right triangle, 246 
Trinomial, 80 
TVM (Time Value of Money) 
Solver, 174-176 
2-3-4 triangle, 245, 311, 312 


O 


Unit circle, 268, 272, 333 


LV) 


Variables 
restrictions on, 96 
using in applications, 424 
using conventionally, 425 
Vertex/vertices 
of a cone, 492 


of a hyperbola, 482, 533, 536 


of a parabola, 198, 199, 
206-210, 241, 322, 545, 
549 

of an ellipse, 472, 522 


Vertical compression, 342, 383, 


409-411, 439 


Vertical displacement, 342-344, 


363, 384 


Vertical expansion, 342, 383, 
410, 411, 418, 439 


Vertical line test, 392, 393, 439 


Vertical translation, 343, 384, 
409, 411, 418, 439 


W) 


Weight on a spring, 342, 343, 
345, 353, 362, 363 


Whole numbers, 200 


@ 


x-axis, 201 
x-coordinate, 201 


x-intercept, 201, 202, 241, 375, 
383 


LY] 


y-axis, 201 

y-coordinate, 201 

y-intercept, 201, 202, 375, 383 
Yield rate of a bond, 188, 189 


@ 


Zero exponent law, 3, 4 
Zeros of a function, 203 


Zeros of a quadratic function, 
203, 215, 216 
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